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NUMERICAL  DETERMINATION  BY  USE  OF  SPECIAL  COMPUTA¬ 
TIONAL  DEVICES  OF  AN  INTEGRAL  OPERATOR  IN  THE 
THEORY  OF  COMPRESSIBLE  FLUIDS 

I.  Determination  of  the  Coefficients  of  the  Integral  Operator 
BY  the  Use  of  Punch  Card  Machines* 


Bt  Stsfan  Bergman  and  Lkonard  Gbunstone 

1.  Introduction.  The  real  or  imaginary  part  of  an  anal}rtic  function  of  a 
complex  variable,  say  ^(z),  z  =  x  -{•  iy,  furnish  solutions  of  Laplace’s  equation, 
which  in  turn  can  be  interpreted  as  stream-functions,  ^(x,  y),  or  potentials, 
0(x,  y),  of  two-dimensional  steady  irrotational  flows  of  an  ideal  incompressible 
fluid.  As  has  been  shown  in  [2],  [4],^  this  simple  procedure  can  be  extended 
to  obtain  stream-functions  of  subsonic  flows  of  a  compressible  fluid. 

In  addition  to  the  physical  plane,  i.e.,  the  plane  in  which  the  motion  actually 
takes  place,  whose  cartesian  coordinates  we  denote  by  x  and  y,  we  sometimes 
investigate  the  functions  ^  and  ^  in  the  hodograph  plane;  i.e.,  we  consider  the 
functions  v)  =  ^[x(m,  v),  y(u,  t>)]  and  v)  *  ^(x(m,  v),  y(u,  w)],  where 
u  and  V  are  the  cartesian  components  of  the  velocity  vector.  In  the  incom¬ 
pressible  case  and  again  satisfy  Laplace’s  equation,  so  that  by  taking 
the  real  or  imaginary  part  of  an  analytic  function  we  obtain  functions  and 
as  well  as  0  and  Except  in  certain  special  cases,  it  is  simpler  to  work 
directly  in  the  physical  plane.  We  note  that  in  the  following  we  shall  avoid 
attaching  superscript  to  and 

In  the  case  of  a  compressible  fluid,  however,  the  situation  is  quite  different. 
In  the  physical  plane  the  pKitential  and  the  stream-function  satisfy  very  com¬ 
plicated  non-linear  equations,  while  in  the  hodograph  and  in  certain  related 
planes,  they  satisfy  linear  ones.  In  particular,  if  (in  the  subsonic  case)  we  intro¬ 
duce  variables  0  and  X,  where 


X 

(1.1) 


flog 


1  -  T 
1  -I-  T 


1  +  hT 
1  -  hT' 


k 

T 


'k  - 


])*■ 


\k  + 

(1  -  M*)*, 


12.3.1],  [4.48] 


where  0  is  the  angle  which  the  velocity  vector  makes  with  the  positive  direction 
of  the  x-axis,  where  M  is  the  Mach  number,*  and  where  k  is  a  constant  character- 


*  Reaearch  paper  done  under  Navy  Contract  NOrd  8656-Taak  F,  at  Harvard  University. 
The  ideas  expressed  in  this  paper  represent  the  personal  views  of  the  authors,  and  are  not 
necessarily  those  of  the  Bureau  of  Ordnance. 

>  Single  numbers  in  brackets  refer  to  the  bibliogri4>hy  at  the  end  of  this  paper.  A  pair 
of  numbers  [m  •  n]  indicate  that  the  equation  which  it  follows  is  taken  from  reference  [m], 
where  it  appears  as  formula  (n). 

*  Wo  have  Af  ■■  »(1  —  J(jfc  —  l)s*]~*,  where  v  is  the  “reduced  velocity,”  v  —  s/o*,  t  being 
the  velocity  of  the  fluid  and  a*  the  velocity  of  sound  at  a  stagnation  point  in  the  fluid. 

,  1 
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istic  of  the  fluid,  then  the  equation  for  the  stream-function  assumes  the  form 

(*  +  1)  M* 


0,  iV  =  - 


[2.3.3],  [4.46,4  7] 


8  (1  -  AP)»/» 

(We  assume  that  the  flow  is  adiabatic,  the  pressure  p  and  density  p  being  related 
by  an  equation  of  the  form 


(1.3) 


p  =  -f  <rp* 


[4.22] 


where  Ay  a,  and  k  are  constants.) 

According  to  the  theory  of  integral  operators,  see  [1],  [3],  the  procedure  of 
taking  the  imaginary  part  of  an  analytic  function  g{z)  can  be  generalized  in  the 
following . manner  to  obtain  solutions  of  (1.2).  Certain  functions  Q^’'^(2X), 
n  =  1,  2,  •  • can  be  determined  such  that  the  expression* 


(1.4) 


^(X,  B)  s  Im  [P(c')],  Im  =»  imaginary  part  of  • . . , 
P(l7)  =  (1  -  *)-*[!  +  -  l)M*r*'*'*-"  X 

[l7(Z)  +  L  Q'"’(2X)i?‘"’(Z)]  ,  [4.66],  [5.97] 


g‘*Vz)  s  g{Z)y 


17‘-*\Z')  dZ'y 


Z  =  X  - 


where  9  is  an  arbitrary  analytic  function  of  one  complex  variable  which  is  regular 
at  the  origin,  is  a  solution  of  (1.2),  defined  for  j  0  |  <  |  X  ]  X  <  0,  and  can 
therefore  be  interpreted  as  the  stream-function  (in  the  X,  B  plane)  of  a  possible 
subsonic  flow  of  a  compressible  fluid. 

The  transition  to  the  physical  plane,  i.e.,  the  representation  of  the  stream- 
function  ^  as  a  function  of  x  and  y,  is  almost  immediate.  The  stream-lines  of 
the  flow  under  consideration  in  the  physical  plane  are  given  in  implicit  form 
by  the  expressions: 


dX 


r(l  —  Af*)  *co8  B  ,  sin  d  ,  "I 

[- — r —  H  ■“/ 


+ 


^  j~(l  -  M*)*  sin  B 


^(X,  B)  =  constant 


,  ,  cos  ,  "I 

\f'x  H - ^#1  dfi 

[4.136]  and  [4.45] 


*  We  note  that  in  [2]  and  [4]  the  formula  (1.4)  has  been  proved  under  the  assumption 
that  N  is  replaced  by  certain  expressions  .V.  approximating  N,  each  Nm  satisfying  certain 


THEORY  or  COMPRESSIBLE  IXITIDS 


3 


The  above  formulae  enable  us  to  generate  from  an  analytic  function  9  of  a 
complex  variable  a  subsonic  flow  pattern  of  a  compressible  fluid/  Since  the 
are  independent  of  the  flow,  it  is  useful  to  compute  these  functions  once  and 
for  all.  The  determination  of  these  functions  requires  a  considerable  amount 
of  computation,  so  that  it  is  convenient  to  use  special  computational  devices 
such  as  punch  card  machines,  automatic  controlled  sequence  computers,  etc. 
In  order,  however,  to  reduce  these  computations  to  a  form  which  permits  the 
use  of  an  automatic  computing  device,  it  is  useful  to  transform  the  equations 
defining  the  functions  into  another  form,  as  well  as  to  carry  out  certain 
other  preliminary  steps.  This  task  constitutes  the  object  of  the  present  paper. 

2.  A  modified  recurrence  formula  for  According  to  [2]  and  [4],  the 

Q'"’  are  related  by  the  recurrence  formula 

=  -  2^4r-i  4  > 

(2.1)  i  '  n  =  2,  3,  •  •  •  [4.84],  [5.107], 

-X 

Q»>  =  -4  /  Fd\,  Q«-’(-oo)  =  0,  n  =  l,2,-.- 

J— eo 

F  itself  is  given  by 

(2.2)  F  =  1(1  +  A:)  [5(1  +  fc)T"‘  -  12*7^'  +  2(3fc  -  7)7^*  +  4(2  +  k) - 

.  64 

(3fc  -  l)r*]  [4.71],  [5.19] 

where  T  and  X  are  connected  by  the  relation  (1.1). 

As  is  seen  from  (2.1)  the  determination  of  every  new  involves  a  differentia¬ 
tion  and  an  integration  of  the  previous  If  the  have  to  be  determined 

numerically,  then  the  derivatives  would  have  to  be  replaced  by  differences  and 
the  integrals  by  sums.  While  the  second  of  these  operations  is  feasible  and  does 
give  fairly  good  numerical  results,  the  same  can  not  be  said  for  the  first.  Conse¬ 
quently,  in  preparing  numerical  tables  it  is  necessary  to  arrange  our  formulas 
in  such  a  way  that  we  can  avoid  replacing  the  derivatives  by  finite  differences. 
We  shall  discuss  this  question  in  Section  3. 

If  the  derivatives  have  already  been  determined  satisfactorily  at  each 
stage  of  the  determination  of  n  =  1,  2,  3,  •  •  •,  an  integration  has  to  be 

conditiona  inauring  the  convergence  of  the  aehea  (1.4).  In  [6],  aee  in  particular  Appendix 
I,  it  haa  been  proved  aubaequently  that  theae  conditiona  hold  alao  for  the  actual  N  and 
that  the  integration  interval  of  (a,X)  can  be  taken  aa  (—  <» ,  X). 

*  Another  problem,  of  courae,  is  that  of  determining  how  to  chooee  i/l*!  in  (1.1)  in  order 
to  obtain  in  the  phyaical  plane  a  flow  of  the  desired  form.  This  question  is  discussed  in 
[4]  and  other  publications  mentioned  in  |5]  and  we  shall  not  concern  ourselves  with  it  in 
the  present  paper. 
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performed.  Obviously,  by  replacing  the  integration  by  a  finite  sum  we  shall 
at  each  stage  commit  an  error;  these  errors  will  accumulate,  inasmuch  as  the 
previous  Q^"’’s  are  inexact  in  themselves.  It  is  therefore  of  importance  that 
the  recurrence  formulas  (2.1)  can  be  replaced  by  other  formulas  which  although 
they  are  more  compUcated  than  (2.1)  require  integration  only  in  the  case  where 
n  is  odd.  If  n  is  even,  the  corresponding  can  be  determined  from  the 
previous  Q^*^*s  and  their  derivatives  without  any  integration.  These  formulas 
can  be  obtained  from  the  following 
Theorem.  For  every  ^  p  <  n,  the  relation 


(2.3) 


2n  -  1 


Qi 


(■-I) 


(2r  -  1)  •  •  •  6.3.1 


(2n  -  2i»  +  1) . . .  (2n  -  3)(2n  -  1) 
■  (Qj[— 


-  (-1)' 


(2p  -  1)  •  •  •  5.3.1 


(2n  -  2p  +  1)  . . .  (2»  -  3)(2n  -  1)  JL« 


dX 


holds. 

Remark.  The  symbol  which  we  obtain  for  p  =  1  is  to  be  interpreted 
as  zero,  i.e.,  the  corresponding  term  does  not  appear. 

Proof.  The  proof  proceeds  by  induction  on  p.  For  p  *■  1,  we  have  . 


(2.4) 


i(») 


2n  -  1 


+ 


2n 


dX 


which  is  the  relation  (2.1),  ^ce  »  —iF. 

In  order  to  obtain  the  formula  (2.3)  for  p  x  +  1|  let  us  assume  that  the 
formula  (2.3)  has  been  proved  for  all  p,  p  «  1,  2,  •••,«.  We  at  first  integrate 

by  parts  Qj[‘’Q‘"-’dX  and  using  (2.1)  replace  it  by 

By  (2.1)  we  have  ' 

(2.6)  (2n  -  2x  -  1)0^—’  = 


and  therefore 


0"<ft 


Performing  the  integration  by  parts  on  both  terms  on  the  right-hand  side  of 
(2.6),  we  obtain 
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2n  -  2k  -  1  ^  ^  2n  -  2k  -  U— ^  ^ 

- -  /I 


(<) 


dk 


2n 


o'-’®!"  <*' 


Now  we  collect  and  combine  the  second  and  fourth  terms;  according  to  (2.1), 
Qi*^  —  dX  *  —  (2k  +  .  Further,  if  we  replace  the  integral 

in  the  third  term  by  (2k  +  1)^**'*'*^  +  Q\\  we  then  obtain 


(2.8) 


Thus 


2n 


1  /-»(»— «—l)  /^(«)  I  2k  *1*  1  f  ^(n— (— 1)  ^((+1) 

-V-  1*^  ®  +2n-!i.-lL‘^  ** 


(2k  +  1)  ^(.-.-1) 


2n  —  2k  —  1 


Qi»— ■— *;  Qt«+i)  _ 


dX 


i(»— <1— 1)  /^(») 


2n  -  2k  -  1 


(2.9) 


gU)g(«)  _  j^'^g(-«)g(.)^  .  +  2n  - 

Substituting  (2.9)  in  (2.3),  instead  of  dk,  we  obtain  (2.3) 

for  p  =  K  +  1. 

Corollary.  If  n  is  even,  then  choosing  first  p  equal  to  or  smaller  than  n/2, 
say  Pi ,  and  then  p  »  n  —  pi ,  and  adding  both  expressions,  we  obtain  (replacing 
Pi  again  by  p  and  dividing  by  2), 


(2.10)  < 


1 


Q(->>  _ 


2n  -  1 


/f'*  (2n-  1)  5.3.1 

\h^2  ,t-,  /V  (2n  -  2i»+  1)  ...  (2n  -  3)(2n  -  l) 

J‘g(-0g(0  ^  ^  .  (Q<-— »QW  _  »  <?j''>)  j  | 

(-l)^2p-  1)  •••3.1 


(»)  rk^n—p) 


2(2n  -  2p  +  1)  . . .  (2»»  -  3)(2n  -  1) 


so  that  for  even  n,  we  have  an  expresaon  for  which  does  not  involve  any 
integrals.  , 
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Remark  2.1.  If  in  (2.1)  we  place  d\  by  (d\/dT)dT,  the  integration  for  n  =  1 
and  n  =  3  can  be  carried  out  in  closed  form,  and  we  obtain 

Sib*  +  12ib  -  8 


(2.11) 


(2.13) 


Q 


(I) 


(ib  +  !)[!-  3ib 


8 


[1-3/ 

Lib  -  1 


Q 


it) 


(ib*  -  l)w* 
1  (*-{- 


3(lb»  -  1) 

(3ib  -  1)*  _  (6ib*  4-  28ib*  -  58ib  4*  16)7’ 


■b  1)T( 
-  1 


2048  ib  -  1  L  3  ‘  (ib  -  1) 

^  (41ib*  +  96ib*  +  18ib*  -  112A;  -  91)(&  -  1) 

(A:  +  D* 

(44ib*  +  192ib*  +  236A:  +  80)(ib  -  1)  , 

3(A:  +  D* 

(39/:*  -  90k  -  115) (A:  -J_)  jr-t  _ 


5(A:  +  1) 
1)7’"*  + 


(A:  -  1)*(A:  +  1)* 


Using  formula  (2.10)  we  have  ^ 

(2.13) 

(2.14)  -  VW 

Q'*’  =  +  i(QrQ"’  -  Q'*’(?i")] 

(2.15)  _  ^  -  Q‘;>Qj['’)l  - 


[4.108[ 

[5.118] 


5.3.1  q(»)i 
2.7.9.11  ^  ■ 


3.  The  evaluation  of  the  derivatives  of  It  is  obvious  from  formula 

(2.1)  that  the  derivatives  can  be  represented  as  combinations  of  Q^'^’s, 
p  <  n  and  the  derivatives  of  F. 

Examples.  ‘ 

(3.1)  Qi”  =  iFx  - 

(3.2>  Qj[«  -  -tVFu  +  -  WQ"'" 


Qi*^  »  yhFxxx  -  tUFxxQ^"'  +  HiF^F 


(1) 


(3.3) 


-  +  VsFxQ^'^  - 


•Note  that  in  (4.1071  the  last  term  J  jT^  XO  ~  *"^1 

h„«,  be  by  '«[('  -  /('  +  *  ’■)]  • 
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Thus  evaluating  the  derivative  of  if  the  Q^'^’s  (p  =  1,2,  •  •  •  n  —  1)  are  • 
already  known,  and  it  is  only  necessary  to  determine  the  derivatives  of  F. 
Since 

dF  dF  /dK  _(fc+l)  ,  (A;-  1)  , 

dX  “  dT/  dT'  dK  2  2 


TABLE  I 
Values  of  A 


D 

H 

■ 

1 

2 

3 

4 

3 

1 

15 

45 

45 

58 

2 

0 

-54 

-108 

-54 

3 

-29 

-37 

61 

69 

1 

4 

52 

16 

-36 

6 

13 

-5 

-9 

9 

6 

2 

-4 

-6 

7 

1 

-3 

-1 

3 

1 

135 

540 

810 

540 

135 

2 

-648 

-1944 

-1944 

-648 

3 

876 

2432 

1236 

4 

824 

952 

-1048 

-1176 

2 

5 

158 

.  48 

-816 

-136 

570 

6 

-184 

120 

184 

-120 

7 

-16 

24 

20 

-32 

-12 

8 

8 

-24 

-8 

24 

9 

3 

-12 

6 

12 

-9 

1 

810 

8100 

4050 

810 

2 

-4860 

-29,160 

-19,440 

-4860 

3 

-5950 

5964 

34,292 

36,542 

12,234 

4 

0 

7952 

-7296 

-32,608 

-16,656 

5 

1436 

1692 

-12,384 

-13,840 

11,940 

13,140 

3 

6 

-3288 

9568 

992 

-5928 

7 

-316 

220 

-1600 

-1780 

1380 

8 

176 

-288 

-32 

288 

-144 

9 

-6 

18 

28 

-84 

-22 

66 

10 

20 

40 

80 

-60 

11 

6 

-30 

36 

12 

-42 

18 

these  derivatives  can  be  written  in  terms  of  T  in  closed  form.  A  formal  com¬ 
putation  yields  that  . 


(3.4) 


(TF 

dKr 


1 

2x(-) 


Valuet  of  '  (continuation) 
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where  x(v)  «  n  +  5  —  E[(n  —  l)/2],  E(«)  being  the  largest  integer  which  equals 
or  is  smaller  than  «.  The  values  of  (n  «  1,  2, 3, 4, 5)  are  given  in  Tables* 
I  and  11. 


4.  Conchiakms.  In  this  paper  we  have  indicated  a  method  for  the  numerical 
determination  of  the  coeflScients  of  the  operator  (1.4),  i.e.,  a  procedure  forthe 
computation  of  a  system  of  functions  where  each  Q*"*  is  given  in  terms 
of  the  previous  function  the  formula  involving  both  a  differentiation  and 

an  integration.  (See  (2.1).)  As  was  stressed  in  Section  2,  a  direct  evalua¬ 
tion  of  the  has  the  disadvantage  that  at  each  stage  we  have  to  perform 
a  numerical  differentiation  and  integration  and  the  errors  accumulate,  so  that 
a  special  procedure  is  needed  to  handle  this  question.  In  our  approach  this 
difficulty  has  been  overcome  to  some  extent  by  proving  that  there  follow  from 
(2.1)  modified  relations  which  involve  integrations  only  for  odd  n.  Since  the 
integrations  can  be  carried  out  in  closed  form  (in  terms  of  T)  for  Q*'’  and  Q^*\ 
only  three  numerical  integrations  are  needed  for  the  determination  of  the  first 
ten  Q‘"’’s.  If,  however,  we  wish  to  compute  considerably  more  Q‘"^’s,  our 
formulas  become  too  long  and  cumbersome  and  the  danger  of  committing  an 
error  greatly  increases,  particularly  because  there  is  no  readily  apparent  law  of 
formation  of  these  functions. 

Since  for  the  preparation  of  tables  it  is  strongly  advisable  to  perform  the 
computation  using  two  completely  different  methods,  it  is  in  our  case  particularly 
important  to  develop  another  method  which  will  be  more  appropriate  for  use 
with  an  automatic  sequence-controlled  calculator  and  which  will  permit  the 
determination  of  a  larger  number  of  Q^"^’s.  Such  a  procedure  will  be  described 
in  the  second  part  of  the  present  paper. 
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TUBULAR  LINKAGES 

Bt  Michael  Goldbhbo 

1.  Introductioii.  Polyhedral  linkages,  composed  of  flat  plates  movably 
hinged  to  neighboring  plates,  can  be  assembled  in  various  ways.  The  plates 
may  be  arranged  in  closed  chains  or  closed  polyhedra  as  considered  by  Bricard 

[1] ,  or  in  open  polyhedra  as  considered  by  Sauer  and  Graf  [2]  and  Kokotsakis 
[3].  A  survey  of  these  is  made  in  an  earlier  paper  by  the  author  [4]. 

In  the  present  paper  a  special  form,  which  may  be  described  as  a  tubular 
linkage,  is  considered. 

2.  Conditions  on  tubular  linkage  joints.  Consider  two  quadrilateral  pris¬ 
matic  linkages  meeting  along  a  skew  quadrilateral  joint.  Let  the  developments 

,of  these  prismatic  linkages  be  similar  to  those  shown  in  Fig.  1.  Let  the  widths 
of  the  faces  of  one  of  them  be  a,  b,  c,  d.  Using  the  normal  through  the  left-most 
vertex  as  a  reference,  let  the  distances  of  the  vertices  along  the  edges  be  c,  /,  ^ 
in  that  order.  Let  the  lengths  of  the  edges  of  the  joint  be  m,  n,  r,  s  in  that  order. 

When  this  development  is  folded  into  a  prismatic  linkage,  the  diagonal  dis¬ 
tances  across  the  linkage  vary  as  the  prism  is  deformed.  Let  the  diagonal 
distance  across  the  ends  of  the  lengths  a  and  b  (and  c  and  d)  be  t,  and  the  diag¬ 
onal  distance  across  the  lengths  a  and  d  (and  b  and  c)  be  u.  Similarly,  the 
diagonal  distance  across  m  and  n  (and  r  and  s)  is  x,  and  the  diagonal  distance 
across  m  and  s  (and  n  and  r)  is  y.  The  quadrilateral  a,  b,  c,  d  is  plane,  but  the 
quadrilateral  m,  n,  r,  s  need  not  be  plane. 

The  following  relation  holds  between  the  sides  a,  6,  c,  d  of  the  plane  quadri¬ 
lateral  and  its  diagonals  t,  u 

<i^c*(b*  -f-  d*  ~  o*  ~  c*  d"  “h  M*)  -|-  6*d*(o*  *1"  c*  —  b*  —  d*  "h  "H  w*) 

-1-  f*u*(o*  -|-  6*  -|-  c*  -J-  d*  —  —  u*)  —  (o*d*  -j-  6*c*)f*  •—  (oV  -1-  c^f*)!**  =  0 

This  is  obtained  by  equating  to  lero  the  expression  for  the  volume  of  a  tetra¬ 
hedron  in  terms  of  its  edge^  [5].  Since  all  terms  enter  as  squares,  equation  (1) 
can  be  simplified  by  letting  a*  =  A,  6*  «  B,  etc.  to  obtain  equation  (2) 

AC(B  +  D-A-C+T-\-U)  +  BD{A  +  C-B-D-\-T+U) 

(2) 

+  TUiA  A-B  +  C  +  D-T-U)-iAD  +  BC)T  -  (AB  -|-  CD)U  =  0. 

The  following  relations  exist  between  the  lengths  of  the  quadrilateral  m,  n,  r,  s 
and  the  quadrilateral  a,  6,  c,  d,  where  again  M  *  m*,  N  «  n*,  etc. 

M  =  A+e\N  =  B  +  {f  -  e)\  R  =  C  +  if  -  g)\  S  ^  D  +  g\ 

^  X  =  T  A- f\Y  ^  U  +  ie  -  g)\ 

JO 
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If  the  equations  (3)  are  substituted  in  equation  (1),  equation  (4)  is  obtained. 
[MR  -  Mif-  gf  -  Re'  +  e'(f  -  g)'][-M  N  -  R  +  S  +  X 

+  Y-  i-e+f+g)']  +  [NS  -  Sif  -  e)'  -  Ng'  +  g'{f  -  e)'][M  -  N 
+  «-  S  +  X+  r-(e  +  /-  g)']  +  [XY  -  X{e  -  g)'  -  Yf' 
(4)  +  fie  -  g)'][M  -|-iV  +  ft  +  5-  X-  F-(e-/  +  g)']  -  [MS 

-^NR-N(J-  g)'  -R(J-  e)'  -  Se'  -  Mg'  +  e'g' {J  -  e)'(J  -  g)'] 
[X  -  f']  -  [MN  +  RS  -  M(f  -  e)'  -  S(J  -  g}'  -  Ne'  -  Rg' 

+  e'(f  -  e)'  +  g'if  -  g)'][Y  -  (e  -  g)']  =  0.. 


Fio.  1.  Development  or  Tubl'lab  Linkage 


If  equation  (4)  is  rewritten  as  an  equation  in  the  variables  X  and  Y,  equation 
(5)  is  obtained. 

-XY(X  +Y)-\-{e-  g)'X'  +  f'Y'  +  XY[M  +  N  +  R+S  +  2eif 

-  0)  +  2giJ-  e)]  +  X[{M  -  N){R  -  S)  -  f'(M  -  N  -  R S) 

■  -  (c  -  g)'(M  +  N  +  R+S)-  2f\giM  -  N)  -  e{R  -  S))  -  2e/p(e 

(5)  -/+&)  +  («-  g)\e  -  /  +  (7)*  +  e'g'  -(/-«*)(/-  g)']  +  Y[{M 

-  S)iR  -  N)  -  fiM  +  N  +  R+S)  +  (N-  R){e'  -  g')  -  (S 

-  ^f)[iS  -  g)'  -  if  -  e)'\  -  2efg(e  -  f  +  g)  +  /*(e  -/+»)*  +  2e'g' 

-  «*(/  -  e)'  -  g'if  -  g)']  +  k  =  0. 

The  parameters  e,  f,  g  may  sometimes  be  replaceable  by  other  parameters 
f,  g'  without  changing  the  values  of  the  coefficients  of  the  variables  X  and  Y 
in  equation  (5).  If  this  is  the  case,  it  follows  that  \f\  =  |/|  since  the  co¬ 
efficient  of  y*  is  /*.  Similarly,  it  follows  that  \e'  —  g*  \  =  \  e  —  g  \  since  the 
coefficient  of  X'  is  (e  —  g)'. 
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If,  now,  another  prismatic  linkage  has  the  same  values  of  M,  N,  R,  S  and  the 
same  equation  (4)  between  the  variables  X  and  Y,  but  with  a  different  set  of 
values  e',  f  \  g'  in  place  of  e,  f,  g,  then  this  linkage  can  be  joined  to  the  first  link¬ 
age  along  the  edges  m,  n,  r,  s  to  form  a  movable  linkage  of  eight  hinged  plates. 

Several  different  types  of  linkages,  fulfilling  the  foregoing  conditions,  are 
obtainable.  The  following  classification  is  based  upon  the  shape  of  the  quadri¬ 
lateral  joint  m,  n,  r,  s. 


3.  The  skew  isognun  joint.  If  m  »  r  and  n  =  s  (therefore  M  =  R  and 
AT  *  (S),  then  equation  (4)  will  give  the  same  relation  between  X  and  Y  for 
two  sets  e,  /,  g  and  e',  g'  if  e  —  g'  =  f  >*=  f'  e'  —  g.  Therefore,  from  equa¬ 
tions  (3),  equations  (6)  are  obtained. 


’A  =  M  -e'  ^R-  g'f  -  C' 
B  -  N-{f-ey^S-(g')'  =  D' 
C  -  R-(f^g)'»M-  (cO*  =  A' 
p  -  8-g*  =  N-iS'-  eO*  -  B' 


from  which  o  =  c'. 
from  which  h  —  d\ 
from  which  c  =  o', 
from  which  d  *  6'. 


Equations  (6)  show  that  the  quadrilateral  sections  of  the  two  component  pris¬ 
matic  linkages  are  the  same,  but  that  each  face  joins  a  face  whose  width  is  equal 
to  the  width  of  the  opposite  face. 

The  name  “skew  isogram”  is  chosen  because  the  joint  is  a  skew  quadrilateral 
in  which  the  opposite  sides  are  equal.  The  term  was  first  used  by  G.  T.  Bennett 
16]. 


4.  The  skew  deltoid  joint.  If  m  3=  «  and  r  n  (therefore  M  »  S  and  R  ^  N) 
then  equation  (4)  will  give  the  same  relation  between  X  and  Y  for  two  sets 
e,  /,  g  and  e',  /',  g'  if  e'  ^  g,g'  e  and  /'  *=  /.  Therefore,  from  equations  (3), 
equations  (7)  are  obtained. 

A^M-e'^S  -  ig')*  -  D' 

B^N-(J-e)'^R-(J'-  g>)'  =  C' 

C^R-if-g)'^N  -  if'-  e')'  »  B' 

D^-S-g'^M  -  ie')'  -  A' 


(7) 


from  which  a  »  d'- 
from  which  6  =  o', 
from  which  c  =»  6'. 
from  which  d  =  o'. 


Equations  (7)  show  that  the  quadrilateral  sections  of  the  two  component  pris¬ 
matic  linkages  are  the  same,  but  that  each  face  joins  a  face  whose  width  is 
equal  to  the  width  of  an  adjacent  face. 

The  name  “skew  ddloid”  is  chosen  because  the  joint  is  a  skew  quadrilateral 
composed  of  two  pairs  of  equal  sides  in  the  form  of  tuw  isosceles  triangles  with  a 
common  base.  The  two  triangles  are  not,  in  general,  in  the  same  plane. 


6.  The  skew  equilateral  joint.  The  skew  isogram  joint  and  the  skew  deltoid 
joint  have  a  shape  in  common.  This  occurs  as  a  special  case  of  each,  namely. 
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the  case  in  which  m  =  n  =  r  =  s.  However,  the  two  component  prismatic 
linkages  may  be  joined  in  two  ways.  The  face  of  width  o  may  be  joined  to  one 
of  width  c  as  in  the  skew  isogram  joint,  or  to  one  of  width  6  or  d  as  in  the  case 
of  the  skew  deltoid  joint. 

6.  The  derived  plane  joints.  In  each  of  the  foregoing  cases  the  joint  was  a 
skew  quadrilateral.  As  a  special  case  of  each,  the  quadrilateral  may  be  plane. 
These  cases  are  the  plane  parallelogram  joint,  the  plane  deltoid  joint  and  the 
plane  rhombus  joint.  Models  of  these  plane  joints  and  the  skew  joints  from 
which  they  are  derived  are  shown  in  Figure  2.  In  the  plane  cases,  e  g  = 


Fio.  2.  Various  Tubular  Linkage  Joints  and  Relationships 


7.  The  general  plane  joints.  In  addition  to  the  foregoing  plane  cases,  other 
plane  cases  are  possible.  If  the  joint  is  a  plane  parallelogram  which  remains 
plane  during  the  motion  of  the  linkage,  the  relation  between  X  and  Y  is  inde¬ 
pendent  of  e,  /,  g.  This  relation  is  given  in  equation  (7). 

(7)  X  +  Y  -  2M  -  2N  =  0. 

Therefore,  no  necessary  relation  exists  between  e,  f,  g  and  e',  g'  and  the  com¬ 
ponent  prismatic  linkages  may  have  different  sections.  In  fact,  any  two  paral¬ 
lelogram  prismatic  linkages  may  be  joined  to  form  a  composite  linkage.  Fiu- 
thermore,  the  angle  between  an  edge  of  a  joint  and  the  edge  of  a  prismatic 
linkage  may  range  over  a  continuous  infinity  of  values.  Still  further,  any 
selceted  face  of  one  prismatic  linkage  may  be  joined  to  any  face  of  the  other 
linkage.  Examples  of  such  linkages  are  shown  in  Figures  3  and  9. 
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If  the  joint  is  a  plane  deltoid  which  remains  plane  during  the  motion  of  the 
linkage,  the  relation  between  X  and  Y  is  given  by  equation  (8). 

(8)  X(X  -i-  r  -  2M  -  2N)  +  (M  -  AT)*  =  0. 

Again,  no  necessary  relation  exists  between  c,  /,  g  and  e',  /',  g'  and  the  com¬ 
ponent  prismatic  linkages  may  have  different  deltoid  sections.  In  fact,  any 
two  prismatic  linkages  which  have  different  deltoid  sections  may  be  joined  to 
form  a  composite  linkage  in  a  continuous  infinity  of  angles.  Examples  of  such 
linkages  are  shown  in  Figures  4  and  10. 


■ 


Fig.  3.  Generai.  Pi.ane  Parai.i.ei.ogram  Joint,  Two  Different  Prismatic  Linkages 


Fig.  4.  Centrai.  Plane  Deltoid  Joint,  Two  Different  Prismatic  Linkages 


8.  The  Bricard  deformab}e  octahedron  symmetric  about  a  line.  Several  of 
the  foregoing  tubular  linkages  are  derivable  from  the  celebrated  deformable 
octahedron  discovered  by  Bricard  (7].  The  one  which  is  symmetric  about  a 
line  is  constructed  as  follows,  ('onsider  a  skew  isogram  UVU'V,  shown  in 
Figure  5,  in  which  IJV  =  U'V  and  VV  =  V'U.  Its  axis  of  symmetry  is 
formed  by  joining  the  midpoints  U”  and  V”  of  the  lines  UU'  and  VV\  Then 
join  an  arbitrary  point  P  to  the  vertices  of  UVU'V  by  lines  to  form  a  pyramidal 
linkage  of  the  four  triangular  plates  radiating  from  P.  The  open  boundary 
of  this  movable  pyramidal  linkage  is  the  skew  isogram  UVU'V.  During  the 
motion  the  distances  UU'  and  VV  vary,  but  the  line  joining  their  midpoints 
remains  perpendicular  to  them.  Therefore,  one  can  select  the  point  P'  sym¬ 
metric  to  P  about  the  line  U”V”  and  join  it  to  the  vertices  of  UVU'V.  The 
second  pyramidal  linkage  radiating  from  P'  is  symmetric  to  the  one  radiating 


p 

Fig.  6.  Bricard  Deformable  Octahedron  Symmetric  about  A  Plane  UV'P'W 

If  the  points  P  and  P'  are  moved  off  to  infinity,  the  two  component  pyramidal 
linkages  of  the  deformable  octahedron  become  prismatic  linkages,  and  the 
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octahedron  becomes  the  tubular  linkage  with  the  skew  isogram  joint  described 
in  Section  3,  or  one  of  the  derived  plane  joint  linkages  described  in  Section  6. 

9.  The  Bricard  deformable  octahedron  symmetric  about  a  plane.  This  case 
is  based  on  a  skew  deltoid  UVWV,  shown  in  Figure  6,  in  which  UV  —  UV' 
and  VW  =  V'W.  Ijet  V”  be  the  midpoint  of  the  variable  distance  VV.  Then 
the  plane  which  contains  the  point  F"  and  the  line  UW  i»  the  plane  of  symmetry 
of  the  deltoid.  Now  join  an  arbitrary  point  P  to  the  vertices  of  UVWV  by 
lines  to  form  a  pyramidal  linkage  of  the  four  triangular  plates  radiating  from  P. 
The  open  boundary  of  this  movable  pyramidal  linkage  is  the  skew  deltoid 
IIVWV\  During  the  motion  the  distances  UW  and  VV*  vary,  but  the  deltoid 


Fio.  8.  Plank  Spiral  Tubular  Linkage 


is  always  symmetric  about  a  plane.  Therefore,  one  can  select  the  point  P' 
symmetric  to  the  point  P  about  this  plane  of  symmetry,  and  join  it  by  lines  to 
the  vertices  of  UVWV.  The  second  pyramidal  linkage  radiating  from  P'  is 
symmetric  to  the  one  radiating  from  P;  it  has  equal  plates  and  equal  motions. 
The  combination  of  the  two  pyramidal  linkages  is  an  octahedron  with  no  free 
edges. 

If  the  points  P  and  P'  are  moved  off  to  infinity,  the  two  component  pyramidal 
linkages  of  the  deformable  octahedron  become  prismatic  linkages.  The  octa¬ 
hedron  becomes  the  tubular  linkage  with  the  skew  deltoid  joint  described  in 
Section  4  or  one  of  the  derived  plane  joint  linkages  describeil  in  Section  6. 
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There  is  another  type  of  Bricard  deformable  octahedron,  namely,  the  doubly 
collapsible  case.  The  tubular  linkage  derived  from  this  case,  however,  is  merely 
a  derived  plane  joint  case  of  Section  6. 

In  the  Bricard  octahedra,  shown  in  Figures  5  and  6,  the  faces  are  interpene¬ 
trating.  However,  interp>enetration  may  be  avoided  by  extending  one  of  the 
pyramidal  linkages  beyond  the  joint  on  the  side  away  from  P  and  removing 
that  portion  of  the  pyramidal  linkage  on  the  side  toward  P.  The  same  remark 
applies  in  the  case  of  the  tubular  linkages  derived  from  them. 

It  should  be  noted  that  the  general  plane  joint  linkages,  desribed  in  Section 
7,  are  not  derivable  from  the  Bricard  octahedra. 


Fig.  9.  Plane  Parallelogram  Joints,  Various  Sections 


Fig.  10.  Plane  Deltoid  Joints,  Various  Sections 


10.  Chain  combinations.  Just  as  two  prismatic  linkages  can  be  joined  to 
form  a  tubular  linkage  of  eight  plates,  any  number,  say  n,  of  prismatic  linkages 
can  be  arranged  in  a  chain  to  form  a  tubular  linkage  of  4n  plates.  These  may 
take  an  inhnite  variety  of  shapes.  Figures  7  to  1 1  show  several  models  of  such 
examples.  Figure  7  is  a  succession  of  equal  tubular  linkages  arranged  in  the 
form  of  a  helix  which  collapses  in  two  distinct  positions.  Figure  8  is  a  plane 
spiral  form  and  it  approximates  the  action  of  the  Bourdon  pressure  gauge. 
Figures  9  and  10  are  composed  of  prismatic  linkages  of  various  sections  with 
plane  joints.  Figure  1 1  is  a  random  mixture  of  various  typies  of  skew  deltoid 
and  skew  isogram  joints.  Note  that  each  section  in  Figure  1 1  consists  of  faces 
of  widths  q,  h,  c,  d  in  that  order.  Note  also,  that  across  an  isogram  joint  the 


Fig.  11.  Combined  Skew  Deltoid  and  Skew  Isogram  Joints 


Fig.  12.  Plane  Polygon  Toroidal  Linkages 


face  of  width  a  adjoins  a  face  of  width  c,  while  the  face  of  width  d  adjoins  a  face 
of  width  h.  Across  a  deltoid  joint  the  face  of  width  h  adjoins  a  face  of  width  c 
and  below,  hidden  from  view,  a  face  of  width  a  adjoins  a  face  of  width  d. 
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11.  Toroidal  linkages.  Each  of  the  foregoing  tubular  linkages  is  an  open 
chain  of  prismatic  linkages.  Closed  chains  are  also  possible  and  these  are  named 
toroidal  linkages.  The  component  prismatic  linkages  can  be  arranged  in  the 
form  of  plane  or  skew  polygons  as  shown  in  Figures  12  and  13.  However,  the 
only  ones  known  have  interpenetrating  faces  similar  to  the  Bricard  deformable 
octahedron.  For  this  reason,  working  models  of  these  linkages  must  have 
portions  of  the  faces  removed  to  permit  motion. 

Cauchy  showed  that  a  closed  convex  polyhedron  linkage  is  rigid  [8].  Bricard’s 


Fio.  13.  Skew  Polygon  Toroidal  Linkage 


Fig.  14.  Hexagonal  Prihm  Linkage 


deformable  octahedron  was  the  first  example  of  a  closed  non-convex  polyhedron 
linkage  that  is  movable  continuously.  An  open  plate  linkage  can  be  considered 
a  closed  polyhedron  if  both  sides  of  each  plate  are  considered  as  bounding  faces 
of  a  polyhedron  of  zero  volume.  The  two  sides  of  a  plate  are  a  pair  of  collapsed 
faces  of  the  polyhedron.  Similarly,  a  chain  of  rigid  polyhedra  which  are  suc¬ 
cessively  hinged  along  edges  can  be  considered  as  a  single  polyhedron  in  which 
pairs  of  edges  have  collapsed  upon  each  other  at  the  hinges  [9].  In  these  de¬ 
generate  cases  of  polyhedral  linkages  the  faces  of  any  separable  polyhedron  or 
plate  have  no  relative  motion  during  the  motion  of  the  complete  polyhedron. 
However,  it  is  still  an  open  question  whether  a  deformable  closed  non-convex 
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polyhedron  linkage  can  be  made  without  interpenetrating  faces,  collapsed 
edges  or  collapsed  faces. 

12.  Generalizations.  More  general  types  of  tubular  linkages  are  obtainable 
by  employing  prisms  which  have  more  than  four  lateral  faces.  An  example  is 
shown  in  Figure  14  of  a  hexagonal  prism  linkage  which  is  obtained  from  the 
quadrilateral  type  by  separating  the  quadrilateral  linkage  across  a  diagonal  and 
inserting  a  pair  of  parallel  and  equal  faces.  An  example  is  shown  in  Figure  15 
of  an  octagonal  prism  linkage  formed  by  combining  two  quadrilateral  prism 
linkages.  An  example  of  a  network  of  prismatic  linkages  is  given  in  a  paper 
by  Coxeter  [10].  Other  generalizations  along  this  line  of  attack  should  be 
obtainable.  No  attempt  has  been  made  to  exhaust  the  possibilities.  Further 
investigations  should  be  fruitful. 


Fio.  15.  Octagonal  Prism  Linkage 
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ON  SOME  SERIES  OF  BESSEL  FUNCTIONS 


Bt  L.  Infeld,  V.  G.  Smith  and  W.  Z.  Chien 

In  a  study  of  radiation  from  a  cylindrical  antenna  in  a  rectangular  wave  guide 
we  were  confronted  with  the  series 

(1)  E  (-irFo(Hur). 


As  the  method  and  result  of  our  solution  is  of  some  mathematical  interest 
we  shall  give  here  a  brief  account  of  it. 

Consider  the  more  general  problem,  to  find 


(2)  2t  E  cos  (2irkm)Ho*^ {2tz  \/m*  +  e*),  0  <  fc  <  1. 

Obviously  (1)  corresponds  to  1/2t  times  the  imaginary  part  of  (2)  for  A:  = 
e  *  0  and  2irz  =  x. 

We  shall  first  prove:  Lemma  I 


(3)  j[*  W(»-v/pT^). 

The  proof  of  (3)  follows  from  a  knowm  formula:* 


(4) 


Jo 


K,(e\/ X*  -  z*)  .+1 


x^-^^dx 


(x*  -  2*)'/* 

This  is  valid  if  R(i>)  <  1,  z  >  0.  Let  us  put  into  (4): 


(5)  M  =  >'  =  i-  =  \/2/t2COS2,  Ki(z)  =  y/xl2ze  *. 

Then  equation  (3)  follows  immediately.  From  I^emma  I  we  deduce: 

A.  The  Fourier  transform’  of 

(6)  fix)  =  is  git)  = 

V  r*  -  2* 

because 

(7)  git)  =  V 2/t  f  fix)  cos  (xf)  dx. 

Jo 

B.  By  the  reciprocal  property  of  the  Fourier  transformation  we  obtain: 

(8)  jf  Ho*\z  Vf*  +  «*)  cos  (xf)  dt  =  i-exp  (— «  Vx*  -  2*)/-n/x*  —  2*. 

*G.  N.  Watson:  Theory  of  Beeeel  Functions,  Camb.  Univ.  Press.  1922,  p.  416,  eq.  (3). 
A  slight  misprint  in  Watson’s  formula  has  been  corrected  by  us. 
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Lemma  II,  The  Fourier  transform  of 
(9)  g{i)  =  cos  {2irkt)Ho\z  \/<*  +  «*) 


IS 


(10) 


/(x)  =  pxp  (-«  \/(x  +  2kiry  -  z») 

y/^  L  V  (*  +  2A:t)*  —  2* 


+ 


exp  (— e  V(x  —  afcx)*  —  2*) 


VCx  -  2ifcT)*  -  2* 
To  prove  this  lemma  we  calculate  • 

/(x)  ==  \/2/t  f  COB  (xt)  cos  {2irkt)Ho\z  \/<*  +  «*) 

Ja 


L)\ 


(11) 


=  V  1/2t  ^o”(2  Ve*  +  <*)  [cos  (x  +  2tA;)/  +  cos  (x  —  2TA;)f] 


dt 


Lemma  II  follows  immediately  from  the  last  equation  and  from  (8). 

We  can  now  perform  the  summation  (2)  using  Poisson’s  summation  formula: 

(12)  r i/(0)  +  Z  /(2Tn)l  =  iff(0)  +  Z  g(n). 

1_  »-l  J  n-l 

This  formula  is  valid  if  /(x)  is  integrable  in  the  interval  (0,  oo),  continuous 
and  steadily  decreasing  to  zero  as  x  — ♦  « ,  and  if  g(x)  is  the  Fourier  cosine  trans¬ 
form  of  f(x).  We  introduce  into  (12): 


(13) 


g(x)  =  cos  (2ickx)H^V  (zy/ 3?  -f  «*) 

t(^\  ^  *_  r exp  (-6  y/{x  +  2kxy  -  2») 

V2ir  L  y/{x  -f  2kT)'  -  2* 

_l_  exp  (— t  v/(x  —  2fcy)^  —  2^)~l 

y/{x  -  2kirf  -  2*  J 


according  to  (9)  and  (10).  Replacing  z  by  2ir2  we  obtain  the  required  summation 
formula: 


2ir  Z  cos  (2irkm)Ho*\2wzy/m*  =}■  «*)  *=  * 


.exp  (  —  2vty/ie  —  2*) 


(14) 


Vik*  -  2* 

^  r exp  (  —2wiy/ (n  -f  k^  —  2*) 
n-l  L  V(n  +  fc)*  —  2* 


V(n  -b  ky 

exp  (  -  W(n  -  *)■  -  J)] 
V(n  -  fc)*  -  2*  J 


This  formula  contains  the  solution  of  our  problem.  The  transition  e  0 
is  not  trivial  and  has  to  be  performed  carefully. 
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To  find  this  limit  we  write  the  right  hand  side  of  (14)  in  three  parts  as  follows: 
^  r exp  (  —  2t€\/ (n  +  k)*  —  if)  _  exp  (  —  2T€(n  -H  fe))") 

L  ^/(n  k)*  —  ^  n  +  A:  J 


(15a) 


(16b) 


(15c) 


V(n  +  *)•  -  z* 

^  (  —  2rrv/(n  —  k)*  —  z*)  _exp  (— 2T€(n  —  k))~\ 

n-i  L  y/(n  —  k)*  —  n  —  k  J 


i±[ 


exp  (  —2wt(n  +  k))  _  exp  (— 2Tcn)~l 

n  +  k  n  J 

*  _i.  •  V  ^  — 2T«(n  —  k))  _  exp  (  —  2ircn)'1 

*l^iL  n  —  k  n  J 


2,.  £  e»Pl-2>.n)  .  exp(-2rVf  -rt  _ 

—1  n  Vifc*  -  z* 


As  c  — »  0,  (15a)  approaches  as  a  limit, 

(16a)  1  Z  [(v(n  +  ife)*  -  z»  “  UTTk^  (>/(n  -  k)*  “  iT^)] 

while  (15b)  becomes 

S  [{idi.  - ;)  +  -  i)]  - 

where  y  is  Euler’s  constant  0.577,215,665  •  •  •  and 

and  (15c)  becomes 

(16c)  —  IT  +  tyVik*  —  z*  +  2»(7  +  log  iz). 

Inserting  these  limiting  values  in  (10)  we  find  that 

i» 

2t  Z  cos  (2irkm)fii\2wzm)  —  —  x  +  2t  log  fz  —  t(^(A:)  +  f(  —  *)] 

Mt—i 

y/W^  *  5,  [(v(n  +  *)*  ^  ”irr*:) 

^  (v(n  —  fc)*  — z*  n  —  0] 


(17) 


Special  Cases.  (A)  Let  A;  »  0;  ^(0)  >  —y  and  consequently 
2t  Z  Ho*\2irtnz)  “  — J 
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From  this  we  have,  separating  the  real  and  imaginary  parts, 

(19a)  X  g  M2wmz)  “  “I  +  ^  +  S  Vz* -"n" 

(19b)  X  £  y.(2xx«)  -  -(y  +  log  I)  +  £  1  -  __£  __ 

where  no  is  the  greatest  integer  less  than  z. 

(B)  Let  A:  »  J;  ^(§)  *  -7  -  2  log  2,  ^  (-§)  =  -7  -  2  log  2  +  2,  and 
therefore 


2w  E  (-irHi*’(2ir»w)  -  -» 


(15) 


+  2i(7  +  log  2z)  +  4»  g  (y'(2n  -  i)*  _  (2f)*  2n  -  l)  * 

Again  separating  the  real  and  imaginary  parts,  (z  real)  and  writing  z  for  2z,  we 
have 

(20a)  w  E  (-1)  Jtiirmz)  =  ^  V«*  -  (2n  -  1)* 

»  E  (-1)"  Fo(irmz)  «  -(7  +  log  z) 

••  1  o  /  1  1  \ 

+  2E,  2n  -  1  ■  2  VV(2n  -  1)*  -  z*  2n  -  l) 
where  n#  is  the  greatest  integer  for  which  z*  >  (2n^  —  1)* 

Convergence.  While  in  (19b)  and  (20b)  the  infinite  series  on  the  right  are 
much  more  rapidly  convergent  than  those  on  the  left,  they  are  too  slow  for 
easy  computation,  especially  if  z  is  at  all  large.  To  avoid  this  difficulty  the 
series  maybe  broken  into  two  parts  and  the  radicals  of  the  second  part  expanded. 
For  example,  consider  (20b)  which  may  be  written. 


(20b) 


5  E  (-i)"i'.(x«)  =  -j(t  +  logx)  +  E 


1 


(21) 


tf2n  -  1 


1  A  /  1  1  \ 

”  .5+1  V(2n  -  1)«  -7^  ~  “  2n  -  ij 

where  W  >  n«  +  1,  but  is  otherwise  an  arbitrary  integer.  The  last  term  of  (21) 
may  be  expanded  and  the  order  of  summation  interchanged  so  that  it  becomes 


(22) 

But 

(23) 


1.3  •••  (2p-l) 


•  •  •  \d 

h  2.4... 


1 


(2p) 


(2n  -  1)*^‘  * 


1 


tii,  (2n  -  1) 


(l~2^.)*'"‘“S(2n- 


1) 
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where 


is  a  tabulated  function.* 


Fiq.  1,  Values  of  the  function  S  S  (— l)"Ko(»»«)  in  the  interval  x(0,  3).  The 

light  curves  show  the  values  9f  the  function  with  one  term  removed  as  indicated,  thus 
making  an  accurate  estimate  possible  near  one  of  the  discontinuities. 


Hence  (21)  becomes 


I  Z  (-1)"  Yoimirz)  =  -i(7  \ogz) 


»-i  j  jr-i  j  •• 

+  .?  2»-  “  .5.,  V(2»  -!)■-,>  ■  S'*'*’ 


2.4. ..2^ 


[(*  2>'+‘)  S  (2n  -  ■ 


*  Integral  Calculus,  J.  Edwards,  Vol.  II,  p.  144,  Macmillan. 
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The  choice  of  iV  is  determined  by  the  fact  that  if  it  is  chosen  too  small  the 
power  series  converges  too  slowly,  while  if  too  large  there  are  too  many  radical 
terms  to  calculate.  With  a  good  table*  of  (1  —  the  radical  terms  may  be 

computed  by  interpolation. 

This  method  of  computing  a,  becomes  too  laborious  for  larger  values  of  N 
and  p.  For  example,  when  N  =  7,  p  —  5,  fifteen  decimal  places  must  be  carried 

TABLE  I 


The  function  S  =  (—1)"  Yo  (mrx) 


X 

5 

S  +  ^  log,  X 

s  +  --^ - 

■•\/l  -X* 

0.0 

+  00 

-0.18373  34526 

+  00 

0.2 

0.31477  77147 

-0.19752  22840 

0.96452  50491 

0.4 

0.04727  54212 

-0.24438  89773 

0.74188  45393 

0.6 

-0.18636  79190 

-0.34896  87651 

0.60940  67965 

0.8 

-0.54813  89512 

-0.61916  77497 

0.51289  40027 

l.O(-) 

—  00 

—  00 

0.43521  42278 

1  .o(+) 

0 .43521  42278 

1.2 

0.36854  38750 

1.4 

0.30844  74844 

„  2  1 

1.6 

0.25190  '16535 

lb  +  . 

»V9-  X* 

1.8 

0.19637  88834 

2.0 

0.13918  51818 

0.42389  01992 

2.2 

0.07657  73314 

0.38870  58547 

2.4 

0.00176  84861 

0.35544  61374 

2.6 

-0.10177  52043 

0.32358  42732 

2.8 

-0.29843  04327 

0.29265  61869 

3.0(-) 

—  00  1 

0.26222  12325 

3.0(+) 

0.26222  12325 

to  yield  Oi  to  three  significant  figures.  We  can  then  resort  to  the  asymptotic 
series  obtained  by  the  usual  method  of  replacing  summation  by  integration: 


_  1.3  •••  (2p  -  Df  1  1 

'  2.4  ...  2p  L4p(2Ar  -  1)*»  2i2N  - 

(2p  +  1)  (2p  +  l)(2p  +  2)(2p  +  3) 

6(2iV  -  !)*»+*  9(K2Ar  -  1)*^ 

.  /  ..^1  (2p-H)(2p  +  2)4-.-.(2p  +  2r-l)  . 

l2r  (2N-1)'^^  "^  *** 


'Miscellaneous  Physical  Tables,  Bureau  of  Standards,  1941. 
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where  Btr-i  is  the  rth  Bemoullian  number.  Eleven  terms  of  this  series  (AT  7, 
p  5)  give  Ot  to  seven  significant  figures  within  a  quarter  of  a  imit  in  the  seventh 
place. 

To  estimate  the  remainder  omitted  by  using  only  (P  —  1)  terms  of  the  power 
series  we  have 


S  (2n  -  1)*^* 
so  that,  if  p  >  P  —  1 


r  I _ * _ 

(21  -  l)*^' 


1 

4p(2Ar  -  3)*^ 


(29) 


^  1-3  •••  (2P  -  1)  1 

2.4  ...  (2P)  ■  4P(2Ar  -  3)*» 


and  the  oror  i;  is 

(30)  ,  -  f:  a,z*'  < 


(2P  -  1)  1  v' 

. .  (2P)  ’  AP  t=i>{2N  -  3)*' 


or 

(31) 

where 


^  1-3  •••  (2P  -  1) 

2.4...  (2P)  ’4P(1-#C*) 


(32)  K  -  2/(2Ar  -  3) 

A  few  trials  will  tell  what  values  of  N  and  P  to  choose  to  give  any  required 
degree  of  accuracy  for  the  greatest  value  of  z  required.  The  series  will  then  do 
for  all  smaller  values  of  z  but  the  sudden  change  of  no  as  z  passes  through  odd 
integral  values  must  be  remembered. 

Eqiiation  (19b)  may  be  treated  in  a  similar  manner. 

Table  I  gives  the  numerical  values  of  the  function  S  »  ^^)!Li(  — D^Kafmtrx) 
in  the  interval  0  <  x  <  3.  The  values  were  calculated  to  thirteen  decimals 
and  rounded  off  to  ten.  The  second  and  third  columns  give  the  function  with 
one  term  removed  to  make  possible  interpolation  near  a  discontinuity. 

Umivbuitt  or  Tobonto.' 


(Rseeived  April  36,  1946) 


MATHIEU  FUNCTIONS  OF  FRACTIONAL  ORDER 
Bt  N.  W.  McLachlan 

1.  Introduction.  Theee  functions  are  soluticais  oi  the  differential  eqiiations 
d^y/dz*  4-  (o  ^  2?  cos  2z)y  **  0,  (1,  2) 

and  their  modified  versions 

<fy/dz'  —  (a  ^  2q  cosh  2z)y  =  0,  (3, 4) 

when  the  parametric  point  (a,  q)  lies  in  a  stable  region  of  the  (a,  9)  plane  [7,  8]. 
Equations  (1),  (2)  and  (3),  (4)  are  mutually  transformable,  each  to  each,  if 
±  u  is  written  for  t.  In  references  7,  8,  two  sets  of  fractional  order  solutions 
of  (1)  are  defined  as  follows: 

C6  <0  C06 

(»,  ?)  -  Z  A?,-*  .  (2r  + (o,^,)  (5) 

an 

and 

w  cos 

(*»  9)  =  22  .  (2r  +  1  +  /3)z,  (6) 

wJi»+i+4  sm 

where  q  >  0,  and  0  <  /9  <  1.  Otn+t  and  Otn+i+fi  are  the  characteristic  numbers 
for  the  functions  of  order  (2n  +  0),  (2n  +  1  4-  /8),  respectively.  Their  graphs, 
0  as  functions  of  9,  are  depicted  in  reference  8,  Fig.  2.  If  (6),  (6)  are  substituted 
into  (1)  and  the  coeflScient  of  cos  (2r  4-  $)z,  cos(2r  +  I  +  $)z  equated  to  zero 
for  r  *=  —  00  to  4-  •» ,  the  recurrence  relations 

(o  —  (2r  4"  /9)*]A*,  —  q{Atr+t  +  =  0  (7) 

and 

[a  —  (2r  4"  1  4"  |8)*]A|,+i 9(A|,.i4  4"  Ai,_i)  =*  0  (8) 

are  obtained,  reepectively,  in  which  the  superscripts  to  the  A  have  been  omitted. 
The  same  relations  are  obtained  by  using  sin  (2r  4-  0)z,  sin  (2r  4-  1  4-  0)z  in 
like  manner.  When  0  ^  p/a,  a  rational  fraction  in  its  lowest  terms,  the  functions 
in  (fi)>  (fi)  have  period  2«r  in  z,  real,  «  ^  2;  if  is  irrational  they  are  non-periodic, 
being  bounded  in  both  cases.  It  may  be  shown  that  the  above  series  representa¬ 
tions  of  the  functions  are  absolutely  and  uniformly  convergent  in  any  finite 
region  of  the  z-plane.  Thus  writing  iz  for  2  in  (5) ,  we  define  the  modified  Mathieu 
functions  of  fractional  order  (2n  4*  i9)  to  be 

Cs)  j*  cosh 

„  (*.  4)  -  Z  ^  (2r  +  |8)».  (hm)  (9) 

®Dh 

These  series  are  solutions  of  equation  (3),  with  9  >  0,  0  <  ^  <  1,  and  char¬ 
acteristic  numbo*  otn+f .  Similar  definitions  for  the  modified  functions  of 
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order  (2n  +  1  +  /9)  follow  from  (6)  by  writing  tz  for  z.  The  multiplier  i  is  omit¬ 
ted  from  the  sinh  series.  When  0  «=  p/«,  a  rational  fraction  in  its  lowest  terms, 
the  functions  have  period  28irt,  8^2. 

If  in  (1)  we  write  (fr  —  z)  for  z,  the  sign  of  9  is  changed  and  we  get  equation 
(2).  Making  this  substitution  in  (5)  yields 


—  *.  9) 


cos  2  C08(2r  -|-  /8)z 

-f  sin  i/Sx  22  sin  (2r  -j-  0)z. 


(10) 


Since  (10)  contains  both  the  even  and  odd  solutions  of  (2),  its  form  is  imdesirable 
in  either  analytical  work  or  in  applications.  This  ‘duality’  may  be  overcome 
by  a  simple  artifice.  The  recurrence  relations  for  the  coeflScients  in  the  solu¬ 
tions  of  (2)  are  those  at  (7),  (8)  with  —q  for  q.  This  change  is  effected  in  (7) 
by  writing  (— for  Atr ,  and  in  (8)  by  a  similar  substitution.  Hence  the 
solutions  of  (1)  for  9  <  0,  i.e.  those  of  (2)  with  9  >  0,  are  defined  to  be 


(r,,)  =  (-1)"  Y.  (-DMi;"-*"  .  (2t+0)z. 


i»+e 


sm 


(11) 


The  solutions  corresponding  to  (6),  (9)  are  derived  therefrom  by  writing  (  — 1)' 
.within  the  ^  sign  and  (  —  1)"  outside  it.  When  5  — »  0,  it  may  be  shown  that 
^4**"'*^^  —*  1,  while  all  the  remaining  coefficients  tend  to  zero.  Thus  the  two 
solutions  in  (5)  reduce  to  -f-cos(2n  -|-  $)z,  and  -|-sin(2n  -f  0),  respectively. 
In  (11)  the  multiplier  (  —  1)"  ensures  the  conventional  positive  signs  for  the 
limiting  forms. 


)! 

1  \ 

I! 
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2.  Representation  of  functions  in  §1  in  Bessel  function  product  series. 

In  reference  2  it  is  shown  that  the  series  I 

-  i 

(-l)Xr  +  (1)  : 

is  a  solution  of  (3)  §1,  ^yith  Vi  =  ke~‘,  tft  =  ke*,  k  =  -|-g*,  while  0  satisfies  a  | 

recurrence  relation  of  the  form  (7)  §1.  We  shall  now  express  the  functions  in  | 

§1  in  terms  of  Bessel  function  products,  by  aid  of  (1)  above  and  (7)  §1.  The 
latter  is  a  linear  difference  equation  having  two  independent  solutions.  Writing 
(r  4-  1)  for  r,  dividing  throughout  by  i4jr  and  putting  .4j,+i/i4*r  =  t'lr  leads  to 

[O  —  (2r  +2-1-  /3)*]t>jr  —  9(Ulr+jV*r  +  1)  =  0,  (2) 

so  '  ! 

»*r+2  +  1/vtr  =  (a  —  (2r  +  2  +  /J)*]^  (3)  I 

ii 

Then  as  r  — »  ±  * ,  Vjr+j  +  1/wir  — »  —  »  monotonically,  and  it  is  evident  that  I 

Vir  cannot,  (a)  oscillate  boundedly,  (b)  tend  to  a  unique  finite  limit  other  than  .  ^ 
zero.  Hence  either  Vjr  — »  0,  or  ( t>*r  ]  — »  <» ,  so  one  solution  of  (7)  §1  tends  to  ! 
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zero,  but  the  other  to  infinity  as  r  — >  db  <».  For  convergence  of  the  series  (1) 
above,  and  those  in  §1,  it  may  be  shown  that  the  solution  of  (2)  which  tends  to 
zero  is  admissible,  whereas  the  other  is  not.  Thus  it  follows  that  ^(r  + 
must  be  a  constant  multiple  of  Hoice 

(4) 

is  a  solution  of  (3)  §1,  which  is  neither  odd  nor  even  in  z.  Now  (3)  §1  is 
unaltered  if  w'e  write  —z  for  z,  so  we  infer  that 

(5) 

is  also  a  solution.  Adding  and  subtracting  (4),  (6)  yields  the  two  series,  even 
and  odd,  respectively,  in  z 

(-l)'.4,.lJr(Vl)7r+4(v,)  ±  Jr^fiMJriv,)].  (6) 

It  may  be  demonstrated  that  (6)  is  absolutely  and  uniformly  convergent  in 
any  finite  region  of  the  z-plane,  so  if  we  write  —iz  for  z,  we  get 

f:  {-irAM(v[)Jr^(lH)  ±  Jr+fiv[)jM)l  (7) 

r»— io 

with  vi  =  ke“  and  y*  =  ke~“.  The  two  series  in  (7)  are  even  and  odd  solutions 
of  (1)  §1.  •  For  a  given  a  =  <hn+$  ,  this  equation  is  known  to  have  only  one  even 
solution  and  a  corresponding  odd  one.  We  infer,  therefore,  that  the  two  series 
in  (7)  are  constant  multiples  of  cej«+fl(z,  q)  and  q),  respectively.  Thus 

we  have 


iz,q)=  E  i-iyAM(v[)JrMv2)±Jr,fi(v[)jM)],  (8) 

se]in+f  iSj 


C  =  ce»^{0,q)/2  D  (-If  AMk)Jr+fik), 


S  =  seL^iO,  q)/2k  g  (-lY Au[Jr(k)Jr+f{k)  -  Jr^fik)jUk)l  (10) 

For  any  r,  the  product  pairs  in  [  ]  in  (8)  are  conjugate,  since  one  may  be  de¬ 
rived  from  the  other  by  changing  the  sign  of  t.  Thus  if  z  is  real,  we  have 


(Z,9)=  Z  dO 

seju+fi  —Sj  I  mag 

where  the  first  product  pair' in  (8)  is  expressed  in  the  form  (x  -1-  iy). 
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If  the  multipliers  (9),  (10)  are  used  with  (6),  the  respective  repres^tations  of 
9)  and  5ei»4^(s,  9)  are  obtained. 

To  derive  the  series  for  ce,  «c,  when  9  <  0,  we  write  (iir  —  t)  for  z  in  (8), 
select  the  real  part,  redetermine  the  multipliers,  and  append  (— 1)" — see  (11) 
§1.  Then  we  get 


(*.  -9)  =  (-1)" 

t»+4  *0 


where 


C  -  a».«(0.  -q)/2  ^  (-l)Mv/,(t)Wt),  (13) 

and 


S  =  -q)/2k  ^  (-  1)M„  [IrW'r^ik)  -  Ir^m'rik)].  (14) 


The  r.h.s.  of  (12)  are  solutions  of  equation  (2)  §1. 

Writing  iz  for  z  in  (12)  and  omitting  the  multiplier  t,  yields 


Cel 

5ejfc,4^ 


(z, 


-9)  =  (-1)" 


(-l)'A,,I/,(ex)/,4e(«^)  ±  /.w(ex)i/r(».)], 


(16) 


these  being  solutions  of  equation  (4)  §1.  The  convergence  properties  of  (8), 
(12),  (15)  are  those  stated  hitherto. 


3.  Representation  of  even  solution  of  (3)  §1  in  Bessel  function  series. 
Substituting  u  =  2A;  cosh  z,  k  =  real  and  >  0,  into  the  equation  leads  to  [4] 

(tt*  -  4fc*)p"  +  uy'  +  (u*  -  p*)y  =  0,  (1) 

with  p*  =  (o  +  2A:*).  Assume  that 

y  =  Z  i-iyc^J^{u)  (2) 

is  a  solution  of  (1),  0  <  /3  <  1.  Write  f  =  (2r  +  0),  insert  (2)  into  (1),  and 
we  get 

Z  (“D'c^Kt**  -  4fcV/  +  uJ',  +  (ti*  -  pVJ  -  0.  (3) 

From  Bessel’s  equation 

«•//  +  uJi  +  uV,  =  yJ, , 


and  by  recurrence  relations 


(4) 
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Substitutiiig  (4),  (5)  into  (3),  yields 

(-D'CrirV,  -  k\j^t  +  2J,)  -  pVj  -  0,  (6) 

or 

S  (-ircv[(r’  -  a)J,  -  k\j^t  +  j^t)]  =  0,  (7) 

since  from  above  (2k*  —  p*)  =  —a.  Equating  the  coefficient  of  J,(u)  to  zero, 
fss  — ooto+«,we  obtain 

[a  —  (2r  +  $)*]ctr  —  k*(ctr+i  +  Ct,-*)  **  0.  (8) 

This  is  a  second  order  linear  difference  equation  of  the  type  considered  in  §2. 
For  convergence  of  (2)  above,  we  need  the  solution  of  (8)  which  tends  to  zero 
as  r  — »  ±  oo .  Since  (8)  has  the  same  form  as  the  recurrence  relation  for  the 
Atr  at  (7)  §1,  it  follows  that  Ctr  =  KAtr ,  where  iiC  is  a  constant.  Hence 

f:  (-  iyA^J,r^(2k  cosh  z)  (9) 

m 

is  a  solution  of  (3)  §1.  It  has  the  following  properties: 

i.  It  is  an  even  function  of  z. 

ii.  It  has  a  branch  point  in  the  u-plane  at  the  origin,  and  in  the  z-plane  at 

z  =  (2m  l)iirt',  m  —  —  00  to  +  00 ,  i.e.  on  the  imaginary  axis. 

iii.  It  is  multivalued,  and  if  /3  =  p/a,  a  rational  fraction  in  its  lowest  terms, 
it  may  be  shown  to  have  period  28x1  in  z,  s  >  2. 

iv.  It  is  absolutely  and  uniformly  convergent  if  |  cosh  z  |  >  1,  i.e.  if  z  is  not 
on  the  imaginary  axis,  but  it  is  non-uniformly  convergent  in  the  neighborhood  of 
I  cosh  z  I  =  1,  being  divergent  when  |  cosh  z  |  <  1. 

Now  Cet»+^(z,  q)  as  defined  at  (9)  §1,  is  an  even  function  of  z,  and  a  solution 
of  the  same  differential  equation  as  (9)  above,  while  if  /9  =  p/a  it  has  period 
2axi  in  z.  Its  only  singularity  in  the  z-plane  is  an  essential  one  at  infinity. 
Hence  we  infer  that  one  solution  is  a  constant  multiple  of  the  other,  except 
when  z  is  on  the  imaginary  axis.  In  this  neighborhood,  (9)  §1  and  the  cor¬ 
responding  series  in  Bessel  function  products,  is  the  anal}rtical  continuation 
of  (9)  above.  Consequently  we  write 

C«i»+^(z,  q)  -  (- ly Air  J>t+a(2k  cosh  z),  (10) 

where  Cu+a  is  a  constant  to  be  determined.  Since  the  r.h.s.  of  (10)  diverges 
when  z  =  0,  some  point  at  which  it  is  convergent  must  be  chosen  to  ascertain 
Cin+P  •  Thus  taking  z  »  zo ,  not  on  the  imaginary  axis,  we  find  from  (10)  that 


,  CtM-fl  =  f  ?)/  ]C  ( -  l)'^*r  / ir+$(2k  cosh  Zo), 


(11) 
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with 

-  £  ill,  cosh  (2r  +  j8)*..  (12) 

The  value  of  should  be  chosen  such  that  the  rates  of  convergence  of  the  series 
in  (11),  (12)  are  of  the  same  order.  In  this  respect,  the  fact  that  is  large 
for  small  arguments,  should  be  borne  in  mind. 

When  /9  »=  0,  it  may  be  shown  that  (10)  yields  the  known  representation  of 
CtuXt,  q)  in  Bessel  function  series  [1,  8]. 

4.  Odd  Solution  of  (3)  §1  in  Bessel  ftmction  series.  In  this  case  the  form 
of  solution  at  (2)  §3  cannot  give  the  desired  result,  since  it  is  even  in  t.  Ac¬ 
cordingly  we  assume  that 

y  tanhzw(u),  (1) 

where  u>(tt)  represents  the  rJi.s.  of  (2)  §3.  The  transformed  version  of 
(3)  §1  is  now 

(tt*  —  4k*)%D"  -f  uw'  -f-  (u*  —  p*)w  -H  ^  (to/u)  “  0.  (2) 

au 

Proceeding  as  in  §3,  and  using  the  additional  formula 

4r  d  [J,iu)/u]/du  ^  J^-  J,+t ,  (3) 

we  ultimately  obtain  the  recurrence  relation 

[o-(2r-|-^)*]2(r^^)  [(2r  -|-  2  -|-  /3)  (2r  -  2  -f  /3)]  “  ® 

Treating  this  as  a  linear  difference  equation  as  in  §2,  if  Ai  is  a  constant,  we 
deduce  that  ci,/(2r  -f  /3)  >=  KiAtr  •  Hence  it  follows  that 

m 

tanhz  2  (— l)'^(2r -f /3)Av  J^ir+tf(2/tcoehz)  (5) 

«o 

is  a  solution  of  (3)  §1,  odd  in  z  and  linearly  independent  of  (10)  §3.  It  has  the 
properties  ii-iv  in  §3,  and  we  infer  that 

ip 

<Sii«4#(z,  q)  «  St^  tanh  z  ^  (-  l)'(2r  -f-  /3)Ai,  J  fr+f{2krcoeh  z),  (6) 

where  Stm+z  is  a  constant.  Since  series  (6)  becomes  non-uniformly  convergent 
as  z  — »  0,  term  by  term  differentiation  is  invalid  in  the  neighborhood,  so  S^n+t 
cannot  be  derived  by  this  process  and  the  substitution  z  0.  Thus  we  take 
z  zt,  not  on  the  imaginary  axis,  and  obtain 

Si*+#  «  5zi»+#(z* ,  g)/tanh  Zo  ( -  l)'(2r  -f  fi)AuJa,+e{2k  cosh  Zo)  (7) 
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with 

to 

,  q)  -  ^  At,  sinh  (2r  +  (8) 

When  ^  »  1,  it  may  be  shown  that  (6)  gives  the  known  representation  of 
«Seiii+i(2|  q)  in  Bessel  function  series  [1,  8]. 

The  solutions  q),  Seu+fix,  q)t  even  and  odd  in  z,  respectively,  con-  * 

stitute  a  fundamental  system.  Series  for  functions  of  order  (2n  4-  1  +  /?) 
may  be  derived  from  those  above  by  writing  (1  4-  0)  for  0,  and  ilsr+i  for  At, . 
The  A  may  be  computed  using  the  procedure  outlined  in  reference  7. 

Since  the  series  diverge  if  |  coshz  |  ^  1,  it  follows  that  representations  of 
this  type  for  the  functions  cetn+e(z,  q),  aetn+fiiz,  q)  do  not  exist. 

6.  Solutions  of  (4)  §1  in  Bessel  function  series.  If  in  equation  (3)  §1  we 
write  (frt  4*  z)  for  z,  it  transforms  to  (4)  §1.  Making  this  substitution  in 
(9)  §3,  we  derive  the  solution 

gifiH  Air  sinh  z) .  (1) 

This  form  has  disadvantages:  (a)  it  is  neither  odd  nor  even  in  z,  (b)  it  converges 
only  if  I  sinh  z  |  >  1.  We  may  derive  an  even  solution  from  (9)  §3  by  putting 
ik  for  k,  and  writing  (— for  At,  •  Omitting  the  constant  multiplier 
we  get  the  solution 

SO 

Cet^iz,  -g)  =  X  (-l)'-4*f/»r+#(2A: coshz).  (2) 

The  r.h.s.  of  (2)  is  even  in  z,  while  it  has  the  properties  ii-iv  in  §3.  Also  we  obtain 
Ci^  -  (-  1)*Cs*,hf(2o ,  -g)/  (-iyAt,It,+0(2k  cosh z*),  (3) 

where 

Cetn+f(z« ,  -g)  -  (-  VyAt,  cosh  (2r  4-  /9)2o ,  (4) 

the  multiplier  (—1)’*  being  present,  so  that  when  /3  =  Q,  (2)  reduces  to  the 
known  representation  of  Cej,(z,  —  g)  [1,  8].  Similarly  we  obtain 

Set^0(z,  -g)  »  tanh  z  (-  l)'(2r  4-  0)At,Ii,^i2k  cosh  z),  (6) 


where 

SiM-fl  -  (-1)"  2  (“O'At,  sinh  (2r  4-|8)zo  /  X 

f  m  /  so 

•  (— l)'(2r  4-  0)At,ItH4i2k  cosh  z»). 
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(5)  has  properties  ii-iv  in  §3,  while  in  (6)  zb  is  neither  imaginary  nor  lero.  It 
may  be  remarked  that  (3),  (5)  may  also  be  derived  directly  from  (4)  $1  by  the 
procedure  employed  in  $$  3, 4,  except  that  in  (2)  $3  /  is  replaced  by  I,  and  the 
recurrence  and  other  relationships  modified  by  using  CI,{u)  =  J,(iu). 


6.  Asymptotic  expansion  of  Cet»+fl(z,  q),  Seu+fi(z,  q),  z  large.  If  in  (3)  $1 
we  write  x  =*  —ike*,  it  becomes  [3], 

A  second  transformation  is  effected  by  putting  y  =  toe',  and  we  get  [3,  5], 

SO 

To  solve  (2)  in  descending  powers  of  x,  assume  that  to  =  (~l)'^c,x'^, 

with  Co  =  1,  and  substitute  this  into  the  equation.  E^quating  coefficients  of 
like  powers  of  x  to  zero  ^elds  [3,  5]: 


Cl  = 


-(40-1*) 
.  118 


Ct 


(4o  -  l*)(4o  -  3‘) 


218® 


^  _  -(40-  l*)(4o-3*)(4o-5*)  _  1  ,4 
*  3!  8*  31  ’ 

^  _  (4o-l*)...(4o  -7*)  .  fc’  ,,, 

«« - 418^ - 


(3) 

(4) 

(5) 


Additional  c  may  be  obtained  by  aid  of  the  recurrence  relation  (r  ^  2): 

2(r  +  l)c,+i  +  [o  —  (r  +  §)*]c,  +  k*Cr-t  *  0.  (6) 

Writing  v  =  ke‘,  x  =  —to,  and  substituting  into  y  =  toe”*,  leads  to  the  solution 
y  .  o”*e*^’^'’(P  -  iQ),  (7) 


where  P  =  2  (—lYctrV  and  <?  *  S  (— l)'c*,4.io' 


Now  the  real  and  imaginary  parts  of  (7)  are  linearly  independent  solutions,  so 
we  have 

yiiz)  =  o“*[Pcos(o  +  }t)  4-  Q8in(o  +  ix)],  (8) 

and 

ytiz)  -  o”*[Psin(o  +  iir)  -  Qco8(o  +  i*-)].  (9) 

Multiplying  (9)  by  cos  ^/Sr,  (8)  by  sin  |/3t,  and  subtracting  the  second  from 
the  first  yields  the  composite  solution 

y(z)  =  o”*[Psin(o  +  Jr  —  §/9r)  —  Qcos(o  +  Jx  —  J/9r)].  (10) 
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When  2  — » -f  oc ,  (10)  may  be  written 

y{z)  ~  v~*  sin  (v  +  Jr  —  i/Sx).  (11) 

When  2  — »  -f  *  in  (10)  §3,  we  may  use  the  dominant  terms  in  the  asymptotic 
expansions  of  the  J-Bessel  functions,  k  being  finite.  Then  we  obtain 

Ce,^+fi{z,  q)  Ct^fi(2/irv)*  sin  (t>  +  Jx  -  il3r)  ^  Au,  (12) 

=  Cu+flCetn+fi(0,q)(2/Tv)*^  (»  +  !»-  i0r),  (13) 

which  is  a  constant  multiple  of  (11).  Hence  by  (10),  (11),  (13)  we  infer  that 

Ce,n+fl(z,  q)  ^  Ctn+fCein+fiO,q)(2/wv)*[Pi*J+f^Tiiv  +  ix  -  J^x) 

/  X  (14) 

—  Qin+fiCOs{v  +  ix  —  i/3x)]. 


The  superscript  (a)  and  subscript  (2n  +  $)  signify  that  in  computing  the  co¬ 
efficients  Cr ,  a  »  Otn+fi  is  to  be  used. 

When  R{u)  is  large  enough,  cosh  u  sinh  u,  and  since  the  Au  are  common 
to  both  series  in  (9)  §1,  it  follows  that  Ccu+fiz,  q)  Setn-^{z,  q).  Thus  both 
functions  have  the  same  asymptotic  expansion,  it  being  implied  that  R(z)  is  large 
enough.  Accordingly  the  r.h.s.  of  (14)  is  the  asymptotic  expansion  of  Seu+fi(z,  q) 
as  w'ell  as  that  of  Cetn+f{z,  q).  The  phase  angle  range  is  —  ^x  <  phase  z  <  §x. 

When  jS  =  0  in  (14)  the  asymptotic  expansion  of  Ce^niz,  q)  is  obtained,  while 
if  ^  =  1  that  of  Setn+i(z,  q)  results  [8]. 


* 


7.  Aqrmptotic  expansion  for  Ceu+p(z,  —q),  Setn+fiiz,  —q),  z  large.  This 
is  derived  from  (14)  §  6  by  writing  (^xt  4-  z)  for  2,  multiplying  by  (  —  1)"  and 


discarding  the  multiplier  Thus  after  reduction  we  obtain 


Cel 

SeJ: 


iz,  -  q) 


(  1)  Ctmr^cein+0(O,  q) 


in+f 


(2xt>)* 


e’  Z  CrV-^  -  f:  i-lYcrV-^  . 

r-0  r-0 


(1) 


Since  the  functions  are  real  if  z  is  real,  the  second  member  in  [  ]  is  used  only 
when  2  is  complex.  The  phase  angle  range  is  —  ^x  <  phase  z  <  ix- 


8.  Asymptotic  formulae  for  Cetn+ziz,  q),  Set^iz,  q)  q  real,  large  and  positive. 
In  reference  4.  pp.  321-323,  the  following  are  shown  to  be  independent  approxi¬ 
mate  solutions  of  (1),  §1,  when  q  is  real,  large  and  positive: 

1 

(2m  -|-  1)  ^  (m*  4-  m  -1- 1)  sin  z 

(1.2) 


*'^(z)  = 


Vi 


4-  ir) 


(cos  z)^+‘ 


1  + 


8A:  cos*  z 


T  1(2.’"  +.l)^..L±jg!!.l  log,  tm  (Jr  +  J,)) 
^  ) 
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If  in  (1),  (2)  we  write  tz  for  z,  the  resulting  expressions  will  be  approximate 
solutions  of  (3)  §1,  valid  if  —  <  phase  z  <  ^ir.  This  is  still  true  if  we  mul¬ 
tiply  (1)  by  and  (2)  by  The  result  of  so  doing  is 

^  jz  fsinh 


y* 


2«^5(cogh  z)“*^» 

2m  -H  1)  T  (m*  +  m  +  1)  i  sinh  z 


x|i  + 


8A;  oosh*  z 

[(2m  -f-  1)*  +  1  +  8a*) 


(3,4) 


log,  tan  (itz -fir) 


Now  Ce,M+*(z,  q)  is  an  even  function  of  z,  while  Sem+fi{z,  q)  is  an  odd  one.  If 
a*  =  —  ^(2m*  +  2m  +  1),  the  coefficient  of  the  logarithmic  term  vanishes. 
Then  (yi  -f  Vi)  is  even,  while  (yi  —  yt)  is  odd  in  z.  Thus  omitting  a  constant 
multiplier 

2m  + 


yt  db  y. 


(cosh 


b{(‘  + 


81b  cosh*  z/  sin 


1  \  CO 
~z/  sii 

Km*  -f  m  -1-  l\  tanh  zl  sin  \ 
81b  /  oosh  z J  cos 


(5,6) 


+  « 


where  »=  2k  sinh  z  —  i/3r  —  (2m  +  1)  tan  *  (tanh  Jz).  When  z 
we  may  write 

® 

If  in  (7)  m  =  2n  and  in  (8)  m  =■  2n  —  1,  with  21b  cosh  z  '^Tk  sinh  z  ~  s  =  A»*, 
we  obtain  in  both  cases 

(- I)"(21b/t;)*  sin  (r  +  iT  -  W).  (9) 

When  (9)  is  multiplied  by  (— 1)"C*,+*  ceM+4(0,  ?)(l/irfc)*,  (13)§  6  is  repro¬ 
duced.  Hence  from  (5)  using  this  multiplier,  we  infer  that  when  q  is  large 
and  positive 


Cztn+fiiz,  9)  Cin+fcetn+zio,  q)  X 

^  {(*  +  [(— 


+  2n  + 


(10) 


81b 


Similarly  with  m  =  2n  —  1,  and  remembering  that  Cet»+0iz,  q) 
when  A(z)  is  large  enough,  we  find  that 

Szt»+0(z,  q)  ~  Ctm+0CZtn+0(O,  q)  X 

^  .  4n  —  1  \  .  r/4n*  —  2n  +  l\  tanhz 

^  (v  8*  cosh*  Z/ L\  81b  /coshz 
The  phase  angle  range  in  (10),  (11)  is  —\t  <  phase  z  <  ^. 


l\  tanh  zl  .  \ 

■jcoshzj™^/ 

Sea^iz,  q) 


COS^a-l 


}■ 


(11) 
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The  asymptotic  formulae  for  q  large  and  negative  may  be  derived  from  (10), 
(11)  by  writing  (§irt  +  z)  for  z,  multipl}dng  by  (—1)"  and  discarding  the  mul- 
tif^er  e^".  The  resulting  expression  is  'complex.  When  z  is  real,  the  real 
part  is  chosen.  The  phase  angle  range  is  that  above. 


9.  Integral  equations  for  Cetn+f(z,  q),  Set^iz,  q).  We  commence  with 
the  formula 


K,(z)  =  cosh  (ptt)  du 


(1) 


which  converges  uniformly  with  respect  to  z  if  R(z)  ^  Xo  >  Xo  >  0.  Since 

K,(!)  -  }«*'<'*■■»[/,(»)  +  <r,(»)i.  (2) 

if  we  write  (— 2»A:  cosh  z)  for  z  and  take  R{—2ik  cosh  z)  ^  Xo ,  p  (2r  +  0), 
we  obtain 

K,{—2ik  cosh  z)  *=  cosh  z)  +  iY^{2k  cosh  z)] 


^  cosh  (aw)  du. 


(4) 


which  converges  under  the  conditions  stated  above.  Then  with  v  »  (2n  +  /9), 
^  (_i)'Ai;V,(2A:  cosh  z)  +  t  ^  (-l)"ili;’r,(2A:  cosh  z)  j 

•  =  ^  cosh  {pu)  du 


r 


Jik  aoik  «  ea«h  v, 


Ce,(tt,  q)  du. 


(6) 


term  by  term  integration  being  permissible,  since  the  series  are  uniformly  con¬ 
vergent  if  I  cosh  z  I  >  1,  while  integral  (5)  is  uniformly  convergent  with  respect 
to  z  if  Imag  {2k  cosh  z)  >  0.  The  first  in  (6)  represents  Cc,(z,  g)/C, ,  C, 
being  the  constant  multiplier  in  (11)  §  3.  If  we  write  Fzr(z,  q)/Cr  for  the  second 
52,  we  obtain 


sin  Ce,{z,  q)  -|-  cos  i/3irF«,(z,  q)  —  t'lcos  i/Sx  C«,(z,  g)  —  sin  i/3xF«,(z,  g)] 


-(2C./t)  j[' 


.S</k  aoih  t  eoih  « 


Ce,(u,  g)  du. 


(6) 


Equating  real  and  imaginary  parts  yields 


“  (J/S,)  C..(J,  g)  ±  T 


?  (2C,/r)  \  (2k  coeh  z  cosh  u)C<.(u,  q)  du. 

sm 


(7,  8) 
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Then  from  (7),  (8)  it  follows  that 

Ce,(z,  q)  =  (2Cr/ir)  sin  (2k  cosh  z  cosh  t*  —  ^/9ir)Ce,(u,  q)  du,  (9) 
and 

Ye,(z,  q)  =  —(2C,Jir)  f  cos  (2k  cosh  a  cosh  u  —  ^0r)Ce,(u,  q)  du.  (10) 

•0 

When  0  0,  Ye,(z,  g)  is  not  a  solution  of  (3)  §  1,  but  if  o  (10)  yields  the 

integral  relation  for  the  function  Feyin(z,  q),  while  (9)  yields  that  for  Cet»(z,  q) 
[8].  Both  functions  of  order  2n  are  solutions  of  (3)  §  1.  Now  Feytm(z,  q)  is 
neither  odd  nor  even,  being  in  fact  a  linear  combination  of  an  even  solution 
and  an  odd  one.  But  cos  (2k  cosh  z  cosh  u)  is  even  in  z,  so  the  infinite  integral 
cannot  represent  Feytn(t,  q)  if,  say,  z  is  real  <  0.  The  integral  converges  if 
(2k  cosh  z)  is  real  but  non-sero.  Our  analysis  is  based  upon  k  real  >  0,  so  we 
take  z  real  ^  0. 

If  w'e  conunence  with  the  formula  [6] 

pK,(z)  “  *  ^ 


R(z)  ^  Zb ,  3^  >  0,  and  proceed  as  above,  we  obtain 
Se,(z,q)  *  —  (4/ir)(S,  ksinhr  X 

X  [  cos  (2k  cosh  z  cosh  u  —  \0w)  sinh  u  Se,(u,  q)  du, 


and 

Te,(z,  q)  —  —  (4/t)(S,  k  sinh  z  X 

^  « 

X  /  sin  (2k  cosh  z  cosh  u  —  i0v)  sinh  u  Se,(u,  q)  du. 


(12) 


(13) 


0 

0 


The  latter  is  a  solution  of  (3)  §1  only  when  0^1,  and  the  integral  relation 
for  Gcyta.t.i(z,  g)  is  reproduced,  while  (12)  yields  that  for  5ej,+i(z,  q)  [8].  In 
(12),  (13)k,  z  real  >  0. 


10.  Degeneration  of  Matfaieu  functions  to  Bessel  functions  of  equal  order. 
In  (1)  §  6  let  k  — ♦  0,  z  — » oc  such  that  x  remains  constant.  Then  we  get  the 
equation  for  the  modified  Bessel  functions  Ip(x),  K,(x),  with  y  =  o*.  Writing 
ix  for  X,  the  equation  for  Jp(x),  Y  p(x)  results.  The  condition  z  — ♦  +  «  entails 
h  cosh  z^r,  the  radius  vector  of  a  point  on  the  fundamental  ellipse,  whose  inter- 
focal  distance  is  2k.  Since  2k  =  kih,  we  get  2k  coshz  kir,  and  as  k  — »  0,  the 
ellipse  tends  to  a  circle  of  radius  r.  Applying  the  above  transition  formulae 
to  (14)  §  6,  apart  from  a  constant  multiplier,  the  asymptotic  expansion  de¬ 
generates  to  that  for  Jtn+fi(kir)  with  v  =  (2n  -f-  /S)  *=  o*.  Thus  under  the  above 
conditions  Ccj,+b(z,  q),  5e*»+b(z,  q)  is  a  constant  multiple  of  Jin+t(kir).  Simi- 
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larly  (1)  §  7  degenerates  to  a  constant  multiple  of  I,ikir).  If  n  =  0,*  (9),  (10) 
§9  yield  the  known  integrals 

2  f* 

Jfikir)  “  “  /  sin  (kir  cosh  u  —  J/3ir)  coshOJu)  du,  (1) 

and 

2  f* 

Yfikir)  “  ~  “  jf  cos^  **  “■  (2) 

ifcir  real  >  0.  These  integrals  have  been  derived  for  P  real  0  <  /S  <  1,  but  they 
are  valid  for  the  range  —  1  <  Rifi)  <  1  [9]. 
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ELECTROMAGNETIC  FIELDS  IN  A  PARABOLOIDAL  REFLECTOR 

Bt  Edmund  Pinnst 


Introduction.  In  an  earlier  paper  in  this  journal,  [1],  the  author  presented 
a  systematic  development  of  the  theory  of  Laguerre  functions  with  a  view  to 
their  application  to  the  theory  of  the  paraboloidal  reflector.  In  this  paper  we 
will  And  the  electronuignetic  fields  in  an  infinite  paraboloid  when  radiating 
dipoles  are  placed  at  its  focus  in  various  arrangements. 

For  continuity  and  ease  of  reference,  the  formula  numbering  system  in  this 
paper  is  a  continuation  of  that  used  in  [1],  All  formula  numbers  smaller  than 
(6.1)  will  be  found  in  that  paper. 

The  fields  inside  the  reflector  are  obtained  when  it  is  fed  by  a  radiating  dipole 
at  the  focus  oriented  parallel  to  the  axis  in  §6,  by  a  radiating  dipole  at  the  focus 
oriented  perpendicular  to  the  axis  in  $7,  and  by  a  radiating  dipole  at  the  focus 
mounted  perpendicular  to  the  axis  and  backed  by  a  dummy  reflector  in  §8. 
Since  the  latter  case  is  of  more  practical  importance,  it  is  developed  in  more 
detail  than  the  others. 

The  parabolic  coordinates  i;,  are  defined  in  terms  of  rectangular  coordin- 
.  ates  x,y,z  in  (1.1)  Our  paraboloid  is  denoted  by  (  =  & .  The  electromagnetic 
field  is  assumed  to  be  harmonic  of  circular  frequency  w,  the  time  factor  entering 
proportionally  in  the  fields  as  A  quantity  k  is  denfied  ob  k  —  wVmci 

ft  and  c  being  the  specific  magnetic  and  electric  inductive  capacities. 

6.  Paraboloid  Fed  by  Focal  D^le  Oriented  Parallel  to  the  Axis.  In  the 
paraboloidal  coordinate  system  considered  in  §1,  the  dipole  is  at  the  origin  and 
is  oriented  parallel  to  the  z-axis.  We  may  denote  the  paraboloid  by  (  =  ^ . 
In  this  case  the  field  will  be  transverse  magnetic  to  the  z-axis,  and  can  therefore 
be  described  by  the  z-component  o  a  Hertz  vector  U  *  From  [2; 

(56),  (57),  p.  31],  the  electric  and  magnetic  fields  are 

E  =  v(v*n)  +  k*n,  H  =  -toev  X  n.  (6.i) 

From  (1.4), 

,  V-(i.^)  = 


Therefore 


so  that 


V’ll  =  (— W'l  +  #f)/({  +  v)t 


s{^)W' 


B,  =  0. 
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—  iue 

2V,ir+5*'’ 

H,  =  +toe  (h  +  if'*)* 

K  +  V 


(6.4) 


^  (6.5) 

where  and  denote  the  incident  and  reflected  fields,  respectively.  By  (5.25), 

»  1  e"'  -  2vib  E,  7,(2tlfcf)S,(-2tfcn),  f  >  >/,[»  <  0], 
r  0 

(6.6) 

-2»JfeE,S,(-«t{)V,(2iifc,),  {<,,U>0|. 

® 

The  reflected  wave  should  travel  in  the  +2  direction,  so  from  (5.33) 


»  2Tib  E.  AnSn(2ik()S,(-2ihf,), 
0 


(6.7) 


where  the  Constanta  A.  are  to  he  determined..  Therefore,  for  s  <  0,  or  £  >  a, 

^  -  2»A  E,  [Vn(2ik^)  +  d4,S.(2iA<)15.(-2tfe,).  (6.8) 

0 


By  (5.29), 

<0 

“  *^(€  +  ’j)^  “I"  2irfc  E  «[^*-i(“2t^f  2tA;f)  +  A«C«_i(— 2»A!if,2tA:{)] 

0 

=  *fc({  +  i;)|^  —  4wt**({  +  jj) 

•  [E- Z, S,(-2ikr,)V,im)  -  E, An  E, S,{-2ihi)S,(2ik^)] 

L  •  *  0  0  J 

-  2irik\^  +1,)  E«  [Vnim)  +  i4«S,.(2t*{)]S,(-2»fc,)  -  4»ifc*(i  +  ,) 

0 

•  E-  [(n  +  l)7,(2tA:f)  -  (E,  A^  £S.(2»*e)]  Sn(-2ih,), 

so  that 

(W'o  —  ^i)/({  +  1?) 

-  2irtV  E,  [-(2n  +  DVnim)  +  (a, +  2  E,  A,y,(2tA{)]5.(-2»A:n). 
From  (5.8),  (5.25), 

d[Sr,(t)]/dz  =  \{mz^  -  2-*)5r'(»)  -  +  *"*)5:^i(*), 


(6.9) 
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'Mith  a  similar  expression  for  Fr(z).  Therefore 

a  ^  L  {(2»  +  i)tn(a«^)  +  vU2ai)i 


^  (  —k'I't  + 

^  \  +  n  / 


-  (^-  +  2  f:,  [S\im)  +  S‘-i(2iib{)]|  Sn(-2ih,), 

2rjk*  «  ( 

-(A.  +  2  Z,  A,)S.(2rtf))  |S'.(-a»»i)  +  S‘.-i(-2i*i|)l. 
«+»  J 


From  (6.8)  and  (5.8), 

O.U  «• 

?-  +  A,Sni2im[S\i-2ikf,)  -  S\-i{-2iki,)\ 

=  :^^Z»{l"«(2iifce)  -  V\-ri2m  +  AJ[S\im)  -  SV_,(2tfc6)l|5.(-2ifc,) 

Therefore,  if 


Bn^llpA,  (6.10) 

-  -  vm^)  ?•  (6.11) 

-B^iSVcatf)  -  B,si-i(2fti)|s.(-afei), 

4— u  w 

-B^i[S,{2iki)  +  S^i{2iki)]]^ni-2ikn) 


By  (5.31),  (5.27),  (5.28) 

2irik  * 

^1  +  »=  —  [B\-i(—2ikri,  2ik^)  +  AnC\-i(—2ikri,  2tA;{)] 

“  -  a<rf  ^  (e.  E.  ^  sU-a*»)n(a*« 

-  E.  A.  li,  -4-f  s'.(-a*,)s‘,(at£)) . 

0  0  P  +  1  J 

Therefore 

vln(^i  •i’  i^f)/ (i  +  »;)  = 

-4Tik*  i:,  irU2tfcf)  -  J5«+,S‘n(2t*f)/(n  +  l)15U-2tM, 


(6.13) 
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80  by  (6.4), 

-  4«V«€  S.  lV\i2ikO  -  B^iS\C2ik^)/in  +  l)]5U-2tibi,).  (6.14) 
0 

Now  £?,  =»  0  when  (  «  {o ,  so  by  (6.12), 

B.  =  n[y.(2ifc€,)  +  7_i(2iA:fo)]/[S,(2i*{o)  +  S^t{2iki^]  (6.15) 

This  expresfflon  may  be  substituted  into  (6.11),  (6.12),  (6.14),  giving  Ef,  B, , 
.  The  components  Ep,  Hf,  are  all  zero. 

7.  Paraboloid  Fed  by  Focal  Dqwle  Oriented  Perpendicular  to  the  Axis.  In 
the  paraboloidal  coordinate  system  of  §1,  the  dipole  is  at  the  origin  and  is 
oriented  parallel  to  the  x-axis,  say.  We  denote  the  paraboloid  by  (  »  {• . 
In  thia  case  the  incident  field  will  be  transverse  magnetic  to  the  x-axis. 

We  will  now  compute  the  fields  due  to  the  dipole  alone.  From  [2;  (56),  (57), 
p.  31],  the  electric  and  magnetic  fields  are  given  by 

E®  »  V(V*n)  -I-  k'u,  H®  -  -to€V  X  n,  (7.1) 

n  -  fi.,  (7.2) 

^  being  independent  of 
From  (1.4), 


u  =  y 

# 

+  y^|^coe<9i,-  sin^i,. 

'  1.-  y 

^|-^sin^i(+  y^/^^sin^i,  -fcoev>i,, 

(7.3) 

1.  - 

+  \ 

From  (6.2), 

v-4 

/  i  i  ^  1  i/  •»  L  ^  1  ^  i  ^ 

(7.4) 

so 

v*n  ■■  id*  Vf  “  p  cos^, 

where 

P  *  Vh(^l  +  /2({  +  fl). 

(7.5) 

Therefore 

^  f )  cos  v», 

^  -j. '!')  cos  <9, 


(p  -H  **\/^  sin  >p. 
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FVom  (7Ji), 

+ ft) +  »-  +  *’* 

+  {|^,0..  +  ft)-2^p}««2r, 

«!-{i^(ft  +  ft)-2;^p}“2^. 

2 

EH  -  -—  (-{pi  +  nPt)  coe  »>. 

f  +  n 

From  (6.6), 

f  -  2tA:  Z.  Vn(2iki)Sn(-2ikn\  €  >  n-  (7.7) 

0 

From  (6.13),  (7.5), 

p  =  -2Tfc*  f:«  Fl.(2ifce)5l(-2»fci,). 

0 

From  (6.30),  (5.27),  (5.31), 

(Pf  +.Pf)  +  P  "  2ir*:*  w(n  +  l)V,(2<fcf)S,(— 2tAij), 

(Pi  +  P,)  -  ^  P  -  2»A;*  Zn  VU2ik()^n(-2ikr,), 

From  (6.27),  (5.29), 

2(-(Pi  +  nPn)/((  +  u)  =  4TtA:*  En  (n  +  l)n(2»fcf)SU-2tA;,). 

0 

In  view  of  these  results,  and  of  the  fact  that  the  reflected  wave  will  travel 
in  the  +z  direction,  , 

B,  *  2TA:*{/(f,  n)  4-  h({,  If)  coe  2^},  E,  »■  2irX;'M{,  9)  sin  2^?, 

E,  =  2vk'g(i,  If)  cos  ip,  (7.8) 

where 

mv)  -  Z-[(n*  +  n  +  l)F»(2»*t)  -  A,5,(2iht)]5,(-2tfcn), 

gi^,v)  -  2ii:,((n  +  1)F!.(2»*<)  -  B,(n  +  1)'^ 8\i2ik^)]S\(-2ih,),  ;  (7.9) 

0 

h(^,v)  =  Z[Fl(2»A<)  -  C,(n  +  l)-’(n  +  2)-‘5’.(2tl<)lS*«(-2tfci,). 


BLKCTROlfAONBTIC  RELDS  IN  PARABOLOIDAL  REFLECTOR 


Now  V*E  ■»  0,  80  since 


d  y/fl  (b  b\  am»  ^ 

bx  {  +  i»  ^  W  2Vi^  b>p  ’ 

d  ,  d\  ,  OOBy  ^ 

dy  €  +  n  ^  di>/  2y/fi  Ap  ’ 


we  get 

(ft  +  /,)  + i-igt  +  ntf,)  +  (ht  +  K)  +  :^h  =  0.  (7.10) 
By  (5.31),  (5.27),  (5.28), 

(/i  +  /,)  -  -2k  E,  l^n*  +  2n  +  3)V\i2ik^) 

+  (Z,  4,)  SU2tA:{)|  5U-2iA:»,). 

By  (5.29),  (5.27),  (5.28), 

ri-  +  rig,)  =■  2A:  i:n|i(2n*  +  4n  +  3)7U2tA:i) 
c  +  n  0  ( 

+  (b-  +  2  I),  S‘,(2iA^)|  S\(-2ikn). 

By  (5.30),  (5.27),  (5.28), 

^  ^  +  2)F!.(2iA:i) 


(Z,  C,)  SU2tAi)}  SU-2ifci,). 


Substituting  these  into  (7.10), 


T,pAp  -  Bn  -  2  Zp  B,  +  Zp  C',  =  0. 

i»+l  t»+l  n 

Subtracting, 

.  An  -  Bn  -  Bn-l  +  Cn-l  =  0.  (7.11) 

From  (7.3),  (7.8), 

Ei  =  2vk*y/ ti/(^  +  ff)  [/(€,  v)  +  h({,  n)  —  V {/i»  ^({f  »i)l  cos  v>, 

E,  =  2wk*y/ {/({  +  tf) {/({,  17)  +  A({,  ij)  +  y/^^g(i,  17)]  cos  ►  (7.12) 

=  2tA:*[— /(t,  17)  +  A((,  17))  sin 


L 
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k*., 

k 

r.!. 


ll:- 


Now  £,  and  vanish  when  {  =  ^ ,  so 

/(€• »  n)  ""  ^(€d  »  n)  ”0, 
jyCfi »  n)  +  y/ i?/£o(7(& »  n)  *  0 


(7.13) 

(7.14) 


Hereafter,  for  brevity  we  will  write  the  functions  of  2ik^  without  their  argu¬ 
ments.  That  is, 


(7.15) 


n(2iik€,)  -  r. ,  5^(2»A*,)  -  5:  ,  etc. 

From  (7.9),  making  use  of (5.8)  and  (5.5), 

y/ —2ikrifi^»  ,  i;)  =  [(n*  +  n  +  1)F,  —  (n*  -1-  3n  -|-  3)F»+x 

0 

4*  -diH-itSiH-i  ~  il,5ii]5«(— 2iAij), 

\/— 2tfcijh(^  ,  If)  =  +  (w  4*  2)V\ 

0 

4-  (C^i  I  Cn^n)/(n  4*  l)]8\(-2ik„). 

From  (7.13),  therefore, 

An+.lSn+l  —  AnSn  4"  (^,51  —  C»-t^n-i)/in  4"  1)  *  (n*  4"  3n  +  3)F,+i 

-(n*  +  n  4-  1)F,  4-  (n  4-  2)V\  -  nFUiJ 

From  (7.9),  (5.5), 

m 

y/ —2Hcitg{U ,  n)  =  2t 

• 

[(n  4-  1)*F!.  -  n‘FUi  -  B.S\  +  B._,S!._i]S.(-2tfef). 

From  (7.9)  and  (5.8), 

+  BnS\  -  B-i-SUi  -  nV\  4-  (n  4-  1)FUi  (7.16) 
Let 

^  e,  -  nV\  -f  (n  4-  1)FLi.  (7.17) 

Then  by  (7.11),  (7.16), 

A,  y/^Sn  =  B,S\  -  B-»SLi  -  On,  C._i  y/^Sn  -  -B.Sl-i 

4*  Bn-lS\  -|-  9n  . 

By  (5.5),  (5.8),  (7.15), 

y/^Un+iSn+i  -  AnSJ  4-  V^(C,S*,  -  C,+i5*,_0/(n  +  1)  ^  ^ 

,  ,  (7.19) 

=  fUi  4-  FUt 

Write 

J»f.(s)  -  {n[S\(z)f  -  (n  4-  l)[S‘.-i(*)]*}/5,(r), 


(7.18) 


Ar.(z)  -  {nSUz)VU«)  -  (n  4-  l)5‘,_i(r)FLi(z)}/S.(r). 


(7.20) 


i 
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From  (6.5),  (5.8),. 

'  ,  {’7  21) 

V^[nSnS\  -  »  V^[(n+l)5»-SUi-S,-S*«-i]  =  5,M,  .} 

Substituting  (7.18)  into  (7.19), 

B.+,[(n  +  l)S\+i  -  S\S\/S,+i]  +  B»[-2(n  +  1)5*.  +  5*,+x5*./-S,+i  + 
5‘,-,-Sl_,/S.]  +  fi_,[(n  +  l)5‘_i  -  5*.5*_i/5.]  =  (n  +  l)lF*.+i+  F*.-i]  + 
9.+i(n  +  1  —  5V'S«+i]  —  Bn[n  +  1  —  5^,_i/5«]. 

From  (7.21), 

fi.+.M.+i  -  5,(3/.+x  +  Mn)  +  »  [(n  +  l)(F*,+i  +  F*_0  - 

0a]v^2tlc(o  +  [®»+i(w  +  1  “  5*/^i»+i)  ~  Bn{n  —  5«_i/50)v^2tl5(o. 
By  (7.17), 

(n  +  l)(V‘,+i  +  F*_0  -  «.  =  (n  +  l)F*,+i  -  nV\  . 

Therefore 

(5.+1  -  B.)M.+i  -  (n  +  l)F*,+i  -  »«+x(n  +  1  -  SV-S.+i) 

=  (5,  -  5_,)M,  -  nF*.V^o  -  <>»(n  -  5V-i/5,) 

From  this  it  follows  that 

(5.  -  5.^0 Af.  =  nVW^,  +  fi.(n  -  5’,-i/-S,) 

where  F  is  independent  of  n. 

From  (7.17),  (7.21),  (5.8),  (5.35), 

(5.  -  B,_,)Af.  -  (2n  +  DAT.  -  {2i/ir)n\n  +  l)/5.  +  F. 

Therefore 

B,  =  B  +  Zp  (2p  +  DATp/Afp  -  2tyir  Z,  p*(p  +  l)/(5pAf,)  +  FZ,  1/A/,. 

0  0  0 

<0 

Now  Bp  must  converge,  sofi»— ►Oasn— ►  <».  Therefore 
0 

B.  =  -  Z,.  (2p  +  DATp/Mp  -I-  (2tyF)  Zp  p*(p  +l)/(SpAfp)  -  F  Z,  1/A/p 


iC 

From  (7.9)  ZnB»(n  +  l)“‘5*«(2t*{)5«(— 2tA:ij)  must  converge,  so  by  (5.23), 
0 

(5.24),  F  =«  0,  and 


-  Zj.  (2p  +  1) 


Ar,(2tA^o) 


+  ?^Z, 


P*(P  +  1) 
S,(2tfc&)Af,(2ifc&) 


(7.22) 
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An  and  C,  may  be  computed  from  (7.18),  (5.8),  (7.11).  We  get 

.  _  „  Nn(2ikio)  ,  i  n*(n  +  1) 

"  "  Mn(2ik$,)  T  Sn(2ik^)Mn(2ik^)  ’ 

_  p  ,  _  Nn(2ik(o)  i  n*(n  +  1) 

Mn(2mo)  irSn(2ik$tWn(2ik^)‘ 


(7.23) 

(7.24) 


8.  Paraboloid  with  Focal  Dipole  which  is  Oriented  Perpendicular  to  the 
Axis  and  adiich  is  Backed  by  a  Dummy  Reflector.  In  actual  practice  the 
primary  radiating  dipole  is  oriented  perpendicular  to  the  axis  of  the  paraboloid, 
and  a  “dummy  reflector”  or  secondary  dipole  is  placed  in  front  of  it  on  the 
axis  in  such  a  manner  as  to  cause  the  major  part  of  the  primary  radiation  to  go 
towards  the  apex  of  the  paraboloid.  In  this  section  the  results  of  the  last 
section  will  be  modifled  in  such  a  manner  as  to  take  into  account  the  effect 
of  the  added  dummy  reflector. 

In  §7,  the  x-component  of  the  Hertz  vector  of  the  incident  radiation  was 

=  e  /r. 

Now 

=  (tk/r)(l  +  fi/kr)]e**z/r 

Therefore 

-  {1/ikW/dz  -  (l/r)[l  -  iz/r)  -  («/At*)]€“^  ■ 

For  r  large,  we  see  that  this  quantity  is  minimum  on  the  positive  z-axis,  and 
maximum  on  the  negative  z-axis.  Therefore,  in  the  coordinate  8}rstem  of  $7, 
—  (l/tA:)d^^'*/dz)  ^vill  make  an  appropriate  x-component  of  the  incident 
Hertz  vector  for  the  present  problem.  We  may  solve  the  present  problem  by 
differentiating  the  incident  fields  of  §7  with  respect  to  —ikz,  adding  the  result 
to  the  incident  fields,  and  proceeding  as  in  §7. 

The  incident  fields  are  obtained  from  (7.8),  (7.9)  with  the  aid  of 

b/bz  (“€9/8f  +  ^3/bii)/(^  +  ij) 


and  (5.29),  (5.27).  When  they  have  been  computed,  the  total  fields  may  be 
written  in  the  form 

En  =  tTfc*[F(€,  jj)  +  H(f,  ij)cos2^],  E„  =  ij)sin2^, 

(8.1) 

E,  =  i  Tk*G{^,  v)  ooBp, 


where 

Fil  n);»  [(n  +  l)(n*  +  2n-\-S)Vn{2m  -  AnSn(2m\Sni-2iky,), 

0 


n)  =  i  Z,  ((n  +  2)(2n  +  Z)V\i2ik^) 

0 

-  2Bn(n  +  l)-^S\(2ik^)]S\(-2ikfi), 

H(i,fi)  =  f::[(n+3)n(2<kf) 

0 

-  Cnin  +  l)-*(n  +  2)-^S*n(2iki)[J^n{-2ikn). , 


(8.2) 
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The  reflected  field  here  is  formally  the  same  as  that  in  (7.9),  although  the 
constants  An,  Bn,  C,  are  different.  The  condition  V'E  =  0  will  therefore 
give  the  same  relation  between  these  constants.  As  in  (7.11) 

An  -  Bn  -  Bn-l  +  Cn-l  =  0.  (8.3) 

As  in  (7.12), 

Bt  =  f  fA:*\/ii/({  +  ti)I^(f>  v)  +  ij)  —  V€/ijf?(€f  il)]  cosv>, 

E,  =  €/({  +  i7)l^({»  >»)  +  If)  +  \/ij/{G'({,  i7)]cos^,  ►  (8.4) 

E,  =  iirk\-F{^,  ri)  +  ij)]  sin 

Comparing  (7.9)  with  (8.2),  it  is  readily  seen  that  (7.15)  now  becomes 
An^lSn+l  -  AnSn  +  (C.5*,  -  C_iSLl)/(n  +1) 

=  (n  +  2)(n’  +  4n  +  6)F*+i  -  (n  +  l)(n*  +  2n  +  3)T,  (8.5) 

+  (n  +  2)(n  +  3)V*,  -  n(n  +2)T*«_i, 

and  (7.16)  becomes 

-An  VM^Sn  +  BnS\  -  =  |n(n  +  l)V\  +  i(n  +  l)(n  +  2)F‘,-i  (8.6) 

Suppose  we  let 

Bn  =  |n(n  +  1)F‘,  +  |(n  +  l)(n  +  2)F‘,-i  (8.7) 

Then,  as  in  (7.18), 

An  \/ 2ik^Sn  =  BnS\  —  Bi^i^n-l  ~  Bn  ,  Cn-l  "V^ 2H^Sn  = 

-BnS\-i  +  Bn-lS\  +  Bn.  (8.8) 

By  (5.5),  (5.8),  (8.5), 

\/2tifc{o('^»+i'S«+i  ~  AnSn)  +  ‘\/2ik^oiCn^*  —  C_i(S^,_i)/(n  +  1)  = 

=  3[(n  +  2)FUi  -  (n  +  1)V\  +  (n  +  1)FLi])  ^  ' 
Then,  as  in  §7,  below  (7.21), 

Bn+iMn+i  -  Bn{Mn+i  +  M,)  +  =  {3(n  +  l)[(n  +  2)TUi  - 

(n  +  l)y‘,  -f  (n  +  l)y*,_i]  -  BnW^  +  {Bn+i{n  +  1  -  5*,/5,+i)  - 

Bn(n  - 

By  (8.7), 

3(n  +  l)((n  +  2)VUi  -  (n  +  1)V\  +  (n  +  l)F*,_i]  -  Bn  ^ 

|(n  +  l)(n  -  2)(2FUi  -  V\)  -  |n(n  +  1){2V\  -  FUi). 

Therefore 

(B,+,  -  Bn)Mn+i  -  I(n  +  l)(n  +  2)(2yUi  “  V\)  -  0,+i(n  +  1  - 

S'n/Sn+i)  =  (Bn  -  Bn-i)Mn  -  \n{n  +  1)(2F*,  -  y‘,-i)v^o 

-  Bn{n  -  ^n-l/Sn)V^ 
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From  this  it  follows  that 

(fi,  -  =  fn(n  +  l)(2Fl  -  FUi)  +  Onin  -  +  / 

where  /  is  independent  of  n. 

By  (8.7),  (7.21),  (5.8), 

(B,  -  B._x)M,  =  3(n  +  l)*Ar,  +  |n(n  +  l)(2n  +  3)(S!.F!.-i  -  " 

By  (5.35), 


Bn  -  Bn-i  =  3(n  +  ifNn/Mn  ”  ^n‘(n  +  l)(2n  +  3)/(5,M.)  + /. 
As  in  (7.22)  it  follows  that  /  =  0,  and 

Bn  3  (p  +  1)  ’  2t  S,(2i*e,)Af,(2»ifc{p)  ’ 

From  (8.8),  (7.20),  (5.8),  (8.3), 

A  -  R  _  -I-  n  4.  3t  n\n  +  l)(n  +2)  .  v 

An  Bn  |n(n  +  1)  2t  Sn(2ik^Wn(2ik^)  ’  ^ 


C»_i  =  B,_i  +  jn(n  +  1) 


Nni2ik^Q)  3»  n*(n  +  l)(n  +  2) 


^  -r  X,  ^  Sn(2m)Mn(2m)  • 

To  get  the  magnetic  field,  we  note  that 

=  V  X  E. 

Therefore 

jj  dEg  dEy  „  dEa  dEa  ^  dEy  dEa 

tufiHa  —  ^ - ^  ,  tu/iHy  =  — - —  ,  tiafiH,  *  -r-^  —  T—  • 

dydz  dzdx  dx  dy 

From  (8.1)  and  the  expressions  between  (7.9)  and  (7.10), 

Ha  =  irk*  v^c/m  w(i>  v)  sin  2^, 

=  —iirk*  \/«7m  U({.  n)  +  n)  cos  2^],  ►  (8.1 

Ha - ^rk*  V «/m  !'({,  v)  sin  tp, 

where 

mi. ,)  -  ({F,  -  ,F.)  +  (0,  +  G.)  +  ^  a. 

•**(«■  ’)  -  (''<  +  F,  -  H,  -  H,)  -  ^  if,  •  (8.1 

m(i. ,)  -  (jtf,  -  ,ff,)  + (0.  +  a,)  -  0. 

F,  Of  H  being  given  in  (8.2). 
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From  (8.2)  and  (5.27)-(5.31), 

=  ?■  +  *)’(’•’  +  +  «)U2<«) 

+  [-1.  +  2  E.  A,js.(2.t{)|  S.(-2it,). 
(n  +  f.)  =  «■  E.{kn  +  2)(n’  +  3»  +  6)7‘.(2<*£) 

+  (n  +  ir‘[2  E,^,]s‘.(2i*4)|s‘.(-2«,), 
2iR^)  +  «•)  +  -  -  ?■{*’““  + 

2  Zp  B,]<S,(2tAt)}  S,(-2ikr,\ 

2^^)  -  .I-  {i'"  +  «<"  + 

+  (n  +  l)"‘(n  +  2)-*  [2  i:,  fi,]s‘.(2tA^) I  S*,(-2tfo,), 

+  (n  +  1)"‘  [2  Z,  C,  jsU2tA<)|  S‘,(-2»fcn), 

=  Z-|i(n  +  2)(n  +  3)n(2tA:{) 

»«({  +  n)  0  ( 

+  (n  +  l)-‘(n  +  2)-‘  [c.  +  2  Z,  C,]s*.(2tA;f)|  S\i-2ih,), 

From  these 

=  Z-  {3(n  +  l)V,(2tA:f)  +  D,S,(2tfcf)}S»(-2tA:n), 

0 

«'(«,  v)  =  »■  Z-  {3(n  +  2)V\(2ik^)  +  (n  +  ir^2EnS\{2ik^)\ 

0 

.  S\i-2ikn\ 

w(^i?)  =  Z»  (n  +  ir'ln  +  2)-'F.l^n(2ilci)S\i-2ikr,), 


54 


EDMUND  PINNEY 


where  . 


+  2  -  2  B,, 

f»+l  n 

En  =  flpA,-Z,C„ 


Fn  =  Cn  +  2'ZpC,-  2'E,B,. 

1»+1  fl-fl 


From  (8.10)-(8.12), 

n  _  p  _  3^/-  i_  IN  ,  3t  n*(n  +  l)(n  +  2) 

"  "  ^  M.(2iifc£»)  2t  <S.(2iifcC.)Af»(2tik6,)  ’ 

p  _  o  y'  _i_  n  y'  p*(p  +  i) 

^  ^  ^  Af,(2ijk&)  2ir  tr'  Spi2ikh)M,i2ikk)  ’ 

p _ p  _  8-/-.  1  ixiV,(2ifc{o)  ,  3t  n*(n  +  l)(n  +  2) 

F^i  ln(n  +  1)  ^^(2tifcfo)  2t  S.(2iJk€,)Af,(2»ifc{.) 


(8.16) 


(8.17) 

(8.18) 
(8.19) 


To  normalize  these  results  it  is  necessary  to  compute  the  |x>wer  radiated  by 
our  primary  radiator.  If  this  power  is  denoted  by  Po ,  the  fields  due  to  a  pri¬ 
mary  radiator  of  power  P  are  obtained  by  multiplying  the  above  fields  by  P/Po . 

To  compute  Pe ,  we  will  compute  the  power  transmitted  through  a  small 
sphere  centered  at  the  origin.  fVom  [2;  §2.20]. 

Po  =  SrT*  ^  ddScLp  =  \Re  J  (EtU^  —  EpS$)i^  sin  BdB  dtp. 

Since  r  may  become  as  small  as  we  please,  we  will  be  interestd  only  in  terms 
of  the  order  r~*  in  EtSp  —  E^i .  Lower  powers  of  r  will  cancel,  and  higher 
powers  will  go  to  zero. 

To  carry  through  the  computation  we  will  set  up  a  spherical  coordinate  system 
with  axis  coincident  with  that  of  the  dipole.  The  Hertz  vector  is  then  given  by 

^  n  =  i,  ^  cos  6  —  U^eine, 

where 


^  =  (r~‘  —  r  *(1  -f  ik~^r  ‘)  sin  9  sin 


Now 


E  =  V(V  lI)  +  *:*n.  H  =  -i««V  X  H- 
^  =  V*II  =  V^costf  —  r“V»8intf  —  r“Vcos®. 

E$  =  r~%  —  k*^eme,  P,  =  ^/(rsind), 

Hp  —  tw€(^,  sin  -|-  r~Vi!cos  6],  H$  *  —  iwer~‘Jcot*^,. 
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Dropping  those  terms  which  contribute  nothing, 


Pt  —  —  sin*  ddB  dtp 

=  icitk*  (1  —  sin  0  sin  v?)*  9d0  dtp. 


Integrating  this, 


Po  =  ^rutk*  —  ih^ky/e/ti 
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ALTERNATIVE  FORMULAS  FOR  DIRECT  INTERPOLATION  OF  A 

COMPLEX  FUNCTION  TABULATED  ALONG  EQUIDISTANT 
CIRCULAR  ARCS 
Bt  Herbebt  E.  Salzbb 

In  a  previous  paper/  the  author  gave  formulas  for  complex  I^agrangian  inter¬ 
polation  when  one  has  an  analytic  function  tabulated  along  equidistant  cir¬ 
cular  arcs,  for  the  3-,  4-,  and  5-point  cases.  In  the  5-point  case,  the  expressions 
were  rather  lengthy  functions,  involving  the  angular  interval  0  as  a  parameter, 
and  their  further  extension  to  more  than  5  points  seemed  to  be  too  cumbersome 
to  be  practical,  even  wdth  the  understanding  that  for  extensive  use  for  some 
fixed  6  those  expressions  were  to  be  obtained  beforehand  in  terms  of  that  nu¬ 
merical  value. 

The  present  article  furnishes  a  much  more  expedient  method  for  direct  inter¬ 
polation  and  formulas  are  given  here  as  far  as  the  9-point  case.*  This  alternative 
method  for  direct  interpolation  suggested  itself  as  a  natural  generalization  of 
a  scheme  described  in  a  recent  paper  by  W.  J.  Taylor.*  His  method  for  n  points 
Z( ,  zi ,  ,  tn-i  at  which  the  functional  values  are  /o ,  /i ,  *  "  •  f»-i  is  as  follows: 

(1)  /  ^  «*/*)  j  £  Ok,  where  Ok  *  (-1)""*"*  ^  /  (P  “  *')• 

(Here  p  =  (z  —  z«)/h,  wh«-e  h  is  the  tabular  interval.)  In  his  paper,  (1)  is 
applied  only  to  real  functions,  but  before  proceeding  to  the  main  point  of  this 
article,  it  is  interesting  and  useful  to  note  that  (1)  holds  intact  for  complex  , 
interpolation  of  an  anal3rtic  function  when  the  points  Zt  lie  at  uniform  intervals 
along  any  straight  line  in  the  complex  plane,  where  h  now  denotes  that  uniform 
complex  interval,  so  that  p  is  in  general  complex,  since  z  will  in  general  be  off 
the  line  containing  the  points  Zk  .  Of  course,  to  employ  (1)  in  this  case,  just 
as  it  stands,  the  notation  Zo ,  Zi ,  ■  *  * ,  Zn-i  must  remain  unchanged. 

Now  Taylor’s  method  can  be  generalized  to  facilitate  interpolation,  real 
or  complex,  provided  that  the  reference  points  Zk  are  the  same.  Equation  (8) 
in  his  paper,  without  the  n!  which  is  used  to  obtain  binomial  coefficients  and 
without  the  h,  w’ould  express  the  I.agrangian  approximation  polynomial  in 
the  form 

W— I 

(z  -  Zo)(z  -  2i)  •  •  •  {z  -  Zn-l)  2  { 1/(2*  -  Zo)  •  •  •  (Zk  -  rk-l)(Zk  -  Zk+i) 

•  •  •  (Zk  -  z,-i)l  /k/(z  -  Zk). 

*  “Formulas  for  Direct  and  Inverse  Interpolation  of  a  Complex  Function  Tabulated 
Along  Equidistant  Circular  Arcs,’’  Jour,  of  Math,  and  Pbys.,  H,  1945,  pp.  141-143. 

’Formulas  for  the  10  and  11-point  cases  which  are  in  the  author’s  possession  are  not 
included  in  this  article. 

’“Method  of  Lagrangian  Curvilinear  Interp>olation’’,  Jour.  Res.  Nat.  Bur.  Stand.,  vol. 

35,  Aug.  1945,  RP  1667  pp.  151-155.  Full  credit  for  suggesting  the  improvement  over  my 
previous  method  is  due  to  Taylor’s  paper  wherein  is  developed  a  simple  but  ingenious 
method  of  interpolating  for  a  real  function  tabulated  at  equidistant  intervals. 
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Then,  just  as  in  (1),  one  has 

(2)  /  fe  a*/*^  /  £  a* ,  but  here 

V-o  /  /  *-0 

0*  =  1/(2*  -  2o)  •  •  •  (2*  -  2*_i)(Zt  -  Zfc+.i)  •  •  •  (2*  -  Z,-i)(z  -  Z*). 

Writing  a*  =  i4*"V(2  —  z*),  for  the  same  set  of  points  z*  the  complex  quantities 
*  l/(zfc  -  zo)  •  •  •  (z*  -  zt_i)(z*  —  zt+i)  •  •  •  (zt  —  z*_i)  can  be  found  once 

and  for  all,  and  these  would  correspond  to  (  —  fc  Tabor’s  paper. 

Given  the  numbers  the  user  need  only  divide  by  z  —  z*  (just  as  in  Taylor’s 
method,  except  that  now  all  divisions  and  subsequent  operations  involve  com¬ 
plex  quantities  instead  of  real  numbers)  to  obtain  a»  for  (2). 

In  the  present  paper,  the  above  principle  is  appUed  to  direct  interpolation 
of  an  analytic  function  of  z  which  can  be  approidmated  by  a  polynomial  of 
degree  n  —  1  and  which  is  tabulated  at  equally  spaced  intervals  along  the  arc 
of  a  circle  in  the  z-plane.  Coefficients  A*”’  are  given  below  as  functions  of  6 
only.  As  in  the  previous  article,*  for  extensive  use  for  some  fixed  6,  the  quan¬ 
tities  Aft”’  should  be  obtained  as  fixed  complex  numbers.  Thus,  the  “length” 
of  the  expressions  Aft”’  as  a  function  of  $,  in  say  the  9-point  case,  is  reaUy  no 
deterrent  to  their  practicality.  When  the  number  of  points  increases,  the  ef¬ 
ficiency  of  this  method  becomes  enormously  greater  than  that  in  the  author’s 
original  plan  which  employed  the  explicit  Lagran^an  coefficients.  For,  in 
this  method  the  number  of  operations  increases  linearly  with  n,  whereas  in  the 
other  plan  the  number  increases  quadratically.  In  this  method,  after  the 
quantities  At”’  are  found  as  numbers,  9-point  interpolation  is  not  much  more 
laborious  than  5-point. 

This  improvement  applies  only  to  direct  interpolation.  Of  course,  inverse 
interpolation  by  I.Agrange’s  formula  can  be  facilitated  by  Ta3rlor’s  method  if 
one  replaces  in  (2)  the  /  and  /*  by  z  and  z*  respectively  and  replaces  z  and  every 
zy  in  Oft  *  At"’/(z  —  Zft)  by  /  and  /y  respectively.  In  some  particular  cases 
where  there  are  many  inverse  interpolations  involving  the  same  set  of  quantities 
/ft  ,  it  might  be  more  advantageous  to  calculate  the  quantities  A*"’  *  1/ifk  —  fo) 
•  •  •  (/*  -  /*-i)(/*  -  fk+i)  •••(/*-  fn-i)  to  be  used  repeatedly,  than  to  employ 
the  method  suggested  at  the  end  of  the  previous  paper.* 

It  is  convenient  to  change  the  subscript  notation  to  that  usually  employed 
in  Lagrangian  interpolation,  so  that  in  the  n-point  formula  the  index  of  sum¬ 
mation,  instead  of  going  from  0  to  n  —  1,  goes  from  —  ((n  —  l)/2]  to  [n/2], 
where  [  ]  is  the  “nearest  integer”  notation.  Then  by  an  obvious  preliminary 
change  of  variable,  if  the  points  along  the  circle  are  *  *  *  z_a ,  Z-i ,  Z6 ,  Zi ,  Zi ,  •  •  • , 
after  the  change  of  variable,  keeping  the  notation  unchanged,  Zi  —  zo  —  1 
and  Zo  =  0.  (See  the  second  paragraph,  p.  141  of  the  previous  article,*  only 
with  the  correction  in  the  angle  of  rotation  which  is  erroneously  given  as  r  —  a 
instead  of  r  —  a  —  This  preliminary  change  is  equivalent  to  first  perform¬ 
ing  the  rotation  and  then  taking  the  P  in  that  paper  as  the  new  variable  z.) 


FVom  (2)  it  is  obvious  that,  for  each  n,  one  may  multiply  all  the  quantities 
by  any  non-sero  factor.  This  will  be  done  to  obtain  e3q)re6sions  for 
which  are  as  simple  as  possible.  To  avoid  too  much  notation,  after  each  such 
multiplication,  the  new  coefficients  will  still  be  denoted  by 
The  diagram  in  the  previous  paper^  is  simpliiied  to  {q>pear  thus: 


Evidently,  ro  =  0,  ri  =  1,  z*  =  1  +  c  ,  Zi  =  1  +  e  4-  c  ,  •••,z«  =  l  + 
while z_,  =  -e"**, z_,  =  - c""  -  c"*"*,  •  •  • , z_«  =  -e""*  - 
•  •  •  —  From  the  formula  for  summing  a  geometric  series,  it  turns  out 

that  z*  =  («**  —  l)/(e^  —  1)  for  any  k,  positive,  negative,  or  zero.  Since 
=  l/(Zi  -  z_i(_i)/,))  •  •  •  (zi  -  zt_i)(zit  -  z*+i)  •  •  •  (z*  -  Z(,/,]),  cancelling 
a  common  factor  (e**  —  1)"~*  and  using  n'  to  denote  the  product  from  j  = 
— '[(n  —  l)/2]  toj  =  [n/2),  omitting  j  =  k,  one  obtains  for  A*"’  the  expression 
l/n'(c^  —  e^),  or  n'(c~^  —  c“‘^)/n'(2  —  2  cos  (A;  —  j)d),  from  which  the 
factor  2"”*  in  the  denominator  can  be  removed.* 

For  n  odd,  it  is  readily  shown  that  for  any  k,  including  0, 


where  the  bar  denotes  the  complex  conjugate.  To  prove  (3)  it  suffices  to  con¬ 
sider  All’  in  its  next  to  the  original  form,  i.e.  l/n'(c~'“  —  c^),  after  the  (e^ 
—  1)*~*  has  been  cancelled,  because  AB  =  AB  when  A  is  real.  Since  (1/A)  = 
1/A,  instead  of  proving  (3)  for  AiJ^  and  Ah*\  it  suffices  to  prove  (3)  for  1/Ai*^ 
and  1/A*"^  where  1/Ali’  »  —  e'^).  But  it  is  apparent  that  in  this 

last  product,  for  every  factor  with  a  positive  (negative)  j  there  is  a  correspond¬ 
ing  conjugate  factor  in  1/A*"*  with  a  negative  (positive)  j.  Hence  (3)  is  es¬ 
tablished. 

For  n  even,  the  following  useful  relation  exists: 

(4)  Aill  -  -exp{i9{A:(2  -  n)  -  fn  +  l}]Al:*. 

To  prove  (4),  it  suffices  to  establish  it  for  Pi**  »  n'(e**  —  e~'*)  and  P*+i, 
because  the  denominators  of  Ai]|*  and  A*Xi  are  the  same.  Each  factor  of  Pi**, 

*  In  order  that  (1  —  coe  {k  —  j)t)  0,  0  ^  2mw/(k  —  j).  It  certainly  suffices,  in  the  w 
point  case,  if  0  <  2w/{n  —  1). 
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namdy  (e**  -■  e~*^,  when  multiplied  by  —  becomes  (e"’*'*'*’*  — 

When  j  runs  from  —  [(n  —  l)/2]  to  |n,  leaving  out  —k,  it  is  also 
true  that  1  —  j  runs  from  to  —  [(n  —  l)/2],  leaving  out  fc  -|-  1.  Thus  the 

corresponding  factors  of  are  obtained.  Hence  P*+i  =  (— l)*~^ex^t92'(— ifc 

-b  J  —  1) }  Pi*’ ,  where  23'  is  for  the  above  described  range  of  j.  Since  A: — 1) 
-  (n  -  1)(-Jb  -  1)  and  E'j  “  in  +  fc,  PUi  -  which 

proves  (4). 

As  a  further  simplification,  for  every  n,  the  quantities  A*”’  are  multiplied 
through  by  the  least  common  multiple  of  the  denominators,  namely,  (1  —  cos  $)* 
•  •  •  (1  —  cos  [(n  —  l)/21tf)*(l  —  cos  [(n  -f  l)/2]fl)  •  •  •  Q  —  cos  (n  — 
Finally,  for  n  odd,  the  factor  1  —  cos  i(n  —  1)9  is  cancelled  out,  and  for  n  even, 
by  writing  A*"’  in  a  certain  way,  the  factor  1  —  cos  (in  —  1)9  is  cancelled 
out.  These  last  simplifications  obviously  do  not  affect  the  relations  (3)  and 
(4),  which  continue  to  hold  for  the  coefficients  A*”’  in  this  new  form.  (An 
additional  simplification  is  the  omission  of  the  factor  2  sin  9  from  the  3-point 
coefficients  and  the  factor  2  from  the  4-point  coefficients.) 

TABLE  OF  COEFFICIENTS 

3- point  _ 

AiV  =  —  sin  9  -f  t'(co8  9  —  1),  A#*’  =  2sin9,  Aj*  =  AiV. 

4- point 

AiV  =  tXsin  39  —  sin  29  —  sin  9),  Ao*’  =  (1  —  cos  39)  [(—cos  29  -H  1)  + 

.  t  sin  29], 

*  Ai*’  =  (—cos  9  -j-  tsin9)Ao*’,  Aj*’  =  (—cos  39  -|-  *  sin  39)  AiV. 

5- point 

AiV  =  (1  —  cos9)[(cos89  —  cos  79  —  cos  69  -f  2  cos  39  +  cos  29  — 

cos  9  —  1)  -]-  t’(sin  89  —  sin  79  —  sin  69  -f  2  sin  39  —  sin  29  -j-  sin  9)], 
AiV  *=  (1  —  cos  49)  [(—cos  59  -|-  2  cos  49  —  2  cos  29  -h  cos  9)  + 

»■(—  sin  59  -|-  2  sin  49  —  3  sin  9)], 
=  4(1  -  cos49)(l  -  cos39)(l  -  cos  9),  A{‘’  =  a!V3 

6- point 

AiV  =  (1  —  cos  9)[(cos  109  —  cos  99  —  cos  89  -{-  2  cos  49-1-2  cos  39  —  cos  29 
—  cos  9  —  1)  -|-  tXsin  109  —  sin  99  —  sin  89  -f-  2  sin  59  —  sin  29  —  sin  9)], 
AiV  *  (1  —  cos  59)[(— cos  69-1-3  cos  59—2  cos  49  —  cos  39  -H  cos  29  — 

2  cos  9  -f  2)  -1- 1(—  sin  69  -h  sin  59  -h  2  sin  49  —  sin  39  —  sin  29  —  2  sin  9)], 
Ao*’  =*  4(1  —  cos59)(l  —  cos49)(l  —  cos  9)[(— cos39  -}-  1)  -H  t  sin  39)], 
Ai*’  ■=  (—cos  29  -|-  tsin29)A**’,  A**’  =  (—cos  69  -|-  tsin69)AiV, 

A|*’  —  (—  cos  109  -1-  f  sin  109)AiV . 

7- point 

AIV  «  (1  —  cos  29)(1  —  cos  9)[(cos  189  —  cos  179  —  cos  169  -}-  cos  139  -1- 

2  cos  119  —  cos  99  —  cos  89  —  cos  79  —  cos  69-1-2  cos  49  cos  39  — 
COB  9)  -1-  i(sin  189  —  sin  179  —  sin  169  -|-  sin  139  -f  2  sin  119  — 
sin  99  —  sin  89  —  sin  79  —  sin  69  -|-  2  sin  49  —  sin  39  -H  2  sin  29  -|-  sin  9)], 
AiV  =  (1  —  cos69)(l  —  cos  29) [(—cos  139  -|-  2  cos  129  —  cos  109  — 
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COS  8fl  +  2  COS  —  COS  4-  COS  —  1)  +  »(— sin  13tf  +  2  sin  12®  — 
sin  10®  —  sin  8®  +  2sin5®  +  sin  3®  —  3mn  2®)J, 
A2i  =  (1  —  cos6®)(l  —  cos5®)[(cos9®  —  2cos8®  —  cos7®  +  3cos6®  + 

2  cos  4®  —  4  cos  3®  —  3  cos  2®  +  4  cos  ®)  +  »(8in  9®  —  2  sin  8®  — 

sin  7®  +  3sin6®  —  sin  2®  —  2sin  ®)], 

=  8(1  —  cos6®)(l  —  cos5®)(l  —  cos4®)(l  —  cos2®)(l  —  cos®), 

=  :3S’.  Ai^  -  aS,  Ai"  -  73?. 

8- point 

iiii'  =  (1  —  cos  2®)(1  —  cos  ®)[(cos  21®  —  cos  20®  —  cos  19®  -f  cos  16®  -|- 

cos  14®  +  cos  13®  —  cos  11®  —  cos  10®  —  2  cos  9®  —  cos  7®  -|-  cos  6®  -|- 

3  cos  5®  -f  cos  4®  -|-  cos  3®  —  cos  2®  —  cos  ®  —  1)  -|-  t(sin  21®  — 
sin  20®  —  sin  19®  -j-  sin  16®  -|-  sin  14®  sin  13®  —  sin  11®  —  sin  10®  — 

2  sin  9®  -|-  sin  7®  —  sin  6®  -|-  sin  5®  -|-  sin  4®  -f  sin  3®  -h  sin  2®  —  sin  ®)], 

=  (1  —  cos  7®)(1  —  cos  2®)[(— cos  15®  -f  2  cos  14®  —  cos  12®  —  cos  10® 

-H  cos  9®  —  2  cos  8®  -f  3  cos  7®  —  cos  6®  -|-  cos  4®  —  3  cos  ®  -f  2)  -f 
t‘(— sin  15®  -|-  2  sin  14®  —  sin  12®  —  sin  10®  -f  sin  9®  —  2sin8®-}- 
sin7®-|-3sin6®  —  8in4®  —  2sin2®  —  sin  ®)], 
iliV  =  (1  —  co8  7®)(1  —  cos  6®) [(cos  10®  —  2  cos  9®  —  2  cos  8®  -|- 

5  cos  7®  -|-  cos  6®  —  3  cos  5®  —  cos  3®  —  2  cos  2®  -|-  cos  ®  2)  -f 

t(sin  10®  —  2  sin  9®  -f  sin  7®  —  sin  6®  -|-  3  sin  5®  —  sin  3®  —  2  sin  2®  — 

sin  ®)], 

i4o*^  =  8(1  —  cos7®)(l  —  cos6®)(l  —  cos5®)(l  —  cos2®)(l  —  cos®) 

[(  —  cos  4®  -f  1)  -f  isin4®)], 

=  (—  cos  3®  -f  tsin3®)-4o*\  =  (  — cos9®  -|-  t8in9®)i4iV,  ^ 

=  (—  cos  15®  +  t  sin  15®)illS\  =  (—cos  21®  -f  t  sin  21®)i4li\ 

9- point 

A^^  =  (1  —  cos3®)(l  —  cos2®)(l  —  cos  ®)[(co8  32®  —  cos  31®  — 

cos  30®  -|-  cos  27®  -|-  cos  25®  -1-  cos  23®  —  cos  21®  —  2  cos  20®  — 

cos  19®  —  cos  17®  -f-  cos  16®  -|-  cos  15®  2  cos  14®  -|-  cos  13®  -|- 

cos  12®  —  cos  11®  —  cos  9®  —  2  cos  8®  —  cos  7®  +  cos  5®  -1-  cos  4®  — 
cos  2®  -H  cos  ®)  -H  32®  —  sin  31®  —  sin  30®  -h  sin  27®  -|-  sin  25®  -|- 
sin  23®  —  sin  2)®  —  2  sin  20®  —  sin  19®  —  sin  17®  -f  sin  16®  -|-  sin  15® 

-f  2  8in  14®  -f  sin  13®  -|-  sin  12®  —  sin  11®  —  sin  9®  —  2  sin  8®  — 
sin  7®  -|-  Mn  5®  —  sin  4®  4-  2  sin  3®  -|-  sin  2®  -|-  sin  ®)], 
Aim  =  (1  —  co8  8®)(1  —  cos3®)(l  —  cos  2®) [(—cos  25®  -1-  2  cos  24®  — 

cos  22®  —  cos  20®  -1-  cos  19®  —  cos  18®  -|-  cos  16®  -1-  cos  15®  -|-  cos  13® 

—  2  cos  12®  —  2  cos  9®  -|-  cos  8®  -|-  cos  6®  cos  5®  —  cos  4®  4-  cos  3® 

-h  cos  2®  —  2  cos  ®)  -f-  t’(— sin  25®  -|-  2  sin  24®  —  sin  22®  —  sin  20® 

4-  sin  19®  —  sin  18®  -f  sin  16®  4-  sin  15®  +  sin  13®  —  2  sin  12® 

—  2  sin  9®  -|-  sin  8®  -f  sin  6®  -H  sin  5®  -|-  sin  4®  —  3  sin  3®  +  sin  2®)], 
Aim  *=  (1  —  co8  8®)(1  —  co8  7®)(1  —  co8  3®)[(co8  19®  —  2  cos  18®  —  cos  17® 

4-  3  cos  16®  —  cos  13®  -f  cos  12®  —  cos  11®  —  3  cos  10®  2  cos  9®  -|- 

cos  8®  -f  cos  6®  -|-  3  cos  5®  —  5  cos  4®  —  2  cos  3®  4*  4  cos  2®  —  cos  ®)  + 

iXsin  19®  —  2  sin  18®  —  sin  17®  4-  3  sin  16®  —  sin  13®  -h  sin  12®  — 
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sin  11®  —  3  sin  10®  +  2  sin  9®  +  sin  8®  +  sin  6®  +  sin  5®  —  sin  4®  — 

2  sin  2®  —  sin  ®)], 

LV  =  (1  —  cos  8®)(1  —  COS  7®)(1  —  COS  6®){(— COS  14®  +  2  cos  13®  +  cos  12® 

—  2  oos  11®  —  2  COS  10®  —  cos  9®  +  3  cos  8®  +  4  cos  6®  +  cos  5®  — 
5  cos  4®  —  5  cos  3®  —  cos  2®  +  5  cos  ®  +  1)  +  »( — sin  14®  +  2  sin  13®  -|- 
sin  12®  —  2  sin  11®  —  2  sin  10®  —  sin  9®  -|-  3  sin  8®  +  2  sin  7®  —  sin  5® 
—  sin  4®  —  sin  3®  +  sin  2®  —  sin  ®)], 
*=  16(1  —  cos 8®)(1  —  cos 7®)(1  —  cos 6®)(1  —  cos 5®)(1  —  cos 3®)(1  — 

_  _  _  _  cos  2®)(1  —  cos  ®), 

{•>  =  li?,  =  ^iV, 

Mathematical  Tables  Project 
National  Bubbac  or  Standabos 
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ON  CURVED  SHOCK  WAVES 
Bt  T.  Y.  Thomas 


1.  Introduction.  We  deal  with  the  stationary  flow  of  an  ideal  gas  with 
viscosity  and  thermal  conductivity  neglected.  If  a  shock  wave  arises,  e.g. 
as  the  result  of  the  presence  of  an  obstacle  in  the  field  of  flow,  it  will  be  assumed 
that  this  divides  the  flow  under  consideration  into  a  region  1  and  a  region  2. 
We  suppose  region  1  to  be  traversed  by  the  gas  before  contact  with  the  shock 
surface  (shock  line  in  the  case  of  plane  flow)  and  region  2  to  be  that  into  which 
the  gas  enters  after  passing  through  the  shock  surface.  It  is  assumed  that  this 
surface  is  given  by  a  continuous  and  differentiable  function  of  the  coordinates 
and  that  it  has  a  continuous  and  differentiable  unit  normal  ¥  which  we  suppose 
directed  from  region  1  into  region  2.  Furthermore  we  assume  the  required 
differentiability  conditions  to  be  satisfied  by  the  velocity  components  u., 
the  density  p  and  pressure  p  in  each  region  1  and  2  so  that  it  is  possible  to  ex¬ 
press  the  directional  derivatives  of  these  quantities  along  either  side  of  the  shock 
surface  by  means  of  the  usual  formulas  involving  partial  differentiation. 

Denote  by  Ui. ,  pi  and  pi  the  velocity  components,  density  and  pressure  on 
the  side  of  the  wave  bordering  region  1  and  correspondingly  by  tit.  ,  p>  and  pj 
the  values  of  these  quantities  on  the  side  of  the  wave  bordering  the  region  2. 
Put  Min  =  Mi«v"  and  Mj,  =  tii.r"  so  that  Uu  and  Mj„  are  the  normal  components  of 
velocity,  on  sides  1  and  2  of  the  wave  surface.  Then  the  shock  conditions  for 
the  stationary  wave  under  consideration  can  be  written  in  the  form 


(1) 

(2) 


r.,  1  _  2(piMjn  —  7Pi)i'. 

-(7+l)piM,n’ 

I , .  -  ^) 

T  I  1 


(3) 


2pi(piMin  —  7Pl) 
2ypi  +  (t  - 


Here  the  bracket  [  ]  denotes  the  difference  of  the  values  on  the  two  sides  of 
the  shock  surface  of  the  quantity  enclosed,  e.g.  [u«]  =  m*.  —  Uia  ,  and  7  stands 
for  the  ratio  of  the  two  specific  heats  c,  and  c, ,  i.e.  7  =  c„/c, .  It  is  assumed 
that  7  is  constant  throughout  the  flow. 

We  need  also  to  indicate  the  differential  relations  governing  the  flow.^  Re¬ 
ferred  to  rectangular  coordinates  these  are 


(4)  p,«  +  pM,M..,  =  0, 

^  It  IB  to  be  understood  here,  and  in  the  following,  that  an  index  which  occurs  twice 
in  a  term  is  to  be  summed  over  the  admissable  values  of  the  index.  Since  there  is  no 
distinction  between  covariant  and  contravariant  indices  within  a  rectangular  system  we 
may  write  any  index  as  a  superscript  or  subscript  without  modification  of  the  value 
of  the  term  in  which  the  index  appears. 


62 


ON  CURVED  SHOCK  WAVES 


63 


(5)  PuMm  "t"  “  0, 

(6)  pUmjflimUfi  —  yjm,,,  -  0. 

Equations  (4)  are  the  usual  equations  for  the  motion  of  a  fluid  without  viscosity. 
(5)  is  the  equation  of  continuity.  Equation  (6)  is  the  hydrodynamical  equiva¬ 
lent  of  the  condition  that  the  entropy  be  constant  along  a  stream  line. 

The  object  of  this  paper  is  to  obtain  formulas  for  the  deteimination  of  the 
derivatives  Um.fi ,  p,«  and  p,a  behind  the.  shock  surface,  i.e.  on  the  side  of  the 
surface  bordering  the  region  2,  under  the  assumption  that  the  flow  before  the 
surface,  i.e.  in  region  1,  is  known.  This  problem  presents  no  particular  dif¬ 
ficulty.  Our  essential  contribution  therefore  consists  in  devising  a  technical 
procedme  by  which  these  derivatives  are  easily  obtained  and  the  formulas  for 
them  appear  as  rather  compact  expressions.  In  our  calculations  we  have 
confined  our  attention  to  the  case  of  plane  or  two  dimensional  flow.  However 
the  method  can  be  applied  to  three  dimensional  flow  as  well  as  to  the  deter¬ 
mination  of  higher  derivatives  of  the  velocity,  density  and  pressure  behind  the 
shock  surface. 

2.  Differentiation  of  shock  relations.  In  the  case  of  plane  flow  let  X  be  the 
unit  tangent  vector  to  the  shock  line  and  suppose  X  so  directed  that  the  per¬ 
pendicular  vectors  X,  v  form  a  right  handed  system.  We  then  have  the  rela¬ 
tions  X*  =  F*,  X*  =  —  or  more  briefly  X«  =  where  cu  =  —  eji  =  1  and 
Cii  —  Ca  —  0. 

Let  s  denote  arc  length  along  the  shock  line;  we  choose  s  to  increase  alge¬ 
braically  in  the  direction  specified  by  the  above  vector  X.  Between  the  direc¬ 
tional  derivatives  of  the  vectors  X  and  v  we  will  then  have  the  following  relations 
d\“/d8  =  K»“,  dv“/ds  =  — kX"  where  k  is  the  curvature  of  the  shock  line.  For 
vectors  X,  r  and  arc  length  s  as  chosen  the  curvature  k  will  be  non-negative. 

Now  differentiate  the  relations  (1),  (2)  and  (3)  with  respect  to  s.  This  gives 
relations  along  the  shock  line  of  the  form 

(7)  Umj!^  *  U\mS^  +  -da  =  AZ  , 

(8)  p./iX"  «  pijX^  +  B 

(9)  P.flX'’  «  pi.,X^  +  C  =  C*, 

where  for  simplicity  we  have  omitted  the  subscript  2  on  the  quantities  appearing 
in  the  left  members  of  these  equations.  The  explicit  formulas  for  the  quantities 
Am ,  B  and  C  are  readily  obtained  by  differentiation  of  the  right  members  of 
(1),  (2)  and  (3)  respectively;  we  see  that  these  quantities  are  expressible  in 
terms  of  the  Ui.  ,  pi  and  pi  and  their  partial  derivatives  along  the  shock  line, 
the  vectors  X  and  v,  and  the  curvature  k.  For  brevity  in  the  following  any 
quantity  which  can  so  be  expressed  will  be  said  to  have  an  aUowahle  determination. 


3.  Determination  of  the  partial  derivatives  behind  ffie  shock  line.  Consider 
the  three  equations  (4),  (5),  (6)  and  also  the  three  equations  (7),  (8)  and  (9). 
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From  this  set  of  six  equations  we  can  determine  the  partial  derivatives  of  the 
velocity  components  u«  ,  the  density  p  and  the  pressure  p  immediately  behind 
the  shock  line.  For  this  purpose  we  first  eliminate  the  derivatives  p,.  to  obtsdn 
the  following  equations,  which  we  represent  as  two  sets  of  equations  for  con¬ 
venience  of  reference,  namely, 

(10)  =■  C*,  pjp/  -H  pu,,0  »  0, 

and 

(11)  =  AI  ,  ptt.^'t/  =»  —B*,  pua,pu“i/  —  7pti»,#  —  0. 

In  fact  from  (11)  we  can  determine  the  Ua.fi  and  then  from  (10)  the  pj  can  be 
found;  after  this,  equations  (4)  yield  the  values  of  the  derivatives  p,«  . 

To  effect  the  above  determinations  let  us  put  (f  =  X“,  =*  u,  or  in  matrix 

form 


iu:ii 


x‘ 

X* 

u* 

Hence  determinant  |  <  1  =  t<*X‘  —  uiX*  —  =  Un  where  Un  now  denotes  the 

normal  component  of  velocity  immediatdy  behind  the  shock  line.  Also  define 
quantities  as  follows 


“  cofactor  of  in  1  {?  |/  |  {T  1, 


so  that 

mVm,  -X*/Ua 


ri 


0 


The  above  matrices  will  enable  us  to  see  at  a  glance  the  values  of  the  various 
components  of  and  ta  in  the  following  discussion. 

•Now  consider  the  expressions  Ua.^tfj .  From  (11)  we  have 

=  Ma.flXV  =  Atx"  =  All ,  Ua.fiii^  =  M..tfXV  =  -B*/p  =  An, 

Ua.fiiSfl  =  Ua.fiU"}^  =  Atu“  =  Ail,  Ua.^^  =  Ua.fiU’i/  =  (yp/p)  U,.,  =  An, 

where  any  quantity  A.-y  is  defined  by  the  quantity  immediately  preceding  it  in 
these  relations.  More  briefly  we  can  write 

(13)  =  Aij . 


Then  multiplying  the  members  of  (13)  by  and  summing  on  the  repeated 
indices  t  and  j  we  have 

(14)  U,.r  =  AyyT.Vr  • 


Now  the  first  three  relations  (12)  give  an  allowable  determination  of  the 
quantities  Au  ,  An  and  An  (see  end  of  52).  However  the  An  is  given  in  terms 
of  the  u,.,  by  the  fourth  equation  (12);  it  remains  therefore  to  effect  an  allow- 
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able  determination  of  An  •  But  this  can  readily  be  accomplished  by  contracting 
the  indices  a  and  r  in  ( 14) .  We  thus  find 

(16)  ti*,»  *  =  Aufifi  +  (-d-u  +  Att)i^ii  +  At^i^ . 

But, 


» 

Hence  substituting  these  values  in  the  expanded  form  of  the  right  member  of 
(15)  we  are  led  to  the  following  allowable  determination  of  An,  namely 

*  !)?  .  (^*  -  p^*t4')u«X“  +  pu.u»  A!x* 

P  pu\  —  rp 

From  the  original  definition  of  the  An  the  factor  after  the  “dot”  in  (16)  is 
seen  to  give  an  allowable  determination  of  the  quantity 
Now  the  set  of  two  equations  (10)  can  be  written  in  the  form  p.^  =»  a*  where 
Oi  =  C*  and  Ot  «=  —  pu,., .  Hence  we  have 

(17)  P„  - 

0  as  the  allowable  determination  of  the  derivatives  p,« .  Finally  from  (4)  the 
derivatives  p,«  behind  the  shock  line  are  determined  in  an  allowable  manner 
by  the  equations 

(18)  P,«  =  — =  “P-Aiyfirtf*  ~  ~P-4flfi  . 


4.  Calculation  of  the  invariants  at  and  A  a.  Suppose  that  the  flow  in  front 
of  the  shock  line  is  uniform,  e.e.  the  pressure,  density  and  velocity  vector  are 
constant  in  the  region  1.  We  now  give  explicit  formulas  for  the  invariants  a< 
and  An  under  this  assumption. 

Observe  that 

a 

duin/da  =  Ui^y^/ds  =  —  —UtK, 

where  u,  is  the  tangential  component  of  velocity  along  the  shock  line.  Also 
for  uniform  flow  in  the  region  1  we  have  A*  *=  A.  ,  B*  ■*  B  and  C*  =*  C.  Hence 
we  readily  find 

(19)  A.  -  -  u„,)k, 

PiUui  p 

_4pi  UinUtK 
7  +  1  ’ 


(20) 
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'i 


(21) 

Also 

(22) 

pA,X“  »  tiu[p]K,  j 

1 

(23) 

aA.U*  -  -f  pllttuMilC, 

§ 

(24) 

B  -  pA.u-  -  PiUuUtK. 

f 

Formulas  (19),  *  *  *,  (24)  can  be  used  in  the  calculation  of  the  invariants  at 
and  Aif.  From  the  definition  of  the  Au ,  Au  and  An  contained  in  the  first 
three  equations  (12)  and  from  equation  (16)  for  An  we  find 

(25) 

Au  “  W»[p]k/pi  , 

(26) 

An  4UnUtK/(y  +  1), 

(27) 

‘ . 

(28) 

8  \  I  I 

—  yp  \  Pi  \pip  Y  +  1/  /  1 

— 

where  v  is  the  magnitude  of  the  velocity  behind  the  shock  line.  Correspond-  ! 
ingly,  using  the  relations  oi  =  C  and  oj  =  —pu,., ,  with  u,,,  given  by  the  second  ^  y 
factor  in  the  right  member  of  (16)  as  observed  above,  we  have  #  • 

,i ! 

(29) 

(30) 

-p>u..  MpI  /[pP  ,  8  \  ,1 

pu\  —  rp  \  Pi  \pip  7  +  1/  */  ’ 

5.  Variation  of  velocity,  density  and  pressure  along  the  shock  line.  The  j 
rate  of  change  with  respect  to  the  arc  length  s  of  the  velocity  components  , 
the  density  p  and  the  pressure  p  along  the  shock  line  is  given  by  the  following  j 
formulas 

dum/ds  —  , 

dp/ds  =  p,,X“  =  =  Oi , 

dp/ds  »=  p,«X*  =  — p-dafi{*  =  -'pAu . 

Using  the  first  of  these  formulas  we  readily  find  the  derivative  dv/ds  where  | 
V  is  the  magnitude  of  the  velocity  behind  the  shock  line.  In  fact  we  have 
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When  the  flow  in  the  region  1  is  uniform  the  expressions  for  the  An  and  the  Oi 
in  these  formulas  can  be  taken  from  (4.  The  resulting  expression  for  the  deriva¬ 
tive  dp/ds  appears  to  be  particularly  simple  and  is  in  fact  given  by 

^  _  _  ^th.UlnU,K 

d»  7  +  1  7  +  1  ■ 


6.  Curvature  of  stream  lines  behind  the  shock  line.  The  common  expression 
for  the  curvature  Koi  a.  differentiable  curve  referred  to  rectangular  coordinates 
X  and  y  is 

»> 

As  so  expressed  the  curvature  is  positive  for  a  curve  which  is  concave  upwards 
and  negative  for  a  curve  which  is  concave  downwards.  Let  us  put  x  = 
and  y  *5  I*  so  that  the  derivative  dy/dx  —  u*/m^  in  terms  of  the  velocity  com¬ 
ponents  u" .  Then 


(32) 


<fy  ^  ^  ( w*\  ,  ^  w* 
di*  dx  \uv  dy  \uv  ti‘ ' 


Now  define  a  vector  w  by  the  requirement  (1)  that  it  have  the  same  length  as 
the  velocity  vector  u  and  (2)  that  the  vectors  u,  w  form  a  right  handed  system. 
Between  the  components  of  the  vectors  u  and  w  we  will  then  have  the  relations 
*  ti^  =  «>*  and  u*  =  —  Now  when  we  substitute  the  expanded  form  of  the 
f  right  member  of  (32)  in  (31)  wb  find  that  the  expression  for  K  becomes 


(33) 


where  v  is  the  magnitude  of  the  velocity  vector.  Equation  (33)  gives  the  curva¬ 
ture  along  any  stream  line. 

Now  replace  the  derivatives  Ua.fi  in  (33)  by  the  values  given  by  (14).  We 
thus  obtain 


But 


v*K  =  =  Aafitr*. 


'  fitP*  =  fitr*  +  fjlP*  =  —UaUa/Un  =  —v'/Un  , 

+  iiw'  =  UjK“/Un  =  Ui/Un  . 

Hence, 

(34)  K  =  -(Au/tm,)  +  (Abu,/v*u,). 

This  is  a  general  formula  for  the  curvature  of  the  stream  lines  immediately 
behind  the  shock  line.  For  uniform  flow  in  the  region  1  formula  (34)  yields 

ir  ft^]  M  ,  3  Y 

(7  +  l)l>  v*ipu\  -  7P)  \  Pi  \PiP  7+1/  *J  * 
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Remark.  Combining  (4)  and  (33)  we  obtain  the  centrifugal  force  relation 
p,«w*  +  txj'K  —  0. 

This  relation  holds  for  the  plane  stationary  flow  of  a  non-visoous  fluid,  the 
quantity  K  being  the  curvature  of  the  stream  line  passing  through  the  point 
at  which  the  relation  is  considered. 

Indiana  Univbbsitt 

(Received  November  13, 1946) 


FLOW  CONDITIONS  NEAR  THE  INTERSECTION  OF  A  SHOCK  WAVE 
WITH  SOLID  BOUNDARY 
Bt  Hsub-shxn  Tsibn 

1.  Introduction.  Recent  investigations  by  J.  Ackeret,  F.  Feldmann,  and 
N.  Rott  (Ref.  1)  and  H.-W.  Liepmann  (Ref.  2)  on  the  interactions  of  shock 
and  boundary  layer  in  transonic  flows  have  shown  many  novel  features  hitherto 
unrecognized.  One  of  these  new  phenomena  is  the  presence  of  a  strong  expan¬ 
sion  zone  near  the  solid  boundary  immediately  behind  the  shock.  The  same 
situation  appears  also  in  the  results  of  the  numerical  calculations  of  transonic 
flows  by  H.  W.  Emmons  (Ref.  3).  Since  Emmons’  investigation  is  carried  out 
without  considering  the  viscosity  and  the  heat  conduction  of  the  fluid,  the 
occurrence  of  expansion  zone  after  the  shock  must  be  independent  of  these 
fluid  properties.  A  closer  consideration  on  the  order  of  magnitude  of  quantities 
which  enter  into  the  phenomenon  shows  that  the  effects  of  the  small  viscosity 
and  heat  conductance  of  the  fluid  is  indeed  small  and  negligible  when  compared 
with  the  very  large  pressure  and  velocity  changes  across  a  shock.  In  other 
words,  although  the  shock  in  transonic  flow  may  have  been  caused  by  the 
presence  of  the  boundary  layer,  a  result  of  the  viscosity  of  the  fluid,  the  final 
flow  characteristics  can  be  describetl  without  introducing  viscosity  and  heat 
conductance.  The  situation  is  thus  not  unlike  that  of  fully  developed  turbulent 
flow  which  can  be  described  without  the  direct  aid  of  viscosity,  although  the  phe¬ 
nomenon  itself  is  born  from  the  effects  of  viscosity. 

The  purpose  of  the  present  note  is  to  show  that,  neglecting  the  effects  of 
viscosity  and  heat  conductance,  there  is  a  simple  relation  between  the  Mach 
number  near  the  intersection  of  the  shock  with  the  solid  boundary  and  the 
curvature  of  the  solid  boundary.  This  same  relation  was  obtained  by  Emmons 
(Ref.  4)  without  considering  the  pressure  gradients  along  the  solid  boundary. 
The  present  derivation  is  believed  to  be  more  general.  The  pressure  gradients 
before  and  after  the  shock  along  the  solid  boundary  are  also  simply  related  to 
the  curvature  of  the  boundary,  with  the  gradient  after  the  shock  larger  than 
the  gradient  before  the  shock. 


2.  Basic  Equations.  Let  r  and  6  be  the  polar  coordinates  and  u,  v  the  com¬ 
ponents  of  velocity  in  the  radial  and  circumferoitial  direction.  Further, 
let  p,  p  be  the  density  and  pressure  of  the  fluid.  The  equations  of  motion 
are  then 


ptt 


du 

Tr 


du 


r 


dr 


(1) 


dv  ,  dv  ,  auv 

pu-  +  pv  —+  -  = 

dr  rdd  r 


1  dp 
r  afl 


The  equation  of  continuity  is 


dpu  I  pw  I  I  ^pt* 

Hr  T  rle 

eo 


(2) 


0. 


(3) 
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These  equations  will  be  fq>plied  presently  to  the  two  sides  of  the  shock  (Fig.  1). 
The  shock  is  necessarily  normal  to  the  boimdary  as  the  boundary  is  considered 
to  have  continuous  slope  and  the  flow  immediately  to  the  boundary  should  not 
change  direction  by  passing  through  the  shock.  As  a  further  simplification 
of  the  problem  the  shock  will  be  assumed  to  be  straight.  Since  the  following 
calculati<m  is  limited  to  the  inunediate  neighborhood  of  the  point  P  of  inter¬ 
section  of  the  shock  and  the  solid  boimdary,  the  effect  of  any  finite  curvature 
of  the  shock  will  be  of  second  order.  Therefore  the  assumption  of  a  straight 
shock  really  does  not  restrict  the  physical  problem  considered.  Let  the  sub¬ 
script  1  and  2  denote  quantities  corresponding  to  the  upstream  side  and  to 
the  dowstream  side  respectively,  and  let  the  superscript  0  denote  quantities  at 


Fio.  1.  Shock  and  Solid  Bounoaht 


point  P.  FXirthermore,  let  Ri  and  Rt  be  the  radii  of  curvature  of  the  solid 
boundary  at  left  and  at  right  of  P.  The  investigation  then  allows  for  a  change  ^ 

in  the  curvature  of  the  boundary,  even  though  the  slope  is  continuous.  Since  ! 

the  radial  component  of  velocity  is  sero  at  the  solid  boundary,  equation  (1)  gives 


o„o*  /a«\® 

^  I  ^1  \ 

R\  \dri/* 
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Similarly, 


By  specialiiing  equation  (2)  for  the  left  of  point  P,  one  has 

-k  iwj = (^y  -  '■  (M)'  - 


(5) 


(6> 


But 


ViOFi/  \«Pi/  viOTi/  o  \riddi/ 

Here  (dpi/dpi)*  is  identified  with  because  along  any  stream  line  in  a  non- 
viscous  flow  the  fluid  undergoes  isentropic  compression  or  expansion,  f^qua- 
tion  (3)  gives 

ViWi/  \  OTi  /  \oFi/ 

Therefore,  equation  (6)  can  be  written  as 

Similarly  for  the  right  of  the  point  P,  one  has 


(7) 


/I  1  » ..0 1 

lit  \0U2  /  / 


(8) 


3.  Relations  of  Quantities  on  the  Two  Sides  of  Shock.  Now  introduce  the 
independent  variable  i;  as  the  normal  distance  from  the  solid  boundary,  i.e., 

ij  =  n  -  Pi  =»  rj  -  P,  (9) 

Then  equation  (4)  gives  the  pressure  pi  along  the  left  of  the  shock: 

Pi/jh  =  H-7^W?VPi+  •••  (10) 

Now  the  flow  ahead  of  the  shock  can  generally  be  considered  as  irrotational. 
Then  the  flow  is  not  only  isentropic  along  a  given  stream  line  but  has  the  same 
entropy  throughout  the  field.  The  temperature  ratio  Ti/T?  is  then  given  by 


Tr/Tl  =  =.  1  +  (y  -  l)Ml\/Ri  +  •  • 


However, 


Ti/T?  =  (l  +  /(i  +  . 

Equations  (11)  and  (12)  then  give  the  Mach  number  Mi  as  follows: 


M\  =  M 


r[i-2(i  + 


y  ~  ^ 


(11) 

(12) 

(13) 


This  is  the  Mach  number  along  the  left  of  the  shock. 
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The  incident  vdodty  to  the  shock  is  not  normal  for  points  away  from  the 
solid  boimdary  because  of  the  presence  of  radial  vdocity  Ui  at  such  points. 
However,  a  moment’s  reflection  will  show  that  this  effect  is  of  second  order  in 
calculating  pressure  pi .  Hence,  for  the  accuracy  adopted,  the  normal  shock 
formula  can  be  used.  Equations  (10)  and  (13)  then  give  the  pressure  ratio  as 

P?  .  £i  /_?!_  _y-l\ 

_  /  2y  7  -  1\  r,  .  -  7(7  +  3)Af?*  v  ,  1 

27Af}'-(r-i)  b;+  J- 


Therefore, 


P*  _  .  ,  27Afl*  —  7(7  +  3)Aft*  j_ 
pi  ~  ^  ^MV  -  (7  -  1)  Rx  ^ 


pi  27^?’-  (7-  1) 

On  the  other  hand,  equation  (5)  requires  that 

R(Pi/jh*)T  _  1 27  +  7(7  -  i)m;‘ 

L  d,  J  ft,  2yMf  -  (7  -  1)  • 

By  substituting  equation  (14)  into  equation  (15),  one  has 

[2  +  (7  -  l)MV]Ri/Rt  -  2MV  -  (7  +  3)3f?‘ 

or. 

Mi*  -  ^{(7  +  3)  +  |(7  -  1)}m?*  -  I  =  0. 

The  appropriate  root  of  this  quadratic  equation  is 


<  =  >{h  +  3)  +  |h-l)} 


+  4/ +  3)  +  |(r  -  l)|  + 


Hence,  the  Mach  numbers  before  and  after  the  shock  are  not  free  but  definitely 
determined  by  the  ratio  of  the  radii  of  curvature  of  the  solid  boundary.  This 
is  the  same  relation  obtained  by  Elmmons  (Ref.  4)  without  considering  the 
pressure  gradients  along ‘the  solid  boundary.  Fig.  2  shows  this  relation  by 
assuming  7—1.4.  It  is  seen  that  for  large  values  of  Mach  number  before  the 
shock,  the  curvature  of  the  boundary  after  the  shock  must  be  larger  than  that 
before  the  shock.  If  the  ciirvature  of  the  boundary  is  the  same,  then  Mi  »  1.66U 
The  radial  component  of  velocity  u  is  not  altered  by  going  through  the  shock. 
Thus  Ui  =  Ut  along  the  shock.  Furthermore,  the  condition  of  continuity  re¬ 
quires  that  flivi  =  fiivt .  Therefore,  equations  (7)  and  (8)  yield  immediately 
the  relation 


Mi  -  1 

1  -  MV’ 
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Fio.  2.  Relation  between  the  Mach  number  M*  before  the  Shock,  the  Mach  number  Mi 
after  the  Shock  at  the  Boundary  and  the  Ratio  Ri/Rt  of  the  Radii  of  Curvature  of  the 
Boundary. 


Fio.  3.  Ratio  j  j  j  of  the  Preuure  Gradients  along  the  Boundary  after  the 

Shock  and  before  the  Shock  as  Function  of  the  Ratio  Ri/Rt  of  the  Radii  of  Curvature 
of  the  Boundary. 
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where  s  is  length  along  the  solid  boundary.  Equation  (18)  then  gives  the  ratio 
of  the  pressure  gradient  along  the  boundary  before  and  after  the  shock.  This 
ratio  is  plotted  against  the  ratio  of  radii  of  curvature  Ri/Rt  in  Fig.  3  with  y  =*  1.4. 
It  is  interesting  that  the  pressure  gradients  are  of  opposite  sign.  That  is,  if 
the  flow  before  the  shock  is  expanded  in  the  flow  direction,  the  flow  after  the 
shock  will  be  compressed  in  the  flow  direction.  If  the  flow  before  the  shock 
is  compressed  in  the  flow  direction,  the  flow  after  the  shock  \vill  be  expanded. 
Physically,  this  is  easy  to  understand  by  observing  the  flow’  pattern  near  the 


p 

y 

D/V£/!6£AfT  ^TR£AM  TuB£  CoN\/£RGtNT  STREAM  TuBE 


Fio.  4.  Stream  Tube  Cross-Section  and  the  Pressure  Gradient  along  the  Boundary 


point  of  intersection  of  the  shock  with  the  solid  boundary  as  showm  in  Fig.  4. 
If  the  stream  lines  converge  before  the  shock,  they  will  converge  even  more 
after  the  shock.  But  converging  stream  lines  in  the  supersonic  region  before 
the  shock  correspond  to  compression  and  converging  stream  lines  in  the  subsonic 
region  after  the  shock  correspond  to  expansion.  If  the  stream  lines  diverge, 
then  the  reverse  is  true.  In  both  cases,  however,  the  pressure  gradients  before 
and  after  the  shock  are  of  opposite  sign.  Therefore,  an  expansion  zone  after 
the  shock  is  necessarily  connected  with  a  compression  zone  before  the  shock. 
This  is  in  complete  agreement  with  the  experimental  data  (Ref.  1)  and  Emmons’ 
calculations  (Ref.  3). 
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Figure  3  also  shows  that  the  pressure  gradient  after  the  shock  is  always 
much  steeper  than  the  pressure  gradient  before  the  shock.  This  is  also  in 
accordance  with  the  measurements  of  Ackeret,  Feldmann  and  Rott  (Ref.  1). 
The  flow  after  the  shock  is,  of  course,  rotational. 
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CORRECTIONS  ON  THE  PAPER  “ONE  DIMENSIONAL  FLOWS  OF  A 
GAS  CHARACTERIZED  BY  VAN  DER  WAAL’S  EQUATION 
OF  STATE” 

Bt  Hsu>-saxN  Tbixn 

In  the  recent  paper  by  the  author,^  a  mistake*  has  been  made  in  not  including 
the  variation  of  internal  energy  of  the  gas  caused  by  change  in  volume.  As  a 
result,  the  formulae  are  incorrect  in  the  terms  connected  with  the  parameter  a 
of  the, Van  der  Waal’s  equation.  The  following  corrected  equations  should  be 


substituted  for  the  corresponding  equations  in  that  paper. 

CM  +  T{dp/dT)dp-^  =  0  (2) 

CM  -  {RT{p  -  6p*)-Mdp  =  0  (3) 

(a  +  /ST  +  yT*)dT  -  {RT(p  -  V)-'Mp  =  0  (5) 

dT»^(p)  =  0  (8),  =  0  (13) 

T  =  Cp*'-  +  -  7^p**'*  (17) 

a  a  2a 


and  similar  correction  for  (18).  The  term  involving  {apo/RTo)  in  (20)  and  (21) 
should  be  dropped.  For  (22),  (23),  (24),  (25),  (31),  (32),  and  (34)  the  factor  in 
connection  with  the  parameter  o  should  be  corrected  according  to  the  following 
scheme: 


Equation 

Incorrect  Factor 

Correct  Factor 

(22) 

1 

1  -  X 

1 

(23) 

1 

1 

1  -  X» 

1  +  X 

(24) 

X 

1  -  X 

1 

(25’) 

>  X* 

X 

1  -  X* 

1  +  X 

(31) 

1 

1  -  X 

1 

(32) 

1 

1  -  X 

1  +  X 

1  +  X 

(34) 

1 

1  -  X 

1  +  X 

1  +  X 

I  Journal  of  Mathematics  and  Physics,  tS,  pp.  301-324  (1947) 

'The  author  is  indebted  to  Professor  Joseph  H.  Keenan  for  calling  his  attention  to  this 
mistake. 
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In  addition,  the  correct  form  of  other  eqtations  are: 

CfdT  +  dip/p)  —  adp  —  dp/p  =  0 


(27) 


(a  +  ur  +  y'P)dT  +  dip/p)  -  adp  +  ydv  =  0  (28) 

*S{‘ ®> 

fc- +  +  (36) 

F,  -  (M*  +  2)(l  +  ^  ilf*)  -  1  +  (39) 

Ti-J-:J:^{(3/’  +  2)(i+^M*)“"-2|  (40) 

-  rh  [<* + + '')  +^}  (i + §  "’H]  («) 

-  op,  +  .r,+|  rt  +  |2l  +  ?■  +  5 

A  O  Pi  / 


=  -  apt  +  aTt  +  lTi+lfl  +  ^  +  U  (49) 

Z  O  pt  £ 

Hi ,  as  given  by  (63)  should  be  multiplied  by  (1  —  X),  and  the  second  term  for 
Di  in  (65)  should  be  also  multiplied  by  (1  —  X).  The  corrected  expressions  for 
mi ,  mi ,  mi ,  m4  in  (69)  are: 


J-zJLr _ H  +  xyMt _ i,n  .  n) 

2  (1  +  X)  |_(XJ»fJ  +  2)*  {2(1  +  X)AfJ  -  X}  2  ^  ‘ 


"•■foTno 

”  2(1  +  X) 


r  i2(i  +  m'l  -  xi’(xAf:  +  2)’  ,T  1  ^ 

L - (2  +  X)W) - ij-5(a  +  ii.) 


The  tabulated  functions  are  correct  except  <i ,  Pi ,  ri ,  /i ,  Di ,  Z)i ,  ti  ,  and  the  m’». 
Massachttsetts  Institute  of  Technology. 

(Received  February  18,  1947) 


CORRECTIONS  TO  PAPER  “MATHIEU  FUNCTIONS 
AND  THEIR  CLASSIFICATION” 

Bt  N.  W.  McLachlan 

Id  this  paper  which  appeared  in  volume'iP^,  p.  209,  1946  the  following  cor¬ 
rections  should  be  made: 

p.  211  In  (26),  (27);  for  S  read  « 

213  2nd  line  below;  (12)  for  s*"“*  read  2*"“* 

219  In  (15);  for  cos  read  sin;  delete  the  last  sentence 
230  3rd  line  below  (8)  §23;  for  ce  read  ceu 
236  2nd  line  above  §31;  for  §m  read  §ir« 

239  In  (12)-(15);  for  c,  «  read  C,  S;  in  (16)  change  the  second  —  to  + 

240  In  (17);  multiply  the  denominator  by  rl,  and  in  (22)  insert  n  at  the 
r.h.s.  2nd  line  below  (22) ;  delete  •  •  •  Gektn . 


78 


ON  SPHEROIDAL  WAVE  FUNCTIONS  OF  ORDER  ZERO 
Bt  C.  J.  Bottwkamp 

1.  Introduction.  Methods  have  been  developed  for  obtaining  the  char¬ 
acteristic  values  of  linear  second-order  differential  equations  such  as  Mathieu’s 
equation  and  that  of  spheroidal  wave  functions.' 

In  a  recent  paper  Miss  Blanch  (5)  has  given  a  method  for  correcting  the 
characteristic  values  of  Mathieu’s  equation,  and  the  coefficients,  occurring  in 
the  Fourier  series  developments  of  the  characteristic  functions.  According 
to  Miss  Blanch  “there  does  not  seem  to  appear  in  the  literature  any  method  for 
improving  the  accuracy  of  the  characteristic  values,  except  by  cumbersome 
iteration.” 

We  would  like  to  draw  attention  to  the  fact,  however,  that  in  our  thesis  (6) 
exactly  the  same  method  as  described  by  Miss  Blanch,  was  developed  for  spher¬ 
oidal  wave  functions.  As  is  emphasised  by  Miss  Blanch,  the  method  in  ques¬ 
tion  is  actually  appIicaUe  to  all  types  of  equations  whenever  the  coefficients, 
occurring  in  the  development  of  the  characteristic  function,  are  determined  by 
a  three-term  recursion  formula. 

As  our  thesis  is  published  in  Dutch,  and  during  the  war,  it  is  easily  under¬ 
stood  why  our  method  was  unavailable  abroad.  Therefore  it  may  be  worth 
while  to  give  here  a  survey  of  some  of  the  results  obtained  previously  by  the 
present  author.  In  addition  some  new  information  will  be  given. 

2.  Spheroidial  wave  functions  of  order  zero.  The  differential  equation 
for  spheroidal  wave  functions  of  order  zero  is 

did  -  t)dX/d^\/(k  +  dV  +  A)X  =  0  (1) 

wherein  k  is  given  parameter  and  A  one  of  the  countable  set  of  characteristic 
values  Ao ,  Ai ,  At ,  *  •  • ,  all  depending  on  k,  such  that  for  A  —  A.  ,  (1)  has  one 
and  only  one  solution  XmCI)  that  is  an  integral  function  of  (. 

Equation  (1)  can  be  solved  by  a  development  in  Legendre  polynomials: 


X{i)  =  'EKPnU)  (2) 

0 

When  (2)  is  substituted  in  (1),  the  following  three-term  recursion  formula  fur 
the  coefficients  b«  is  obtained : 

u  (n  +  l)(n  +  2)  tiffi  I  n  J  2n(n -H  1)  —  1  . i\  . 

(3) 

...»  n(n  -  1)  „ 

(2n  -  lK2r-“^)*'-’  ® 

*  Cf.  Strutt,  M.  J.  O.,  Lain4«ohe-  Mathieuaehe-  und  verwandte  Funktionen  in  Phyaik 
und  Technik;  ^rlin,  1932. 
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The  required  solution  b,  of  this  difference  equation  must  satisfy  two 

dif. 

ferent  and  independent  conditions,  namely  i)  b„  — ►  0  for  n  — * 
for  n  <  0. 

00 ;  ii)  bn 

=  0 

Upon  introducing  the  abbreviations 

n(n  +  1)  2  (2n-  l)(2n  +  3)} 

(n>0) 

(4) 

n’(n  -  1)»  k* 

(2n-l)*  (2n  -  3)(2n  +  1) 

(n^2) 

(5) 

»r  _  n(n  -  1)  b, 

"  (2n- l)(2n+l)6.-. 

(n^) 

(6) 

we  get  from  (3) 

Nn  =  |8i./(a»  —  A  —  Nn+t) 

(n>2) 

(7) 

Nn+i  =  a„  —  A  —  (fin/Nn) 

(n>2) 

(8) 

Condition  i)  will  be  satisfied  if  we  take,  by  iteration  of  (7), 

V  l-  1  —  ^»+*  1  _  1  _  _  _  /Q\ 

a»  —  A  a«+j  —  A 


«»+«  ~  A 


This  infinite  cuntinued  fraetion  converges,  given  A;,  A,  if  n  is  large  enougli,  to 
a  non-zen),  finite  value. 

On  account  of  condition  ii),  by  iteration  of  (8)  one  has 


=  a,  -  A  -  I  ■  '  -  ,  ; -  (10) 

I  o»_*  —  A  I  a,_i  —  A 

ITie  last  denominator  is  oo  —  A  or  ai  —  A,  depending  on  whether  n  is  even  or 
odd.  Strictly  speaking,  certain  values  of  A  should  be  excluded  in  (10),  because 
Nn+i  becomes  infinitely  large  if  Nn  happens  to  be  zero. 

liet  us  now  take  n  =  m  +  2  in  (9)  and  n  »=  m  in  (10).  Then  (9)  and  (10) 
must  give  the  same  result.  Therefore,  the  eigenvalues  of  (1)  are  the  roots  of 
the  following  transcendental  equation 

U(A)  =  Ui{A)  +  f/,(A)  =0  (11 

wherein 

f/,(A)  =  «,»  -  A  -  - -  I  -  J -  (12 

I  Om-i  —  A  1  Ct,»-4  —  A 

U,{A)  =  -  ■-  I  _  -  ■  ^-^  .-1 -  (13 

I  a»+J  ~  A  I  Om-^  —  A  I  am44  —  A 
Until  now  m  is  wholly  arbitrary.  As 

Am,  am-*  m(m  +1)  for  fc  — >  0 

it  will  be  obvious  that,  at  least  for  small  values  of  k,  it  is  just  the  m“*  eigenvalue 
A,,  which  can  most  easily  be  computed  from  (11),  (12),  (13).  For  large  values 


f/l(A)  =  Om  —  A  — 
U,(A)  =  -  J 
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of  k,  however,  m  may  be  better  taken  greater  than  the  index  of  the  required 
characteristic  value.  In  other  words,  if  is  the  largest  coefficient  of  all  b, 
occurring  in  (2),  then  in  (12),  (13)  m  should  be  taken  equal  to  m!. 

It  may  be  noticed  that  JV.  plays  the  same  rdle  as  Gn  in  Miss  Blanch’s  analysis. 
Furthermore  her  a,  d  are  the  analogues  of  our  A,  fc,  respectively.  The  only 
difference  is  that  in  the  problem  of  spheroidal  functions  more  intricate  co¬ 
efficients  On  ,  /3»  (analogous  to  kn  in  Mi%  Blanch’s  analjrsis)  occur. 

The  main  part  of  the  above  analysis  is  well  known  and  has  been  often  treated 
in  the  literature.  For  further  details  the  reader  may  be  referred  to  the  list  of 
references  at  the  end  of  this  paper. 


3.  Method  of  approximation.  Let  X.  be  some  approximation  of  the  m*** 
eigenvalue  A« .  If  X*.  would  be  the  correct  value  of  A« ,  then  (/(X.)  in  (11) 
would  be  equal  to  zero.  The  less  the  absolute  value  of  f/(X»),  the  better  the 
approximation.  Therefore  it  is  clear  that,  from  the  very  value  of  [7(X«), 
it  must  be  ]X)ssible  to  derive  a  correction  such  that  X,  =  X«  +  5X  is  a  better 
approximation  of  A^  than  is  the  initial  X^  . 

Now,  from  (8)  6iV,+j  =  —  5X  •+•  (fin/N\)  -iNn.  Hence,  by  iteration 


SUi  =  -S\ 


Nl  +  NlNl-,  ^  NlNl-,Nl^ 


Similarly,  from  (7) 


* 


Pm+tfim-H 


+ 


Furthermore 


0  =  t/(Aj  =  f/(X«)  +  SUi  +  SUt, 


and  consequently,  for  the  correction 

f/i(X«)  + 


5X  = 


i  +  fe-f 


Pm  Pm—i 


Nl  ^  NlNl-t 


+ 


+  i 


(14) 


/  \  Pm+t  Pm-H  / 

Let  US  first  demonstrate  this  method  of  approximation  for  m  =  3  and  k'  =  6. 
The  coefficients  On  ,  Pn,  can  be  calculated  from  (4),  (5),  respectively. 


o,  =  -1.600000 

a,  =  8.933333 

P,  =  2.468571 

oi  =  26.97436 

Pt  »  2.308802 

07  =  52.9864 

Pi  =  2.277353 

oi  86.992 

p9  =  2.26582 

on  =  128.99 

pn  =  2.2603 

oi,  =  179.0 

Pu  =  2.257 

oi,  =  237 

Pit  ^  2.26 

11 
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An  approximate  value  of  A*  is  X«  =  9.04.  The  infinite  continued  fraction 
(13)  may  be  broken  up  at  Nu  *■  0;  then  from  (7)  consecutively 

Nu  =  0.01,  Nu  =  0.013,  Nil  =  0.0188, 

Nt  =  0.02907,  N,  =  0.051855,  iV,  =  0.129110  =  -UM 

Similarly,  from  the  other  side,  using  (8),  (12) 

Ni  =  -10.640000,  AT,  =  0.125342  =  Ui{\,) 

Conseciuently 

f/i(Xi)  +  UM  =  -0.003768 
Furthermore,  applying  the  above  values  of  the  N*b, 


=  (1  +  0.021805)  +  (0.007200  +0.000008)  -  1.029013.  For  the  correction 
finally  I 

! 

6\  =  -0.003768/1.029013  =  -0.003662  ' 

! 

The  corrected  characteristic  value  is  thus  X*  =  9.036338.  The  corrected  j 
values  of  the  N’b  are 

“downwards”:  Nj  =  0.051851;  Ni  =  0.129083,  ' 

1 

“upwards”:  N,  =  -10.636338;  AT,  *  0.129083,  '  ‘ 

i 

showing  that  Nt  is  the  same,  whether  computed  from  the  finite  or  the  infinite  | 
continued  fraction.  Thus  our  method  at  once  leads  from  two-decimal  accuracy  to  ; 
a  six-decimal  one.  i 

This  is  an  improvement  on  the  cumbersome  iteration  method  in  earlier  work  j 
on  Mathieu’s  and  similar  equations.  The  method  is  fully  equivalent  to  that 
of  Miss  Blanch.  i 

From  the  corrected  Nn  ,  one  can  easily  obtain  the  ratios  of  successive  co-  | 
efficients  bn  ;  see  (6).'  It  is  convenient  to  normalise  them,  such  that,  inde¬ 
pendently  of  k,  I 

Xl(^)  df  =  da  =  2/ (2m  +  1)  (15)  ^ 

with  the  further  condition  — ♦  1  for  A;  — ♦  0. 

In  current  literature,  the  coefficients  bn  are  often  normalised  such  that  ^ 
bnt  ^  I  for  the  m*''  characteristic  function.  This,  however,  sometimes  leads  j 
to  a  serious  difficulty,  as  for  some  values  of  k  the  m“’  eigenfunction  does  not  | 
contain  a  term  P«  at  all.  Only  in  case  of  our  normalisation  (13)  are  all  coeffi-  j 
cients  6,  finite  throughout.  The  analogue  in  the  theory  of  Mathieu’s  equation  L 
is  well  known.  P 
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4.  Numerical  calculations  for  small  values  of  k*.  For  small  values  of  k', 
the  characteristic  values  A«  and  the  corresponding  coefficients  &.  can  be  com¬ 
puted  from  series  in  powers  of  k*.  Although  these  developments  certainly 
have  non- vanishing  circles  of  convergence,  their  actual  radii  of  convergence  are 
not  known.  As  is  observed  from  practical  numerical  calculations,  the  range 
of  convergence  seems  to  increase  with  increasing  m. 

Substituting  A  =  a  bk*  ck*  +  •  •  •  in  (12),  (13),  we  can  develop  Ui  and 
Ui  into  powers  of  k*.  Then,  by  application  of  (11),  the  unknown  coefficients 
a,  b,  c,  •  •  •,  can  be  calculated  successively.  In  the  same  manner,  by  (6),  (7), 
(8)  and  (15),  the  normalized  b,  can  be  expanded  into  powers  of  k?. 

We  have  found  for  m  =  0 


2* 

3‘.5.7 


A:'  + 


2- 13 
3».5*.7 


k*  + 


2-23  .0 

3*.5».7.11 


+ 


2*- 19- 6763 
3“.y.7*-11.13 


k»+  •  •  • 


=  k' _ —  k* _ —  k*  -1- 

3  135  8505  ^  1913625 


92 


37889775 

513988 


+ 


9050920003125 


it'*  4- 


6o  =  1  “ 


1 


2.3<.5 


k*  - 


3*.5.7 

61- 


k*  + 


713 


bt  i*^  +  34.7*  2.3*.5*.7 


k*  - 


2».3*.5‘.7 
79 


3*. 5.7. 11 


k'+  .. 


I  1  1.4  _| _ ^  i.«  _  10001  jL«  I 

*  3. 5*. 7  "^3*. 5*. 7. 11  2.3‘.5^7*.11.13 

^  “  3*.5.Wll  **  3‘.5*?7*.11  **  ■'* 

^  “  3‘.5*.7.11.13* 


6f»+i  “  0 


X,(l)  -  1  -h  ifc*  + 

X.(0)  =  1  -  tVA:*  - 


17 


2.3«.5* 

37 

2*.3<.5* 


k*  - 


1 


2.3*. 5.7* 
313 


*•- 


2«.3‘.5*.7* 


A:‘  + 


17-29 
2*.3*.5*.7 
28813 


2».3^5*.7* 


A;‘-l-  ... 
fc*  + 


It  may  be  remarked  that  also  Stier  (24)  obtained  the  fonnula  for  A«  as  given 
above,  apart  from  a  printer’s  error  (in  the  denominator  of  the  term  with  k**,  5* 
instead  of  the  correct  5*).  The  last  term  (being  A;*)  of  Niven’s  (19)  as  well  as  of 
Wilson’s  (30)  formula  is  incorrect  (182/3’-5*-7*  -  26/3^-5*-7*  and  16/3^5*-7*, 
respectively,  instead  of  the  correct  26/3* -5* -7). 

In  our  own  previous  result  fO)  the  term  with  A:'®  was  incorrect  too. 
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When  m  =  1  we  have 


A.  =  2  -  **■  -  i:?  f  *• 


2*-6271  .tt  2*- 11108467  .i, 
3.6».7*.11.13  3‘.6“.7‘.11.13  ‘ ' 


=  2  —  -A:* _ ^  Jb*  4-  ^  jb*  4.  ifi 

5  875  ^  65625  ^  176859375  * 


25084 


287396  484375 


ik“  - 


44  433868 


28516  916162  109375 


ib"  : 


1  .  ^  I.*  _j_  ^  I.*  _i_  8557  ,8  I 


2.5«.7;  ■  3.5‘.7 


2*.3.5«.7« 


4369 


*•  + 


21551 


61  =  —  A:*  —  ^  — 

^  5*  3*.5<  2.3».5*.7*.U  ■'  '  3*.5*.7*.11.13 


A;*+ 


6i  = 

67  = 

6,  = 


A:‘  - 


A:*  - 


6317 


3*. 5. 7*  3*. 5*. 7*. 13  2.3«.y.7M3 

1  .8  2 


3«.6.7.11.13 

1 


k'  - 


3*.5*.7.11*.13.17 

6i«  *=  0 


3».5».7.11.13.17 
A;*+  ... 


ik*+  • 


Y  rn  -  1  -4-  1 _ !■«  -  A.‘  -u  ^2182647  .8  . 

AiU;  ^  +  5**  2.5».7»  2.3*.5‘.7*  '^2».3<.5’.7M1* 

—  X,(0)  -  1  -  —  k*  +  2*. 5*. 7*  *  * 


41469889  .8  . 

2».3*.5^7«.ll* 

Stier  (23)  has  given  At  up  to  A;’".  His  last  coefficient  (of  A;'**)  has  only  on(' 
factor  7  in  the  denominator  instead  of  three.  There  is  obviously  also  a  printer’s 
error  in  his  k*  term.  * 

I  We  have  good  reasons  to  believe  that  the  formulas  above  are  correct  through¬ 
out,  as  during  the  careful  calculations  many  checks  were  applied. 

The  larger  m,  the  more  intricate  the  numerical  constants  in  the  power  series. 
In  addition  to  the  formulas  already  given  for  m  =  0,  1,  we  have  for  m  —  2: 
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*  _  «  _  11  I.*  _L  W  ^4  L  21388  3633830 

*  21  9261  44925111  257565  661363 

47862  87764 


1963  346806  570149 


J.  _  1  L*  2  ,  811  i_6  , 

3*.6*  3«.5.7*  2.3*.5.7«* 

5.109  .4  2-36781  4 

^  ^  2.3«.7<*  3‘.7*.11^^ 

_  2-3  2*  ^4  2*.29.263  , 

^“5.7*  5.7M1*  3‘.5.7*.11.13 

. _ 1  k*  /c*  I 

^  3>.7*.ll  3».7«.11.13  ^ 

.  -  2«  4  . 

^  3«.5.7.11*.13  ^ 

5|ih-i  “  0 
For  m  =*  3: 


A  =  ,0  23, 3302  ^4  1572668 


168179  303026  , 

_ _  K 


45  '1002375  26387621876  63362  904964  734375 


for  m  =  4: 


2805228  .4  3776  48326  11642  » 

527822  910616  *  74  924536  936711  587125^ 


for  m  =  5; 


A  _  on  Ifc*  I  *.4  1{):^UU»»4  jj^4 

A*  du  JJ7  *  -h  ggQg^gg  «  j3  045066  812415 


239  831300  295254  g 
4156  :107669  965616  462125  * 


for  m  =  6: 


*  _  .0  83  60134  .4  1010  60636  .4 

^  *  165  76366125  27651  6mil  65625 


69256  66959  98458  , 

395  965M  97527  57828  59375  ^ 
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Generally,  we  have  obtained 

A  /  _L  i\  2m*  +  2m  -  1 
A,  =»  m(m  +  1)  - 


k'  + 


2  V,(2m  - 


(m  —  l)*m* 


(2m  —  l)(2m  +  3) 

(m  +  l)*(m  +  2)* 


■^*'((2m- 


(2m  +  l)(2m  +  3)»(2m  +  6) 
(m  +  l)*(m  +  2)* 


3)  (2m  -  l)*(2m  +  1) 

) 


l)(2m  +  l)(2m  +  3)»(2m  +  6)(2m  +  7) 
(m  -  l)*m* 


^  [^((2m  -  6)*(2m  - 


(2m  -  6)  (2m  -  3)  (2m  -  l)‘(2m  +  l)(2m  +  3) 
(m  -  l)*m* 


) 


+ 


+ 


+ 


1( _ 

16  \(2m  - 


3)  (2m  -  iy(2m  +  l)(2m  +  3)* 

_ (m  +  l)«(m  -H  2)* _ > 

(2m  -  l)*(2m  +  l)(2m  +  3)»(2m  +  6)  (2m  +  7)*> 
m*(m  -  l)*(m  -  2)*(m  -  3)* 


7)  (2m  -  6)*(2m  -  3)»(2m  -  l)«(2m  +  1) 

(m  +  l)*(m  +  2)*(m  +  3)*(m  +  4)* 

(2m  +  l)(2m+3)*(2m  +  6)*(2m  +  7)*(2m  +  9) 

(m  +  l)*(m  +  2)*  m*(m  -  1)* 


K 

if _ 

2  \(2m  - 


(2m  +  l)*(2m  +  3)’(2m  +  6)*  (2m  -  3)*(2m  -  l)»(2m  +  1) 

(m  -  l)*m*(m  +  1)*  (m  +  2)*  '1  +  0  (Jb“) 


D] 


3)  (2m  -  l)«(2m  +  l)*(2m  +  3)«(2m  +  6), 

For  the  sake  of  numerical  calculations  the  following  results  may  be  useful. 
They  give  six  decimals  accuracy  for  |  A:*  (  <  1.  For  greater  values  of  |  fc  | 
(not  too  large)  they  may  yield  adequate  approximations  X*. ,  which  can  further 
be  made  more  accurate  by  the  method  of  the  preceding  section. 


0.000006 

000000 

Ai  = 

2.000000 

000000 

-0.333333 

333333 

-0.600000 

000000 

ifc* 

-0.014814 

814815 

k* 

-0.006867 

142857 

k* 

-0.000470 

311581 

k* 

+0.000060 

952381 

k* 

+0.000013 

686779 

jfc» 

+0.000002 

589628 

k* 

+0.000002 

428096 

-0.000000 

087280 

+0.000000 

056788 

k» 

-0.000000 

001558 

k» 

+  .... 

+•••• 

6.000000 

000000 

A,  - 

12.000000 

000000 

-0.623809 

523810 

-0.611111 

111111 

ifc* 

+0.010150 

091783 

k* 

+0.003294 

176331 

k* 

+0.000476 

081183 

k* 

-0.000059 

598927 

k* 
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-0.000014 

108911 

jfc« 

-0.000002 

654223 

ifc* 

-0.000002 
+  .... 

437821 

it»o 

+  •••• 

20.000000 

000000 

A,  =  30.000000 

000000 

-0.506493 

506494 

k* 

-0.504273 

504274 

ifc* 

+0.001775 

050721 

k* 

+0.001129 

896637 

k* 

-0.000005 

314714 

k* 

-0.000001 

165259 

k* 

+0.000000 

504038 

k* 

+0.000000 

057703 

ifc* 

+  •••• 

+  •••• 

42.000000 

000000 

-0.503030 

303030 

]fc* 

+0.000787 

443385 

k* 

-0.000000 

365478 

k? 

+0.000000 
+  •••• 

014965 

ifc* 

Finally,  we  may  notice  that,  during  the  preparation  of  the  present  paper, 
we  found  a  paper  by  Sandeman  (23)  giving  the  development  of  A«  in  powers  of 
fc*  up  to  included.  This  term  is 

2894282  .u 

-  3»  5«.y».2iJ3  *  -  -0.000000  007106  k^* 

Compare  also  Johnson  (13).. 

6.  Tables  for  spheroidal  wave  functions  of  order  zero.  Fairly  extenave 
tables  for  spheroidal  wave  functions  are  now  available  (26)  for  the  range  —  25  < 
k*  <  25]  e.g.  prolate  spheroidal  functions  {k*  negative),  and  oblate  spheroidal 
functions  (fc*  positive)  both  for  order  zero  and  for  orders  1,  2,  3. 

In  our  thesis  (6)  data  were  given  for  oblate  spheroidal  wave  functions  of 
order  zero  up  to  A;*  =>  100.  During  war  time  our  calculations  were  largely 
extended,  and  checked.  We  have  now  stopped  our  numerical  work  in  view  of 
the  existence  of  the  aforementioned  American  tables,  although  all  the  necessary 
auxiliary  functions  a,  ,  /9»  ,  etc.,  were  calculated  for  the  first-wder  functions  too. 

The  following  data,  concerning  spheroidal  wave  functions  of  order  zero  and 
first  kind,  may  be  considered  as  supplementary  to  those  of  (26). 

Table  I  shows  the  characteristic  values  A« ,  Aj ,  Ai ,  for  integral  values  of  k*, 

-10  <  V  <  10. 

Table  II  contains  At ,  A4  ,  At ,  Ae  for  podtive  integral  values  of  k'  <  10. 

Table  III  gives  the  coefficients  bn  of  the  normalized  characteristic  function 
X,(f)  for  -10  <  ifc*  <  10. 

The  first  odd  characteristic  function  Xi(()  can  be  obtained  from  table  IV 
for  the  same  range  of  k*. 

Tables  V-IX  show  the  coefficients  of  the  functions  Xt,  Xt,  •  •  • ,  Xt ,  for 
positive  intej^al  k'  <  10. 


TABLE  III 


Charaeterutie  function  X»(()  ^  ^btm  Puif) 

0 


k* 

»• 

h 

k. 

*• 

-10 

0.944709 

-0.728678 

0.110466 

-0.007498 

-0.000007 

-9 

0.961472 

-0.684479 

0.094690 

-0.006827 

-0.000006 

-8 

-0.636639 

0.079247 

-0.004366 

0.000136 

-7 

0.906363 

-0.681441 

0.064298 

-0.003120 

0.000086 

-0.000001 

-6 

0.972311 

-0.621212 

0.060067 

-0.002097 

0.000049 

-0.000001 

-6 

0.979071 

-0.464264 

0.036840 

-0.001294 

0.000026 

-4 

0.986428 

-0.379882 

0.024968 

-0.000706 

0.000011 

-3 

0.991099 

-0.297493 

0.014836 

-0.000316 

0.000004 

-2 

0.996716 

-0.206682 

0.006949 

-0.000100 

0.000001 

-1 

0.998846 

-0.107374 

0.001824 

-0.000013 

ml 

1.000000 

■t 

0.998691 

0.114368 

0.001976 

0.000014 

0.994609 

0.233927 

0.008138 

0.000118 

0.000001 

0.987210 

0.366206 

0.018683 

0.000408 

0.000006 

0.976790 

0.478301 

0.033663 

0.000979 

0.000016 

0.963607 

0.697278 

0.062483 

0.001914 

0.000039 

6 

0.947848 

0.710493 

0.074931 

0.003279 

0.000079 

0.000001 

7 

0.930440 

0.816971 

0.100266 

0.006114 

0.000143 

8 

0.911948 

0.912602 

0.127799 

0.007438 

0.000238 

9 

0.999612 

0.166881 

0.010260 

10 

1.077436 

0.186946 

0.013633 

0.000014 

TABLE  IV 

ip 

CharaclertMtic  function  X|(()  —  ^  bu+iPu+i(0 


»■ 

kt 

K 

kt 

h 

Ki 

-10 

0.964429 

-0.402104 

0.046184 

-0.002628 

0.000081 

-0.000002 

-9 

0.970923 

-0.364436 

0.037696 

-0.001868 

0.000064 

-0.000001 

-8 

0.976877 

-0.326710 

0.029964 

-0.001312 

0.000034 

-0.000001 

-7 

0.982232 

-0.286082 

0.023016 

-0.000882 

0.000020 

-6 

0.986936 

-0.246730 

0.016934 

-0.000656 

0.000011 

-6 

0.990948 

-0.204861 

0.011762 

-0.000322 

0.000005 

-4 

0.994236 

-0.163666 

0.007499 

-0.000164 

0.000002 

-3 

0.996784 

-0.122369 

0.004197 

-0.000069 

0.000001 

-2 

0.998686 

-0.081179 

0.001862 

-0.000020 

-1 

0.999661 

-0.040326 

0.000460 

-0.000002 

0 

1.000000 

1 

0.999664 

0.039616 

0.000447 

0.000002 

2 

0.998683 

0.078362 

0.001764 

0.000019 

3 

0.997106 

0.116098 

0.003002 

0.000063 

0.000001 

4 

0.994984 

0.162711 

0.006812 

0.000147 

0.000002 

6 

0.992373 

0.188112 

0.010436 

0.000281 

0.000004 

6 

0.989330 

0.222236 

0.014716 

0.000473 

0.000009 

7 

0.986910 

0.266039 

0.019695 

0.000733 

0.000016 

8 

0.982167 

0.286600 

0.026011 

0.001066 

0.000027 

9 

0.978160 

0.316612 

0.030008 

0.001477 

0.000042 

0.000001 

10 

0.973906 

0.346386 

0.037230 

0.001969 

0.000062 

0.000001 
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TABLE  V 


CkaraeUriatie  function  Xt(()  ^ 

■  0 


k* 

k» 

h 

kt 

*• 

k 

0 

1 

-0.022876 

1.000000 

0.908626 

0.024446 

0.000001 

2 

-0.046790 

0.993846 

0.048736 

0.000821 

3 

-0.071286 

0.986722 

0.072766 

0.001840 

0.000001 

4 

-0.096772 

0.974160 

0.006431 

0.003268 

0.000067 

0.000001 

6 

-0.119671 

0.969391 

0.119664 

0.006067 

0.000110 

0.000002 

6 

-0.142464 

0.041931 

0.142398 

0.007260 

0.000190 

0.000003 

7 

-0.163760 

0.922394 

0.164677 

0.009837 

8 

-0.183310 

0.001438 

0.186646 

0.012799 

0.000460 

0.000010 

9 

-0.201017 

0.879661 

0.016160 

0.000640 

0.000016 

10 

-0.216892 

0.867660 

0.229438  1 

0.019902 

0.000024 

TABLE  VI 


CKaracteriatie  function  X|(()  —  ^ 

0 


k* 

h 

k 

k 

k 

k 

ku 

m 

1.000000 

1 

-0.016979 

0.999666 

0.017626 

0.000118 

2 

-0.033687 

0.998287 

0.036224 

0.000470 

0.000003 

3 

-0.049768 

0.996217 

0.062770 

0.001067 

0.000012 

4 

-0.066476 

0.993406 

0.070263 

0.001877 

0.000027 

6 

-0.080671 

0.989010 

0.087661 

0.002929 

0.000063 

6 

-0.096328 

0.986786 

0.104979 

0.004212 

0.000001 

7 

-0.109432 

0.981091 

0.122202 

0.006726 

*^0.000146 

0.000002 

8 

-0.122970 

0.976879 

0.139316 

0.007466 

0.000217 

0.000004 

9 

-0.136939 

0.070201 

0.166318 

0.009433 

0.000308 

10 

-0.148343 

0.964106 

0.173200 

0.011626 

0.000422 

0.000010 

TABLE  VII 


Charpcteriatic  function  Xi(^)  »  ^  bt^PuU) 

0 


k* 

k 

k 

k 

k 

k 

k» 

0 

1 

2 

0.000091 

0.000368 

-0.013688 

-0.027140 

1.000000 

0.999768 

0.999074 

0.013773 

0.027628 

0.000076 

0.000304 

3 

-0.040663 

0.997918 

0.041266 

0.000006 

4 

0.001493 

-0.064128 

0.996300 

0.064977 

0.001216 

0.000016 

6 

-0.067663 

0.994218 

0.068661 

0.001897 

0.000029 

6 

-0.080967 

0.991669 

0.082279 

0.002729 

0.000061 

0.000001 

7 

0.004663 

-0.094312 

0.988648 

0.003712 

0.000080 

0.000001 

8 

0.006126 

-0.107646 

0.984408 

0.109286 

0.004839 

0.000120 

0.000002 

9 

0.007806 

-0.120900 

0.981162 

0.122811 

0.006122 

0.000171 

10 

0.009696 

-0.134130 

0.976680 

0.136173 

0.007660 

0.000234 

0.000006 
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TABLE  VIII 


ao 

Characteristic  function  Xtid  ~  (& 

0 


k* 

h 

»• 

k 

h 

k 

hi 

k» 

0 

1 

-0.011218 

1.000000 

0.999864 

0.011294 

2 

0.000273 

-0.022423 

0.999418 

0.000213 

isssa 

3 

0.000611 

0.000478 

■ilfiXiXiT* 

4 

0.001080 

-0.044772 

0.997673 

0.046127 

0.000860 

6 

0.001681 

0.996367 

0.056373 

0.001327 

0.000018 

6 

0.002408 

-0.067006 

0.994772 

0.067596 

0.001910 

0.000031 

7 

0.0a3262 

-0.078066 

0.992888 

0.000001 

8 

0.004236 

0.990719 

0.000073 

0.000001 

9  • 

0.006331 

-0.100043 

0.000106 

0.000002 

10 

0.006643 

BiH 

0.000143 

0.000003 

TABLE  IX 

Characteristic  function  Xt(t)  »  ^  61. 


0 

1 

2 

3 

4 
6 
6 

7 

8 
9 

10 


-0.000001 

-0.000004 

-0.000010 

-0.000020 

-0.000036 

-0.000066 

-0.000084 

-0.000120 

-0.000166 


0.000060 

0.000202 

0.000464 

0.0008061 

0.001266 

0.001807 

0.002468 

0.003207 

0.004065 

0.006001 


-0.009635 

r0.01906ll 

-0.028680 

-0.038087! 

-0.0476781 

-0.067060 

-0.066601 

-0.0760281 

-0.086326 

-0.094694 


1.000000 

0.999899 

0.900697 

0.099004 

0.0983901 

0.9974861 

0.906381 

0.906076 

0.003672 

0.091867 

0.989066 


0.000671 

0.0101401 

0.0287021 

0.038257 

0.0478021 

0.057331 

0.0668461 

0.076341 

0.0868161 

0.096268 


0.000039 

0.0001670 

0.0003630 

0.0006270. 

0.000980|0 

0.0014100 

0.0019190. 

0.0026060. 

0.0031690. 

0.0030100. 


000001 

000003 

000006 

000012 

000020 

000032 

000048 

000068 

000094 


0.000001 

0.000001 

0.000002 
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NOTE  ON  C.  J.  BOUWKAMP’S  PAPER  “ON  SPHEROIDAL  WAVE 
FUNCTIONS  OF  ORDER  ZERO” 

Bt  Gertrude  Blanch 

With  the  great  amount  of  research  which  gets  published,  both  here  and  abroad, 
an  author’s  conscience  is  not  entirely  clear  on  the  duty  to  read  everything  which 
any  one  else  has  ever  published  on  his  subject.  In  this  present  instance,  how¬ 
ever,  I  seem  to  be  entirely  blameless,  as  the  available  literature  does  not  mention 
the  work  of  Bouwkamp  at  all.  By  the  “available  literature”  I  mean  papers 
which  are  known  well  enough  to  be  reviewed  in  “Mathematical  Reviews,”  for 
instance.  I  have  scanned  the  index  of  this  periodical  ance  1941,  and  nowhere  is 
the  thesis  of  Dr.  Bouwkamp  mentioned.  No  one  else  in  this  country  or  in 
England  who  is  working  on  Mathieu  functions  seems  to  have  known  about  the 
very  interesting  work  of  Dr.  Bouwkamp,  and  so,  while  I  gladly  concede  to  him 
priority  in  discovery,  it  is  still  true  that  my  work  was  done  independently  and 
published  at  a  time  when  no  knowledge  existed  on  the  work  done  by  Dr  .Bouw¬ 
kamp — that  is,  no  knowledge  of  his  paper  in  this  country  and  England. 

To  the  extent  that  my  paper  deals  entirely  with  Mathieu  functions,  the  results 
are  not  duplicated  in  the  work  of  Dr.  Bouwkamp.  For  although  the  central  idea 
is  the  same  in  my  work  as  in  his,  the  specific  relations  for  Mathieu  functions  have 
to  be  set  down  with  care,  as  the  first  two  recurrence  relations  are  not  the  same 
as  the  general  ones,  in  the  case  of  Mathieu  functions.  The  same  difficulty  does 
not  seem  to  exist  in  the  case  of  spheroidal  wave  functions.  Moreover,  in  my 
^  paper  some  simple  means  are-  given  for  obtaining  by  recurrence  the  “R’s”  on 
which  the  final  solution  for  the  error  is  based.  The  summary  of  Bouwkamp  does 
not  give  similar  aids,  although  it  may  very  well  be  that  in  his  more  extenisve 
thesis  some  similar  devices  are  given.  In  any  event,  such  computing  aids,  while 
very  important  from  the  viewpoint  of  the  reader,  are  of  course  of  secondary  im¬ 
portance  to  the  central  ideal  on  which  the  method  is  based. 

Mathematical  Tables  Project 

National  Bureau  or  Standards 

(Received  December  24,  1946) 
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ON  THE  BUCKLING  OF  ELASTIC  RINGS 

Bt  Q.  F.  Cabrier 

1.  Introductioii.  In  the  theory  of  stability  and  in  the  closely  related  theory 
of  the  elastica,  there  still  renaain  various  untreated  problems  dealing  with  thin 
elastic  rings.  The  present  paper  deals  with  four  such  problems  which  seem  of 
(at  least  academic)  interest.  One  of  these  illustrates  a  somewhat  new  point  of 
view.  Specifically,  we  consider  the  elastica  problem  of  the  buckled  circular 
ring  under  uniform  radial  pressure,  the  stability  problem  of  closed  symmetric 
rings  under  any  loading  which  leads  to  a  stability  (eigenvalue)  problem,  the 
stability  problem  of  a  ring  which  has  been  pre-stresscd  into  a  configuration  with 
large  deflections,  and  the  stability  of  a  ring  subjected  to  a  uniform  pressure 
applied  harmonically  in  time.  Some  features  of  the  eigenvalue  problems 
which  arise  differ  in  an  interesting  manner  from  the  more  classical  forms. 

2.  The  General  Equations.  The  equations  of  dynamic  equilibrium  of  a 
curved  segment  of  an  elastic  strip  which  is  sufficiently  thin  that  the  elongation 
of  its  center  line  may  be  completely  neglected’  are  readily  expressed  by  equating 
the  moment  about  the  center  of  curvature,  the  moment  about  the  point  a  (Fig. 
1),  and  the  radial  force,  to  the  corresponding  inertia  terms.  These  equations 
are 

R! p  tp  —  M’  =  zpAf  (1) 

(2), 

(3)  ' 

Here  R,  q,  T,  M,  t,  as  defined  in  Fig.  1,  are  the  various  stress  resultants  and 
forces  acting  on  the  segment;  p  is  the  radius  of  curvature  of  the  segment  in  the 
deformed  shape;  Ai,  A,,  are  the  components  of  acceleration  referred  to  the 
distorted  coordinate  system;  z  is  the  mass  per  unit  length;  and  s  is  the  Lagran- 
gian  coordinate  taken  as  the  distance  along  the  ring.  We  adopt  such  units  of 
length  that  the  points  8  =  0  and  s  =  2ir  coincide  for  any  closed  ring  under  con¬ 
sideration.  Hence,  for 'an  originally  circular  ring,  8  becomes  synonomous  with 
the  angular  coordinate  6.  In  these  equations,  primes  indicate  differentiation 
with  regard  to  8.  Furthermore,  q  and  t  are  always  taken  to  remain  normal 
and  tangent  respectively  to  the  central  fiber  of  the  ring. 

The  original  shape  of  the  ring  may  be  defined  completely,  as  is  well  known, 
by  specifying  the  curvature  in  the  undistorted  configuration.  We  call  this 
initial  curvature  l/po(s). 

We  may  eliminate  T  and  R  among  Eqs.  (1),  (2),  (3)  and  obtain 

iqpY  +  t  -  (3/"p)'  -  A/Vp  =  P^Kp^r)'  +  A,].  (4) 

This  equation  rigorously  defines  the  motion  of  the  “inextensible”  elastic  ring. 

*  The  limiting  process  by  which  this  becomes  justified  is  given  in  [2]. 

94 


M'  -  T  =  0 
—Rtp'  q  —  T'  =  »A, 


BUCKUNO  OF  ELASTIC  RINGS 


95 


We  note,  before  proceeding  with  specific  problems,  that  M  may  be  written 


M  =  ^/(1/po  -  1/p)  =  En\/po  -  g)  (5) 

(i^.,  here  and  in  the  following  we  set  g  =«  1/p).  Thus  for  initially  circular 
rings,  Eq.  (4)  becomes 

Wgy  +  t]/EI  +  ((7Vi7)'  +  {g'/2y  =  z/EIgUr/gy  +  A,].  '  (6) 


M(stds) 


TCs+ds) 


Fio.  1.  Forces  and  stress  resultants  on  element  of  deformed  ring 


3.  The  Generalized  Problem  of  Static  Ring  Stability.  We  now  consider  a 
closed  ring  (nor  necessarily  circular*)  which  is  subjected  to  an  externally 
applied  static  loading  ?(«),  f(«)  (see  Fig.  (1)],  such  that  ((gpo)'  +  f]  vanishes. 
It  is  readily  verified  that  this  loading  is  one  such  that,  by  a  linear  theory, 
the  only  deformation  is  a  fiber  shortening  alcng  the  center  line  which  we  have 
agreed  to  neglect  (see,  e.g.,  Eq.  4).  Actually,  if  we  considered  a  more  general 
class  of  loadings,  there  would  usually  exist  for  any  given  q,  t,  a  factor  X  such 
that  Xq,  Xt,  would  produce  neutral  instability.  Since,  however,  the  deforma- 

*  Biezeno  and  Koch  have  carried  out  thia  generalization  for  special  case  of  the  circular 
ring;  see  (1).  • 
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tions  would  constitute  the  solution  to  a  non-linear  problem,  the  determination 
of  X  would  be  especially  difficult.  When  [(^p*)'  +  0  vanishes  however,  we  see 
that  for  small  q  and  t,  the  stable  solution  is  always  the  trivial  one  p  m  ■  0. 
Hence  the  determination  of  X«  such  that  the  loading  X«9,  hd  vnll  ‘produce  inetability 
requires  only  the  solution  of  the  linearized  eigenvahie  problem  (i.e.,  the  problem 
where  we  consider  only  small  changes  in  the  original  curvature  X«).  In  other 
words,  we  must  ask  what  multiple  Xo  of  </  and  t  leads  to  a  stress  system  such  that 
there  exist  equilibrium  configurations  adjacent  to  that  configuration  defined  by 
p  m  po.  The  eigenvalue  problem  (i.e.,  the  determination  of  X«)  is  the  stability 
problem  and  the  problem  of  finding  the  stable  configuration  corresponding  to 
given  values  of  X  >  Xo  is  the  elastica  problem.  We  consider,  in  this  section, 
the  stability  problem.  We  may  first  write  p  =  p#  -f  this),  so  that 

M  »  Elil/pt,  —  1/p)  “  Elip  —  po)/ppo  “  Elth/ppo . 

When  we  write  q  and  t  in  the  form  —  Elfis)  and  -|-  ElifptY,  in  accordance  with 
the  assumption  that  iqpoY  +  ^  0,  £q.  (4)  becomes 

•my  +  [{•h/ppo)''pY  -  (•h/pp,Y/fi  =  0  (7) 

where  we  consider  only  solutions  which  are  independent  of  time.  We  now  ex¬ 
pand  the  various  brackets  in  Equation  (7),  divide  through  by  c,  and  then  allow 
c  to  tend  to  zero.  This  provides  the  linearized  equation  defining  the  eigenvalue 
X« 

+  (Vp?)7po  +  my  =  0. 

Finally  if  we  define  <p  =  X/pJ,  F(«)  =  /pj,  we  have 

ip^y  +  v'/pt  +  HF^y  =  0.  (8) 

This  becomes  an  eigenvalue  problem  when  we  specify  that  tp  have  the  period 
2r  in  s  and  that  the  ring  remain  closed. 

It  is  interesting  to  note  that  this  problem,  like  those  in  the  forthcoming  sec¬ 
tions,  is  characterized  by  a  third-order  ordinary  differential  equation  and  three 
boundary  conditions  of  the  type  that  lead  to  eigenvalues. 

The  foregoing  eigenvalue  problem  can  be  put  in  a  form  which  is  frequently 
more  convenient  for  the  actual  determination  of  Xo .  We  assume  for  this  deriva¬ 
tion  that  the  ring  and  the  loading  are  doubly  symmetric.*  In  Equation  (8), 
we  replace  MFtpY  by  the  function 

G(«)  “  Si(«  —  «o)  +  Si(«  +  So)  +  Si(«  +  »■  —  So)  +  Si(s  +  V  +  So),  • 

where  Si  is  the  conventional  singularity  function.  We  note  that  this  corre¬ 
sponds  physically  to  replacing  our  distributed  load  by  four  self-oquilibrating 
concentrated  loads.  We  shall,  of  course,  use  the  Green’s  function  which  arises 
as  a  solution  to  the  modified  Eq.  (8)  in  order  to  define  a  solution  to  our  original 
problem.  This  Green’s  function  which  can  be  found  either  by  a  Fourier  series 

*  i.e.,  p«(«)  -  p»(-«)  “  p»(w  —  •). 
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expansion  or  numerically  will  be  called  Now  consider  the  original 

problem.  For  a  loading  (i.e.,  the  third  term  in  Eq.  (8))  given  by  X[F^]',the 
solution  ifi  is  given  by 


XF(«#V(«o)if  («,  «•)  dso 


or 


«(«)  **  VF(«)  ^ 


r'* 

X  jf  u(ao)Ki(s,  So)  dai. 


(9) 


A  rapidly  convergent  iteration  procedure  for  the  solution  of  this  integral 
equation*  may  be  found  in  [1].  An  example  is  also  carried  out  in  that  reference. 


4.  The  Elastica  of  the  Circular  Ring.  We  consider  in  this  section  the 
deformation  of  a  buckled  inextensible  thin  elastic  circular  ring  under  a  uniform 
pressure.  The  pressure  remains  normal  to  the  center-line  when  the  ring  de¬ 
forms.  Omitting  acceleration  terms,  and  writing  g  t  ^  0,  Eq.  (6) 

may  be  integrated  once  to  give 

-ms)/g  +  gr/g  +  pV2  -  i  -  /3  (lO) 

where  /3  is  a  constant  of  integration.  This  formula  is,  of  course,  valid  for  any 
loading  /(s).  For  the  particular  case  in  hand  we  write  /(s)  =  1,  /S  =  X  —  i 
and  obtain,*  when  g  ^  \  u, 

w*  -h  «  +  (X  +  1  +  -I-  3/2tt*  -I-  K  =  0.  (11) 

We  must  solve  this  equation  for  the  function  u  with  the  requirement  that  for  a 
pven  load  X,  6  is  such  that  the  solution  defines  a  closed  ring  without  discontinu¬ 
ities  in  slope.  That  is,  u  must  have  period  r/n  in  s(n  »  1  corresponds  to  the 
lowest  buckling  mode  and  is  the  one  we  shall  investigate),  and  such  that 

fwln 

I  u  ds  =  0. 

The  linearized  problem  leads,  as  is  well  known,  to 

.i*0,  X»3,  u  ^  A  sin(2s  B), 

where  A,  B,  are  indeterminate. t  For  X  >  3,  we  must  retain  the  term  in  u*,  u*, 
and  integrate  Eq.  (11)  as  it  stands.  It  is  readily  shown  that  the  solution  of 
Eq.  (11)  may  be  written  in  the  form 

*In  Eq.  (9)  Kt  indicates  [E(«()F(«)]*A (#,«•).  Note  that  in  the  first  form  of  Eq.  (9) 
(Ep)  rather  than  {Fp)'  appears.  This  is  seen  to  be  valid  by  noting  that  when  (Fp)  is  a 
“delta  function"  {Fpy  is  an  “Si"  function  and  p  ^  K  which  confirms  our  definition  of 
A(s  #•). 

*  These  substitutions  for  fi  and  g  will  be  useful  later. 

t  This  is  the  lowest  mode,  i.e.  the  smallest  X* .  i.e.  for  X  <  3  u  ■  0.  For  X  >  8  the 
linearised  solution  makes  no  physical  sense  since  u*/u  is  not  small. 
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M  =  a(p  +  q  cnia8,k)]/[l  +  m  en(a«,fc)]  (12) 

where  cn  denotes  the  elliptic  cosine. 

If  we  write  5  =  at,  one  may  obtain  relations  between  the  unknown  quan¬ 
tities  a,  p,  q,  m,  t,  a,  k,  as  follows.  Substitution  of  the  solution  £q.  (12)  into 
Ek).  (11)  gives  four  relations;  the  requirement  u(0)  «  a,  which  makes  for  con¬ 
venience  later  is  admissable;  periodicity  t  is  guaranteed  by  taking  a  *  {A/x)K{k), 

r'* 

where  K  is  the  complete  elliptic  integral  of  the  first  kind;  and  /  u  ds  ^  0, 

is  the  seventh  relation.  These  lead  to  five  non-linear  algebraic  and  two  trans¬ 
cendental  equations  in  the  foregoing  parameters.  The  method  of  solution  may 
be  found  in  the  appendix.  Our  results  are  described  in  Figure  2  by  plots  of  the 
change  in  curvature  v.s.  the  load  X.  One  may  actually  obtain  the  sl<^,  a 


a  -  fa 


-f-  w)  d« 


in  closed  form  (a  combination  of  elliptic  integrals  of  the  first  and  third  kinds  with 
other  transcendental  expressions)  but  a  numerical  integration  is  simpler  to  per¬ 
form  if  one  wishes  to  draw  the  elastic  curve.  In  any  event,  it  is  well  known  that 
the  foregoing  function  for  the  curvature  together  with  the  values  of  p,q,  •  •  •  ,  as 
given  in  Table  1,  completely  describee  the  configuration. 

It  should  be  noted  that  this  problem  was  treated  by  M.  L^y  [3]  but  that  his 
solution,  also  obtained  under  the  assumption  of  non-extensibility,  leads  to  an 
inconvenient  pair  of  elliptic  integrals  with  no  specified  method  for  finding  the 
quantities  analogous  to  a  end  6  for  a  given  X.  A  numerical  procedure  applied 
to  his  case  would  be  more  tedious  than  was  that  used  here. 


6.  The  Stability  of  a  Pre-Deformed  Ring.  We  .shall  consider  here  an 
originally  circular  ring  which  is  placed  under  such  a  loading  that  the  deforma¬ 
tions  are  large.*  We  wish  to  introduce  the  point  of  view  that  a  measure  of  the 
stability  of  a  given  configuration  of  a  stressed  system  may  be  considered  in 
the  following  light.  We  determine  a  loading  of  such  a  nature  that  it  produces 
no  additional  deformation  in  the  ^ven  pre-stressed  system,'  and  ask  what  mul¬ 
tiple  M  of  this  loading  will  produce  instability.  The  larger  n,  the  more  stable 
the  syrtem,  i.e.,  the  more  additional  loading  is  required  to  produce  instability. 

As  a  particular  example,  let  us  consider  the  ring  loaded  by  q{a)  such  that  /(«) 
in  Eq.  (10)  is  written  as 

V*(«)  *  +  cn(a8,k)  +  t  cn*(a«,A:)]. 

If  we  now  require  that  /So  +  4  »=  Xj(l  —  2A:*),  m  =■  (Bo/Xo),  «  “  Xo/6,  «V  » 
x2/36,  a  »  {^/r)K{k),  we  have  a  one  parameter  family  of  loadings,  and  the 
solution  of  Equation  (6)  takes  the  simple  form 

tio  »  —  (Xo/3)  cniasfc) 

*  i.e.,  the  problem  becomes  non-linesr. 

*  Without  the  inextensibility  or  a  comparable  assumption  one  must  modify  this  state¬ 
ment  to  one  restricting  the  change  in  deformation  to  pure  fiber  shortening,  or  some  similar 
behavior. 
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TABLE  I 


Values  of  parameters  appearing  in  ring  elastica  problem 


k  - 

0 

•» 

.2 

.3 

.4 

.3 

p 

0 

-.0280 

-.0540 

-.0830 

-.115 

-.160 

q 

1.0 

.971 

.939 

.900 

.854 

.773 

m 

0 

-  .0577 

-.115 

-.184 

-.261 

-.387 

e 

0 

-.336 

-.653 

-1.38 

-1.99 

a 

0 

.475 

.959 

2.13 

2.98 

X 

3.0 

3.060 

3.227 

4.076 

5.408 

Fio.  2.  Eigen  loading  v.8.  change  in  curvature  (lee  £q.  12)  for  ring-elastica  problem. 

which  obeys  the  necessary  boundary  conditions.  The  subscript  sero  will  dis¬ 
tinguish  this  initial  configuration  from  that  arising  in  the  buckling  problem. 
Let  us  now  consider  a  different  /(<)  as  given  by 

V(«)  “  Wo(»)  + 
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where 

-  1  + 

Equation  (10)  becomes,  when  g  ^  go  -{■  gi ,  $  ^  ^  —  6, 

"b  M(i>o  +  gi)  +  go  +  g'l  +  (^»  +  gi)*/^  ■■  (i  —  A  +  i)(go  +  gO- 
In  view  of  the  manner  by  which  go  was  obtained  we  have 

Ji  +  [m  +  3/2j7o  “•  i  +  ffo]gi  +  3/2j7oj7i  +  gt/2  ^  Sgo  +  igi  •  (14) 

Since  we  are  only  looking  for  the  eigenvalue  n,  the  equation  may  be  linearized 
by  writing  gi  =  *fp,  S  =  <p,  substituting  in  Equation  (14),  dividing  by  *,  and 
then  allowing  «  to  tend  to  zero.  We  obtain 

+  +  M  +  (3/2jj;?]^  »  pgo .  (16) 

We  must  solve  this  equation  for  the  eigenvalue  m  according  to  the  boundary 
conditions  of  the  problem  in  the  foregoing  section  of  this  paper.  We  are  for¬ 
tunate  in  that  the  following  procedure  succeeds. 

We  write,  y  ■«  cnias^)  and  try  ^  in  the  form,  ^ 

% 

The  substitution  of  this  form  into  Equation  (11)  gives 
X)  p"{®»+i(^  +  2)(m  -1-  1)(A  +  B*)  -|-  flu[i4  -}-  X  —  m* A]  —  BBom-i 

(16) 

-H  [6  —  (m  —  l)(m  —  2)]B*i4,»_i}  —  p(l  —  2By)  m  0* 

Here  A  »»  a*(l  —  2k*),  B  =*  X/6,  x  *  m  —  3.  In  Equation  (16),  the  coefficient  *  * 

of  each  power  of  y  must  vanish;  furthermore,  we  must  have  /  »  0. 

To  satisfy  these  conditions,  we  take  ot  «  04  =>  Oe  »  0,  and  write  the  algebraic 
equations  defined  by  Equation  (16).  If  as ,  Ou ,  *  *  ■  ,  are  sufficiently  small,  Oo 

»wlt 

and  Os  are  related  by,  (T/2)ao  +  a*  /  cn*(o«,k)  d$  ^  0  or  oj/oo  *  c,  where  c 

is  easily  evaluated.  The  first  three  algebraic  equations  now  can  have  other 
than  a  trivial  solution  only  if 


2C(A  -f  B*)  +  A  +  X, 

0, 

-1 

C(x  -  3.1)  -f-  6B*,  ' 

-6B, 

0 

-6B, 

X, 

2B 

When  X  «  0,  X  will  vanish,  since  this  is  merely  the  uniform  load  problem  wherein 
^  »  3.  Hence  one  chooses  the  smallest  root  of  the  foregoing  equation.  When 
one  solves  for  os/oo  it  is  found  to  be  sufficiently  small  so  that  no  correction 
need  be  applied  to  e  at  least  for  X  as  large  as  3.5. 

In  Pigure  3,  the  plot  of  p  vus.  X  indicates  that  the  deformed  ring  requires  a 
greater  average  load  to  cause  buckling  than  does  the  undeformed  ring.  Further¬ 
more  we  find  that  the  configurations  obtained  by  the  loadings 
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/(«)  -’X/o(«)  +  m(X)^(«), 

are  neutrally  unstable. 

An  alternative  method  (which  would  correspond  to  the  classical  treatment) 
for  testing  the  stability  of  this  configuration  would  be  to  treat  Equation  (15) 
with  n  and  p  equal  to  aero  as  a  problem  to  determine  the  eigenvalue  X.  Since 
/9o  and  gl  are  non-linear  in  X,  this  would  be  a  non-linear  eigenvalue  problem  of 
considerably  greater  complexity  than  the  forcing. 

6.  The  Dynamic  Stability  of  the  Circular  Ring.  We  consider  in  this  section 
the  stability  of  the  circular  ring  under  uniform  radial  pressure  whose  in¬ 
tensity  varies  periodically  with  time.  The  solution  of  this  problem  can  be 
Induced  to  the  form  given  by  Stoker  and  Lubldn  [4]  to  the  analogous  problem 


Fio.  3.  Eigenvalue  vs.  parameter  de&ning  original  loading  for  pre-deformed  ring 


for  a  column.  Since  these  authors’  discussion  of  the  subsequent  details  is 
rather  complete,  we  will  not  repeat  that  part  of  the  work. 

We  proceed  by  linearizing  Eq.  (6)  as  in  the  derivation  of  Eq.(7),  retaining 
however  the  acceleration  terms.  We  obtain  writing  1/p  *  (/  =  1  —  u"  —  u,  g— 
—\F(t)EI,  t  »  0,  u  and  v  for  radial  and  tangential  deflection, 

X(m*'  -f  uY  —  (tt^  -h  ti)*"  —  {u*'  +  uY  =•  m(<1'  +  ^)-  (17) 

We  eliminate  v  by  noting  that  u  +  v'  is  the  fiber  extension  (which  vanishes) 
and  by  differentiating  Eq.  (17)  once  to  obtain 

d'/ds'lFiOXid'/ds*  +  1)  +  id'/d»*  +  l)*ltt  -  -  l)fl. 

The  instability  corresponding  to  the  lowest  mode  under  a  static  loading  is  that 
given  by 


ti  »  A{t)  cos  2s, 
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from  which  we  obtain 


5mA'  +  [12XF(0  -  Z6]A  =  0. 

If  we  now  let  F(f)  be  harmonic,  say 

F  =  6  +  o  cos  »  6  +  a  cos  6 

we  may  by  obvious  change  of  parameter  titles  obtain 

d'A/de^  +  (a  +  /3  cos  d)A  -  0.  (18) 

This  result,  as  was  mentioned  previously,  has  been  foimd  in  the  analogous  prob¬ 
lem  of  the  column  and  a  complete  discussion  of  the  necessary  treatment  of 
Equation  (18)  may  be  found  in  [3]. 

Appendix 

The  seven  equations  quoted  in  section  (4)  of  this  paper  are  respectively 

2mA{q  —  mp){l  —  A*)  *  \*p  -f  ZI2ap*  -|-  a*l2p*  —  «  (a) 

A{q  —  mp)(l  —  2k*)  =  \*{q  -f  2mp)  -|-  Za{2qp  tnp*)/2 

«  <  (^) 

-H  3a*p  q/2  3*m 

mA{q  —  mp){2k*  —  1)  =  X*(pm*  -|-  2imq)  -h  Za{2mpq  -b  g*/2 

(c) 

“b  3o*p5*/2  "b  3cm* 

2A{q  —  mp)k*  —  \*(,qm*)  +  Za^’^/2  -b  «m*  (d)  \ 

p  -b  9  =  1  +  m  (e) 

A  -  a*  -  16/T*iC*(ib)  (f) 


p(l  -b  m*/2  -b  ifc*/4  =b  3mV8  +  9ikV64  +  m*ifc*/16) 
-  q{m/2  -b  3mV8  +  mJfc*/16)  -  0. 


(g) 


Here,  the  first  six  equations  are  exact  and  we  have  retained  enough  terms  in 
Equation  (g)  for  excellent  accuracy  for  the  range  of  admissiUe  values  of  k. 
Here  X*  »  (X  +  1  -b  «a). 

We  differentiate  these  equations  with  regard  to  k.  It  is  convenient  to  regard 
this  as  the  independent  parameter  rather  than  X  since  a  is  explicit  in  k.  Omitting 
Equation  (/)  then,  we  have  six  quasi-linear  equations  in  the  first  derivatives  of 
the  six  unknown  quantities.  We  may  obtain  the  corresponding  equations  for 
the  second  derivatives. 

We  know  that  at  k  ■*  0;  a  *  2,  X*  ■*  4,  9  —  1,  a  «■  p  —  m  *  «  ■*  0.  Thus 
we  readily  obtain  9^(0),  9''(0),  p'(0),  •  ■  •  ,  where  primes  denote  derivatives  with 
regard  to  k.  We  then  obtain  (say)  ^(.l)  —  1  -b  .l9'(0)  -b  .0059^(0),  and  the 
corresponding  quantities  p(.l),  ■  ■  *  ,  and  may  now  proceed  to  use  our  system 
of  differential  equations  to  find  p'(.l),  9'(.1),  •  •  •  .  Then  p(.2)  «  p(0)  -f  .2p'(.l) 
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and  so  on.  When  the  values  (Table  1)  obtained  are  substituted  in  the  original 
exact  equations,  the  check  is  excellent. 
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NEW  PROOFS  OF  THE  THEOREMS  OF  KASNER  CONCERNING 
THE  INFINITESIMAL  CONTACT  TRANSFORMATIONS 
OF  MECHANICS* 

Bt  Johk  Db  Cioco 

1.  The  theorems.  We  submit  new  proofs  of  the  theorems  of  Kasner  concerning 
the  infinitesimal  contact  transformations  of  general  dynamics.*  The  theorems 
deal  with  the  nature  of  two  dynamical  systems  of  the  same  number  of  degrees 
of  freedom,  for  which  the  commutator  or  alternant  of  the  associated  infinitesimal 
contact  transformations  is  a  point  transformation.  The  main  result  states  that 
this  situation  can  arise  when  and  only  when  the  expressions  for  the  kinetic  energy 
are  the  same  or  differ  by  a  factor  which  depends  only  on  the  n  generalized  coor¬ 
dinates.  The  final  result  is  the  following  converse  proposition.  Two  infinites¬ 
imal  contact  transformations  with  the  same  transversality  law  will  have  a  point 
transformation  for  conunutator  if  and  only  if  they  are  associated  with  two 
dynamical  systems  of  the  type  described  above. 

We  shall  prove  these  theorems  for  homogeneous  contact  transformations. 
The  methods  are  those  of  the  tensor  calculus. 

2.  Infinitesimal  contact  transformations.  In  this  section,  we  shall  collect  the 
various  concepts  and  formulas  about  infinitesimal  contact  transformations  which 
are  necessary  to  prove  the  theorems  of  Kasner. 

An  element  (x;p)  =  (i*;p,)  =  (x*,  •  •  •  ,  x";  pi ,  •  •  •  ,  p,)  of  a  space  V»  of  n 
dimensions  consists  of  a  point  (x)  =  (x*)  =  (x*,  •  •  •  ,  x*)  and  a  covariant  vector 
(p)  =  (p^)  =  (pi ,  •  •  •  ,  p»).  A  set  of  oo"“*  elements  forms  a  union  if  the  con¬ 
dition  pidx*  =  0,  is  satisfied.  Thus  in  the  case  of  a  union,  if  the  points  (x^)  de¬ 
scribe  the  (n  —  1)  dimensional  manifold  F(x)  =  F(x*,  •  •  •  ,  x")  =  0,  then  the 
Pi  being  proportional  to  the  partial  derivatives  dFfdx*,  are  the  components  of 
the  CO  variant  normal  to  the  manifold. 

A  transformation  of  elements 

(1)  r  =  X\x-,p),  Pi  =  Pi{xrp)i 

where  the  jacobian-matnx  is  of  rank  2n  in  a  certain  region  of  2n  dimensional 
space  (x;p),  is  called  a  homogeneous  contact  transformation  if  and  only  if  the  dif¬ 
ferential  expression  p,-  dx',  is  invariant.*  The  necessary  and  sufficient  conditions 
for  a  homogeneous  contact  transformation  are 


These  are  all  the  transformations  of  elements  converting  unions  into  unions. 

A  one-parameter  group  Gi  of  element  transformations  is  generated  by  the 
infinitesimal  transformation 

(3)  hx*  ==  X’  -  X*  =  €‘(x;p)i<,  «pi  =  Pi  -  p<  =  jj,(x;p)«, 

*  Presented  to  the  American  Mathematical  Society,  February,  1947. 
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where  It  is  an  infinitesimal.  The  necessary  and  sufficient  conditions  that  this 
Gi  be  a  one-parameter  group  of  homogeneous  contact  transformations  is  that  the 
infinitesimal  transformation  (3)  be  of  the  contact  type.  Therefore  upon  sub¬ 
stituting  (3)  into  (2),  it  is  found  that  (3)  is  an  infinitesimal  homogeneous  con¬ 
tact  transformation  if  and  only  if 

(4)  ^  ^  ^ 

Upon  setting  we  find  from  these  equations  that  F  is  homogeneous 

in  the  p's  of  degree  one  and  that  the  and  jn  are  given  by  the  expressions 


(6) 


dx' ' 


Moreover,  along  the  trajectories  of  the  group  Gi ;  F  is  the  same  constant.  For 
since  the  trajectories  of  (3)  are  defined  by  dx*  =  f*  dt,  dpi  =  rii  dt,  it  follows  by 
(6)  that  dF  »  — if.dx*  -f-  {*dp,  *«  0.  Hence  the  p’s  may  be  so  chosen  that  F  is 
unity  along  all  the  trajectories  of  the  group  Gi  except  for  the  singular  trajec¬ 
tories. 

An  infinitesimal  homogeneous  contact  transformation  is  defined  by  the  equations 


(6) 

where  the  characteristic  function  F  =»  F(x;p)  is  homogeneous  of  degree  unity,  and 
the  p's  are  so  chosen  that  F  is  one  along  the  non-singular  trajectories  of  the  one- 
parameter  group  Gi  generated  by  this  infinitesimal  transformation.  Moreover 
the  symbol  VF  of  this  group  Gi  is 


(7) 


UF 


dpa  dxf 


dx*  dp 


Now  suppose  we  have  two  different  one-parameter  groups  of  contact  trans¬ 
formations  with  characteristic  functions  Fi  and  Ft  and  with  symbols  UiF  = 
(Fi ,  F)  and  UtF  =  (F| ,  F)  respectively.  The  formation  of  the  commutator 
or  alternant  {Ui ,  Ut)F  «  {UiUt)F  —  (UtUi)F  yields  the  following  result. 

The  commutator  {Ui ,  Ut)F  =  (f/il7i)F  —  {UiUi)F,  of  the  symbols  U\F  = 
(Fi ,  F)  and  UtF  *  (F| ,  F)  representing  two  one-parameter  groups  of  homogeneous 
contact  transformations  with  characteristic  functions  Fi(x;p)  and  Ft(x;p)  respec¬ 
tively,  is  the  symbol  of  another  one-parameter  group  of  homogeneous  contact  trans¬ 
formations.  The  characteristic  function  Ft(x;p)  of  this  new  group  is 


(8) 


r,  -  (r..r,) 


dx*  dpt’ 


Of  course,  F*  is  homogeneous  of  degree  one  in  the  p's. 


JOHN  DE  CTCCO 


For,  by  (7)  it  is  seen  that  the  commutator  is 

(u  u  )F  ^  dTt  d'Tt  _  m  d'r, 

*•  \3pi  3p,AE*  dx*  dp.dpk  dx*  dp.dpt 


d'Ti  \  ^ 
dph  dp*dx^/  dx* 

_ _ d*ri  \  ^ 

\dpk  dx*  dx*  ^  3x*  dx*  dp»  dx*  dx*  dpi  dpi  dx*  dx^/  dp«  ' 

Thus  the  coefficient  of  dF/di*  is  the  partial  derivative  of  r*  =  (Fi ,  F*)  of  (8) 
with  respect  to  p,  and  the  coefficient  of  dF/dp,  is  the  negative  of  the  partial 
derivative  of  F|  =  (Fi ,  Ft)  of  (8)  with  respect  to  x*.  This  establishes  the  fact 
that  Ft  (Fi ,  Ft)  is  the  characteristic  function  of  the  new  infinitesimal  trans¬ 
formation. 

3.  The  infinitesimal  contact  transformation  associated  with  a  dynamical  system. 
This  subject  was  developed  by  Lie*  and  later  studied  by  Vessiot*.  In  this  sec¬ 
tion,  we  shall  give  a  survey  of  some  of  the  results  needed  for  our  work. 

Consider  a  conservative  dynamical  system  with  n  degrees  of  freedom.  Its 
potential  energy  V  is  a  function  of  the  n  generalised  coordinates  x',  that  is, 
V  »  V’(x);  and  its  kinetic  energy  T  is  a  quadratic  form  in  the  n  generalised 
velocity  components,  that  is,  T  is  of  the  form 

(10)  T  = 

where  (i‘,  •  •  •  ,  i")  are  the  components  of  the  contra  variant  velocity  vector  and 
the  9i7(x)  are  the  components  of  a  symmetric  co variant  tensor  of  second  order 
for  which  |  ga  |  ^  0.  The  sum  of  the  potential  energy  V  and  the  kinetic  energy 
T  is  constant,  that  is. 


where  E  is  the  constant  of  energy. 

Let  g*’  be  the  quotient  of  the  cofactor  of  gtf  in  the  matrix  {gif)  by  the  deter¬ 
minant  1  ga  I ,  so  that  =  h).  If  g^i^  =  pi ,  then  g*’p,pi  ==  giii*x\  Fi¬ 

nally  let  X(x)  =  I2(F  —  F)]“‘^*  so  that  X  is  a  function  of  (x). 

The  function  F(x;p)  defined  by  the  equation 

(12)  '  F  =  \{xW'p(Pif\ 

is  the  characteristic  function  of  the  infinitesimal  contact  transformation 


where  the  parameter  s  is  defined  by 


The  transformation  (13)  is  called  the  infinitesimal  contact  transformation  asso¬ 
ciated  with  the  dynamical  system.  The  form  (14)  is  preferred  to  the  usual  form: 
d«*  =  9ii  dx*  dxf  as  it  allows  for  the  interpretation  into  dynamical  types. 
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The  trajectories  of  the  (i}mainical  system  corresponding  to  a  fixed  value  of 
the  energy  E  form  a  natural  family  and  are  in  one-to-one  correspondence  with 
the  geodesics  of  the  riemannian  manifold  with  the  fundamental  form  (14). 

As  defined  by  Kasner,  the  direction  determined  by  the  vector  of  components 
{ix*)  connecting  the  point  (x)  of  any  element  (x,7>)  and  the  point  (X)  of  the 
transformed  element  {X\P)  under  any  infinitesimal  contact  transformation  (6) 
is  said  to  be  tranweraat  to  the  direction  (p).  For  the  transformation  (13),  this 
transversality  condition  is  orthogonality  with  respect  to  the  riemannian  mani¬ 
fold  (14).  This  condition  of  orthogonality  is  equivalent  to  stating  that  each 
point  is  carried  into  an  infinitesimal  geodesic  hypersphere.  These  hyper¬ 
spheres  are  of  equal  radius  if  X  =  1  (or  constant),  in  which  case  (13)  is  called  a 
generalized  infinitesimal  dilatation.  Finally  it  is  noted  that  the  transversality  of 
(13)  is  involutorial. 

4.  Proof  of  the  main  theorem  of  Kasner  concerning  the  infinitesimal  contact 
transformations  of  mechanics.  We  shall  find  it  convenient  to  discuss  this  main 
result  as  two  separate  theorems,  firstly  the  direct  part,  and  secondly  the  con¬ 
verse. 

Let  r(x;p)  be  homogeneous  of  degree  one  in  the  p’s  and  let  X(x)  and  n{x)  be 
arbitrary  functions  of  (x).  These  functions  X  and  fi  are  not  related  to  the  X  of 
(12)  of  the  preceding  section.  The  functions 

(16)  n  =  X(x)r(x;p),  r,  =  M(x)r(x;p), 

are  the  characteristic  functions  of  two  infinitesimal  contact  transformations 
with  the  symbols  UiF  =  (XT,.  F)  and  UtF  =  (itT,  F)  respectively.  By  (8), 
*  the  commutator  (I7i,  U^F  represents  an  infinitesimal  contact  transformation 
with  characteristic  function 

(16)  r..(r..r,)-(x^-M^)r^. 

Theorem  1.  If  two  dynamical  systems  lead  to  the  same  expression  for  the  kinetic 
energy,  the  commutator  of  the  associated  infinitesimal  contact  transformations  is  a 
point  transformation. 

For  by  hypothesis,  it  is  deduced  from  (12)  that  the  characteristic  functions  of 
the  associated  infinitesimal  contact  transformations  are  given  by  (15)  where 
r*  =*  •  Hence  substituting  this  value  of  r  into  (16),  we  find  that  the 

characteristic  function  Fj  of  the  commutator  is 

(17)  r.  =  (r..r,)  =  (x^-.^|)(,-pO. 

Since  this  is  linear  in  the  p’s,  it  follows  by  (6)  that  the  commutator  represents  a 
point  transformation. 

Theorem  S.  If  the  commutator  of  the  associated  infinitesimal  contact  transfor¬ 
mations  of  two  dynamical  systems  is  a  point  transformation,  then  the  expressions 
for  the  kinetic  energy  of  the  two  dynamical  systems  are  the  same  or  differ  merely 
by  a  factor  whidi  depends  only  on  then  generalized  coordinates. 
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From  (12),  it  is  seen  that  the  characteristic  functions  of  the  associated  con¬ 


tact  transformations  of  two  dynamical  systems  may  be  assumed  in  the  forms 

(18)  r!  =  j7’W/,  = 

By  (8),  the  characteristic  function  Fj  of  the  commutator  is 

For  this  to  be  the  characteristic  function  of  a  point  transformation,  Fj  must  be 
linear  integral  in  the  p’s.  Hence  it  is  necessary  that  Fi  be  rational  in  the  p’s. 
Assuming  that  neither  Fi  nor  Fi  represents  a  point  transformation  (which  cases 
have  no  dynamical  interest),  it  is  seen  from  (19)  that  the  quadratic  forms  in  (18) 
can  differ  only  by  a  factor,  that  is,  —  \{x)g*\x).  Therefore  the  two 

dynamical  systems  are  such  that  the  expressions  for  the  kinetic  energy  are  the 
same  or  differ  merely  by  a  factor. 

Theorems  1  and  2  together  constitute  the  main  theorem  of  Kasner  which  was 
first  stated  and  proved  in  1910.  Kasner  showed  that  Theorem  1  may  be  restated 
in  geometrical  language  as  follows. 

Theorem  S.  IJ  two  infinitesimal  contact  transformations  lead  to  the  same  linear 
invotutorial  law  of  transversals,  the  commutator  is  a  point  transformation. 

This  follows  from  Theorem  1  and  the  fact  that  the  transversality  defined  by 
6x*  =  \*g*^pi6s,  is  unchanged  when  X  is  changed  in  value. 

5.  Pairs  of  infinitesimal  contact  transformations  with  the  same  transversality 
laws  and  xoith  point  transformations  for  commutators.  We  shall  state  and  prove  * 
the  following  proposition  of  Kasner.  * 

Theorem  Two  infinitesimal  contact  transformations  with  the  same  trans¬ 


versality  law  will  have  a  point  transformation  for  commutator  if  and  only  if  they 
are  associated  with  two  dynamical  systems  for  which  the  expressions  for  the  kinetic 
energy  are  the  same  or  differ  merely  by  a  factor. 

First  of  all  we  shall  prove  that  if  two  infinitesimal  contact  transformations 
with  the  characteristic  functions  F(x;  p)  and  ffx;  p)  have  the  same  transversality 
law,  then  T  =  X(x)F.  For  by  (6),  we  must  have 


(20) 


dT 

dpm/  dp. 


^  /?L 

dp»/  apb 


for  a,  h 


1,- 


n. 


Hence  by  the  theory  of  jacobians,  we  have  T  =*  F(x;F).  Since  F  and  T  are 
homogeneous  of  degree  one  in  the  p’s,  it  follows  by  Euler’s  theorem  on  homoge* 
neous  functions  that 


(21)  p,|£  _p.|£jPr-rPr  -P. 

op,  op. 

Hence  F  =  X(x)  F  so  that  T  =  X(x)  F. 

The  characteristic  function  Fj  of  the  commutator  of  the  infinitesimal  con¬ 
tact  transformations  whose  characteristic  functions  are  F(x;p)  and 
r  =  X(x)F(x;p),  is 
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(22) 


r  =  i  A  r* 

*  ’  dp. 


Therefore  the  commutator  will  represent  a  point  transformation  if  and  only  if 

d\  a*r* 


(23) 


dx*  dpadphdpt 


0. 


Suppose  at  least  one  of  the  third  order  partial  derivatives  d^T^/dp^ptdpe, 
is  not  zero.  Then  (23)  defines  a  linear  homogeneous  partial  differential  equa¬ 
tion  of  first  order  in  the  function  X.  By  standard  theory,  this  has  (2n  —  1) 
functionally  independent  solutions,  and  any  other  solution  is  a  function  of  these. 
Now  evidently  (pi ,  •  •  •  ,  p*)  are  n  functionally  independent  solutions.  Hence 
there  exist  (n  —  1)  functionally  independent  solutions  Xi(x),  •  •  •  ,  X«_i(x),  de¬ 
pending  on  (x)  only.  Replacing  X  by  each  of  these  values,  it  follows  that 
d*T*/dp,dptdp,  are  proportional  to  functions  of  (x)  only.  But  d*r*/dp»dp,  is 
homogeneous  of  degree  zero  so  that  by  Euler’s  theorem  on  homogeneous  func¬ 
tions,  we  have 


(24) 


dp,dpidp. 


0. 


Hence  since  the  third  order  partial  derivatives  of  T  with  respect  to  the  p’s  are 
proportional  to  functions  of  (x)  only,  it  follows  that  they  must  vanish  identi¬ 
cally.  This  is  a  contradiction  of  our  hypothesis. 

By  the  preceding  argument,  it  follows  that 

(26)  -  0  for  a,  6,  c  -  1,  2,  •  •  •  ,  n. 

Hence  r’  is  a  homogeneous  quadratic  form  in  the  p’s.  From  this.  Theorem  4 
follows. 
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A  HEURISTIC  EXPOSITION  OF  WIENER’S  MATHEMATICAL 
THEORY  OF  PREDICTION  AND  FILTERING 
Bt  Norman  Lxvinbon 

Consider  the  function  of  time  f(t)  which  is  the  sum  of  a  function  g{t)  and  a 
disturbance, /(<)  —  g{t).  How  can  we  best  extract  g{t)  from  fit)?  This  is  the 
problem  of  filtering. 

More  generally  how  can  we  best  determine  git  +  h)  from/(f  —  T),0^r<  «? 
If  A  >  0  we  have  here  a  problem  in  prediction  as  well  as  in  filtering. 

In  case  fit)  »*  git)  then  there  is  no  problem  of  filtering  but  there  may  still  be 
a  prediction  problem,  i.e.  finding  of /(f  +  h)  from/(<  —  t),  0  ^  r  <  <».* 

An  explicit  solution  to  this  problem  was  given  by  N.  Wiener  in  1942  in  a  docu¬ 
ment  not  publicly  available.  Here  we  shall  present  an  expository  account  of 
Wiener’s  linear  theory  making  several  minor  departures  from  Wiener’s  procedure. 
Moreover  we  shall  deal  mainly  with  the  analjrtic  rather  than  the  statistical 
aspects. 

The  theory  developed  here  will  apply  if  the  function,  fit),  possesses  an  auto¬ 
correlation  function, 

♦(f)  *  lim  ^  f  fit  +  t)/(t)  dr; 

if  git)  possesses  an  auto-correlation  function  7(f);  and  if  the  cross  correlation 
1 

function,  xit)  —  lim  ^  /  git  +  t)/(t)  dr  exists.  The  importance  of  the 
2T  J-T 

auto-correlation  function  will  be  seen  from  Sec.  1  which  follows.  In  case 
fit)  =  9it)  then  xit)  ==  7(f)  =  ♦(f).  We  shall  further  assume  that  ♦(f)  and  x(0 
are  continuous  and  that  each  has  a  Fourier  transform.  These  requirements 
eliminate  from  the  scope  of  the  theory  such  functions  aafir)  =  !,—<»  <  t  <  t 
or  fir)  =  sin  OT,  —  «  <  t  <  f.  Each  of  these  functions  has  a  ♦(f)  which  does 
not  tend  to  zero  as  |  f  |  — »  qo  and  therefore  has  no  Fourier  transform.  In  fact, 
these  requirements  exclude  all  elementary  functions.  However,  all  the  ele¬ 
mentary  functions  are  perfectly  predictable  and  therefore  their  exclusion  in¬ 
volves  no  real  loss. 

It  is  necessary  to  subtract  the  perfectly  predictable  component  from  a  func¬ 
tion,  fit),  before  applying  the  theory  presented  here.  Thus  if  the  average  of 
fit)  is  not  zero  it  should  be  subtracted  from  /(f). 

1.  The  Autocorrelation  Function.  In  the  linear  theory  of  prediction  and 
filtering  we  attempt  to  express  git  -|-  h)  in  terms  of  a  linear  combination  of 
values  of  fit  —  t)  where  t  >  0.  One  way  of  doing  this  would  be  to  select  several 
values  of  T  ,  T,  >  0,  and  try  to  choose  coefficients,  o*  ,  so  that 

*  For  further  background  on  this  problem  see  the  introduction  in  an  earlier  paper  of  the 
author,  Tke  Wiener  RMS  Error  Criterion  tn  Filter  Deeign  and  Prediction,  J.  Math,  and  Phys. 
U,  261-278,  1946. 
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(1.0)  Za./(f-T») 

0 

gives  an  optimum  prediction  of  git  +  h).  This  procedure  has  much  to  recom¬ 
mend  it  in  practice  and  is  easy  to  carry  through.  A  more  general  procedure  is 
to  attempt  to  predict  the  value  of  fit  -|-  h)  by  means  of 

(1.1)  [  fit  -  r)  dK(,). 

This  latter  expression  involves  only  the  past  of  fit)  since  t  >  0  in  (1.1). 

Another  example  of  an  operation  on  the  part  of  fit)  is 

(1.2)  r,  >0. 

0 

where  denotes  the  nth  derivative  of  /. 

It  will  be  convenient  for  purposes  of  exposition  to  use  the  form 

(1.3)  Jf  fit  -  r)Kir)  dr 

which  appears  to  be  more  restrictive  than  (1.1)  and  not  to  include  (1.2).  Actu¬ 
ally  the  method  of  treatment  used  will  be  such  that  the  result  will  come  out  as 
an  operator  on  fit  —  r).  This  operator  may  be  of  the  form  of  (1.3)  but  it  also 
can  be  more  general  in  nature  and  can  include  the  cases  (1.1)  and  (1.2).  Thus 
our  assumed  form  (13)  is  no  real  restriction. 

The  question  we  ask  is:  How  shall  we  choose  the  operator  Kir)  so  that  for  a 
prescribed  h  ^  0, 

(1.4)  git  +  A)  -  j[*/(l  -  r)Kir)  dr 

is  as  small  as  possible?  Before  answering  this  question  we  must  decide  what  we 
mean  by  the  phrase  “as  small  as  possible.”  Here  we  shall  mean  that  the 
average  (with  respect  to  t)  of  the  square  of  (1.4)  should  be  a  minimum.  To  be 
precise,  let 

(1.5)  -  Urn  ^  £'  [»(«  +  A)  -  jf"  /«  -  r)K(r)  dr  J  it. 

Our  question  now  becomes:  What  choice  of  Kir)  will  make  I  a  minimum? 

If  we  expand  the  right  member  of  (1.6)  we  get,  inverting  limits  freely, 

/[K]  -limi/' !,’((  + A)  d< 

J-r 

(1.6)  -2  Kir)  *  Urn  ^  £  git  +  h)fit  -  r)  dt 

+  £  Kin)  dn  £  Kirt)  dr,  ^  £/«  -  Ti)fit  -  r,)  dt, 
the  last  term  of  which  arises  from  the 
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(1.7) 


Kir)f{t  - 


IncidentAlly,  since  (1.7)  is  non-negative,  it  follows  that  the  last  term  of  (1.6) 
is  also  non-negative. 

The  right-hand  member  of  (1.6)  becomes  considerably  simplihed  if  we  intro¬ 
duce  the  autocorrelation  functions  <t>,  x  &nd  y.  A  consequence  of  the  existence 
of  ^{t)  is  that  for  any  a,  b,  and  c 

-  c)  *  lim  —  /  fit  +  r)/(T  +  c)  dr. 

r-»tp 


A  similar  result  is  true  for  x  and  y.  This  last  result  can  be  used  to  show  that 
^(0  and  7(0  are  even  functions.  We  also  use  it  to  rewrite  (1.6)  as 


(1.8) 


/[A:1  »  7(0)  -  2  j[  K(T)xih  +  t)  dr 


+  Kin)  dn  Kin)^in  —  n)  drt 


Since  our  problem  is  to  find  Kir)  so  as  to  minimize  I,  we  see  from  (1.8)  that 
the  question  of  what  K  to  choose  so  as  to  get  an  optimum  value  for  git  -f  h) 
does  not  depend  on  fit)  and  git)  directly  but  rather  on  ^(0  and  xit),  the  correlation 
functions.  This  is  a  most  important  point.  Finding  K  depends  on  knowing 
two  statistical  functions  of  /  and  g  rather  than  on  knowing  /  and  g  themselves. 
If  we  find  two  ensembles  of  functions  {/(<)}  and  having  the  same  correla¬ 

tion  functions,  y  and  x>  then  we  can  choose  a  Kir)  that  will  give  us  the  best 
prediction  of  git  -f  h)  in  terms  of  the  past  of  fit)  for  every  g  and  fin  the  respective 
ensembles. 

Since  the  last  term  in  (1.6)  is  non-negative  it  follows  that  the  last  term  in 
(1.8)  to  which  it  is  equal  must  also  be  non-negative.  Thus  for  any  K  and  any 
autocorrelation  function. 


(1.9) 


Kin)  dr,' KirMn  -  t.)  dr  >  0. 


2.  The  Integral  Equiition.  If  Kir)  actually  makes  I  a  minimum  this 
means  that  replacing  Kir)  by  Kir)  -f  t  Mir),  where  c  is  a  real  number  and 
Af(r)  is  a  function  of  r,  must  increase  I.  That  is 

UK  +  tM)  ^  UK). 

From  (1.8)  we  have 

I[K  +  tM]  --  I[K\  -  2*  xir  +  h)Mir)  dr 

-j-  2*  Mir)  dr  KiTi)^iT  —  Ti)  dri 


Or 

(2.0) 

where 
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I[K  +  €3f]  -  I[K]  -  2tJi  +  cV, 


/»  =  Af(T)^x(T  +  —  ti)K(ti)  dn^  dr 


and 


7i  =  M(t)  dr  ^(t  —  Ti)Af(Ti)  dn  . 

Now  if  for  some  M(t),  Ji  5^  0,  then,  by  changing  the  sign  of  M{t)  if  necessary, 
we  have  Ji  >  0.  Writing  (2.0)  as 

(2.1)  I[K  +  cM]  «  I[K]  -  2t(A  - 

we  see  that  since  di  >  0  we  can,  by  making  e  small  enough,  make  Ji  —  \tJi  >  0. 
Thus  (2.1)  gives  us 

I{K  +  *M]  <  /[iC] 

which  is  impossible.  Therefore  *  0  for  any  M(t). 

Clearly  we  will  have  di  =  0  for  any  M{r)  if 

(2.2)  x(t  +  k)-j^  -  r)A:(T)  dr  -  0,  <  ^  0. 

'  It  is  important  to  note  that  (2.2)  need  hold  only  for  f  ^  0  since  M{t)  *  0,  t  <  0. 
Conversely,  the  fact  that  Ji  =  0  for  any  Af(T)  implies  (2.2).  Thus  if  Kir) 
minimizes  I[K],  then  (2.2)  must  hold. 

With  (2.2)  valid,  =  0  and  (2.0)  becomes 

I[K  +  tM]  =  I[K]  +  t*J, . 

As  we  saw  in  (1.9),  7*  ^  0.  This  implies  that  I[K  +  «il/]  ^  I[K].  We  see 
then  that  (2.2)  is  not  only  a  necessary  but  is  also  a  sufficient  condition  for  /[/C] 
to  be  a  minimum.  The  problem  has  thus  been  reduced  to  the  solution  of  the 
integral  equation  (2.2)  for  the  function  K.* 

*  In  the  integral  equation  (2.2),  K  is  unknown  and  x  and  ^  are  known.  The  equation 
might  be  called  a  Wiener-Hopf  integral  equation  of  the  first  kind.  In  the  Wiener-Hopf 
equation  itself  it  is  necessary  to  restrict  the  kernel  ^  to  be  exponentially  small  in  magnitude. 
When  transforms  are  taken  this  provides  a  strip  in  the  complex  plane  in  which  to  match  up 
factors.  In  the  present  case  no  such  strip  is  available  and,  as  will  be  seen,  factorization  is 
carried  out  on  the  real  axis  of  the  complex  plane.  The  W-H  equation  of  the  first  kind  also 
arises  in  some  problems  of  electromagnetic  theory  as  has  been  shown  by  Schwinger.  [See 
for  example,  the  Reflection  of  an  Electromagnetic  Plane  Wave  by  an  Infinite  Set  of  Plates  I, 
by  J.  F.  Carlson  and  A.  E.  Heins,  Quarterly  of  Appl.  Math.  4,  p.  313,  (Jan.  1947).]  How* 
ever  in  the  equation  discussed  by  Carlson  and  Heins,  there  is  available  a  strip  of  regularity 
for  matching  factors.  Therefore  their  method  of  solution  follows  that  of  the  original 
W-H  equation. 
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8.  The  Modified  Integnl  Equation.  Since  the  second  term  in  (2.2)  is 
the  form  of  a  convolution,  it  is  natural  to  conclude  that  this  equation  can 
solved  for  K{t)  by  use  of  the  Fourier  transform  theorem.  However,  because  of 
the  requirement  that  (2.2)  holds  only  for  f  ^  0,  this  conclusion  is  false.  To  see 
precisely  why  the  Fourier  transform  does  not  work,  let  us  try  it. 

Multiplying  both  sides  of  (2.2)  by  «**'  and  integrating  for  f  >  0  we  have 

(3.0)  xit  +  ^)«*“‘  df  -  j[  «'“*  dt  -  t)  dr. 

But  the  right  member  above  is  equal  to 


K{t)  dr  -  t)  dt. 


Setting  f  =*  «  +  T,  we  get  for  (3.0) 

(3.1)  j["  ^(f  +  fc)c*’“  dt--  KiT)e*"  dr  JT  c*-  <f>(s)  ds. 

Now  in  the  usual  case  the  limits  in  the  last  integral  would  not  involve  r  but  would 

be  fixed.  In  that  case  the  last  equation  could  be  solved  for  dr  = 

k(M)  from  which  ^(t)  can  be  determined.  Here  however  there  is  no  simplifica¬ 
tion.  Nevertheless,  since  r  ^  0,  rwHce  that  the  last  integral  would  not  involve  r  if 
^(t)  —  0,  t  <  0.  Of  course  this  last  requirement  is  impossible,  but  the  general 
idea  can  be  exploited  as  we  shall  now  proceed  to  do. 

We  replace  ^  by  a  function  which  vanishes  for  negative  t.  This  is  achieved  / 
as  follows.  We  introduce  the  functions  ^i(t)  and  ^t(t)  such  that  • 

(3.2)  M)  “0,  <  <  0,  (3.3)  M)  “0,  <  >  0, 


^(0  =  hi'r'hf'til  —  t)  dr. 


Of  course  it  is  necessary  to  show  that  this  is  possible.  This  we  shall  do  later. 
Using  (3.4)  in  (2.2)  and  also  using  (3.3)  we  get 

(3.5)  x(t  h)  =  j*  \lfi(r)  dr  rf>i{t  —  r  —  s)K{s)  ds,  t  >  0. 

Now  if  it  is  possible  to  find  an  a{t)  such  that 


x(0  “  “  t)^(t)  dr} 


then  (3.5)  becomes 


J*  a(^  +  A  —  r)^ir)  dr  —  £  ^t(T)  ^  ^i(t  —  r  —  s)K(s)  ds, 


From  this  we  find 


Lm  +  h  —  r)  —  —  T  —  »)K{s)  dr  —  0, 


.a 
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Cleariy  this  equation,  and  therefore  also  (2.2),  will  hold  if 

o(<  +  h  —  t)  —  “  T  —  9)K{s)  ds  ■>  0,  <  >  0,  T  <  0. 

Or  since  t  —  r  >  0,  the  above  is  equivalent  to 

(3.7)  a(t  h)  =  Mt  -  «)^(«)  ds,  i>0. 

Therefore,  we  have  only  to  solve  (3.7)  for  K(t)  in  order  to  minimize  I.  The 
equation  (3.7)  has  the  same  form  as  (2.2)  except  that  fi(<)  =  0,  t  <  0,  and 
consequently  (3.7)  toiU  yield  to  the  Fourier  transform  method. 

Of  course  everything  depends  on  our  being  able  to  find  a  ,  and  ^  satisfying 
(3.2),  (3.3)  and  (3.4).  We  observe  that  (3.4)  is  an  integral  equation  of  the 
ordinary  convolution  type  which  we  want  to  solve  for  two  functions  and 
subject  to  auxiliary  conditions  (3.2)  and  (3.3).  Since  (3.4)  and  (3.6)  involve 
ordinary  convolutions,  they  can  be  simplified  by  use  of  the  Fourier  transform. 


4.  The  Factorization  Problem.  We  proceed  now  to  find  and  a.  Once 
this  is  done,  solving  (3.7)  for  K  will  be  a  simple  and  routine  Fourier  transform 
problem.  Let 

(4.0)  0(t)c'*‘  dt  -  ♦(«). 

Then  by  the  Fourier  transform  theorem 
'(4.1)-  ^(0  =  1  j[\(t,)«-‘-‘ du. 

Similarly  if 

(i2)  '  j[*^i(t)e**‘d/-4',(M), 

then 


^  du. 


and  an  analogous  result  holds  for  ^(0*  Multiplying  (3.4)  by  e'*‘  and  integrating 
we  have 

♦(li)  *«  ^(t)  dr  if/i(t  —  t)  dt. 

Setting  t  —  T  —  svre  get 

(4.4)  ♦(!*)  =  4'i(M)>k*(u). 

The  equation  (4.2)  gives  us,  if  ic  =  u  -{-  iv, 
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i 

I  and 

!  (4.6)  '*';(«>)  =  dt. 

In  the  upper  half-plane  v  >  0,'^i(tp)  is  determined  as  a  finite  function,  since  for 
I?  >  0,  the  term  e~’‘  in  (4.6)  assures  the  convergence  of  the  integral.  Thus4'i(to) 
defined  by  (4.5)  is  an  anal}rtic  function  of  w  in  the  upper  half-plane  t;  >  0.  Also 
'i'i(w)  is  a  bounded  function  in  the  upper  half-plane  p  ^  0.  We  observe  then 
that  l/ie  Fourier  transform  of  a  function  vanishing  over  ( —  « ,  0)  t«  analytic  and 
bounded  in  the  upper  half-plane.  Also  the  Fourier  transform  of  a  function 
vanishing  over  (0,  «)  is  anal}rtic  and  bounded  in  the  lower  half -plane. 

The  converse  of  this  result  is  also  true.  For  suppose  that  4^1(10)  is  analytic 
and  bounded.  Then  the  integral 

hit)  “  ^  dw 

can  be  shown  to  be  zero  for  f  <  0  simply  by  closing  the  path  of  integration  in 
the  upper  half-plane  and  using  Cauchy’s  integral  theorem.  The  fact  that  e*'  is 
small  for  f  <  0  and  large  v  makes  this  step  legitimate.  Thus  we  conclude  that 
if  a  function  is  analytic  and  bounded  in  the  upper  half -plane  its  Fourier  transform 
*  vanishes  over  (  —  «,  0).  Similarly  the  Fourier  transform  of  a  function  analytic 
and  bounded  in  the  lower  half -plane  vanishes  over  (0,  «). 

Combining  this  fact  with  (4.4),  ♦(«)  =  4'i(M)4'j(ti),  we  see  that  the  problem^ 
of  finding  ^i(<)  is  reduced  to  the  problem  of  factoring  $(m)  into  two  factors,  ^i(w)  ^ 
and  4'j(m),  such  that  4'i(m  -|-  iv)  is  analytic  and  bounded  in  the  upper  half -plane 
V  >  0,  and  4'i(m  -f-  iv)  is  analytic  and  bounded  in  the  lower  half -plane,  v  <  0. 

Before  attempting  to  factor  ♦(u),  we  observe  that  4>(u)  ^  0.  [This  result  is 
established  in  Wiener’s  theory  of  Generalized  Harmonic  Analysis,  Acta  Math. 
55,  pp.  117-258,  1930.  In  fact  4>(m)  is  the  density  of  the  energy  of  f{t)  at  fre¬ 
quency  u.  Thus  it  must  be  positive.]  If  '^liu  -H  iv)  =  P{u,  v)  -H  iQiu,  v)  is 
analytic  for  p  >  0,  then  it  follows  at  once  from  the  Cauchy-Riemann  equations, 
that4'j(M  -H  iv)  =  P(m,  —  p)  —  iQ(u,  —v)  is  analytic  for  p  <  0.  Moreover  using 
the  bar  to  denote  the  conjugate  complex  number  we  see  that4't(u)  =  ’^j(tt),  so 
that  4'i(w)  ♦*(«)  >  0.  In  other  words,  by  choosing  4'j(u,  p)  as  P(u,  —v)  — 
iQ(u,  —v)  we  satisfy  the  requirement  't(u)  >  0.  Moreover  since 

'i'i(u)  ^s(u)  =  1 4'i(u)  I  *  =  4>(m) 

we  see  that 

(4.7)  |4'i(w)|  -  V*(^). 

Thus  the  problem  of  finding  ^i(<)  has  now  been  reduced  to  the  problem  of  finding 
4'i(u  +  iv)  analytic  and  bounded  in  the  upper  hcUf-plane  p  ^  0  krwwing  the  value 
of  I  4'i(m)  I  . 
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6.  The  Functions  and  a.  We  introduce  the  function 


X(ti>)  »  log’i'i(ip). 

If  we  write  \{w)  in  terms  of  its  real  and  imaginary  parts,  then  X(m  +  iv)  = 
P(m,  v)  +  iq(u,  v).  The  requirements  on  are  certainly  fulfilled  if  X(w)  is 
analytic  for  v  >  0,  if  is  bounded  for  r  >  0,  and  if 


(5.0)  p(w,  0)  =  §  log*(u). 

This  last  requirement  is  (4.7).  The  condition  that  X(u>)  be  analytic  for  r  >  0, 
is  equivalent  to  the  condition  that  p{u,  t>)  be  a  harmonic  function  for  r  >  0. 
In  this  way  all  our  requirements  can  be  8i)ecified  in  terms  of  p{u,  v). 

The  determination  of  the  harmonic  function,  p(u,  v),  taking  on  specified  values 
on  the  real  axis,  as  is  indicated  in  (5.0),  is  well  known.  In  fact 


(5.1) 


p(u,  v)  =  ^ 


log  «t>(s) 
(u  —  «)*  +  w* 


ds 


will  be  harmonic*  and  will  satisfy  (5.0).  The  integral  (5.1)  is  the  well  known 
Poisson  Integral,  and  is  a  bounded  function  for  r  >  0.  Thus  all  require¬ 

ments  on  p(u,  v)  are  fulfilled.  We  shall  also  have  occasion  to  use  the  fact  that, 
with  p(u,  v)  determined  by  (5.1),  is  very  limited  in  magnitude  for  r  >  0. 

(It  is  certainly  0(e*'*')  for  any  «  >  0.) 

If  R  denotes  “real  part  of,”  then 


V 

(m  — /)*  +  V* 

Thus  (5.1)  can  be  written  as 


P(m,  v) 


ilog«l>(s)  ^ 

tp  —  « 


Taking  account  of  the  fact  that  4>(«)  is  an  even  function  we  have 

w  log  ^(s) 


(5.2) 

Since  p(u,  v) 

(5.3) 


p(w,  v) 


^  t  f  wlog4 
T  J$  IP*  — 


ds. 


R\{w)  it  follows  from  (5.2)  that 
tp  log  ^(s) 


X(tp) 


il 


tp*  —  «* 


ds. 


We  recall  that 


Thus  we  have  completely  determined  i'l ,  and  with  it,  from  (4.3),  also  ^i(0' 
Not  only  is  'i'i(tp)  analytic  and  bounded  in  the  upper  half-plane  but  l/^i(tp)  »» 
is  also  analytic  in  the  upper  half-plane.  This  last  relationship,  which 
appears  to  be  incidental  here,  is  in  fact  a  basic  requirement  as  we  shall  see. 


*  If  the  integral,  (5.1),  diverges  then  Wiener  has  shown  /(()  can  be  predicted  perfectly 
from  its  past. 
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We  turn  next  to  (3.6) 

t)  du 

fxWe^'^dt 

J—m 

we  get  from  (5.4)  X(u)  —  A(m)4^*(m).  Thus  A(m)  *  X(u)/i'j(tt)  is  determined. 
We  find  a(t)  from  a(t)  =  «"  /  M^)  e~"‘‘ du.  Thus  ^i(0,  !^(0  and  a(0  are 

2t  tL-rn 

determined. 

6.  The  Prediction  Operator.  We  return  now  to  the  equation  (3.7), 
a(t  dr,  t  ^  0. 

Multiplying  the  equation  by  and  integrating  for  t  ^  0  we  find 
a(t  +  A)e‘“‘  dt~  K(t)  dr  -  t)®’*"  dl. 

Or  setting  t  —  r  >=  s, 

(6.0)  a(t  +  A)e‘“‘  cU’^  I  ^(t)^”"  dr  j["  ^i(«)e'**  ds. 

If  for  V  ^  0, 

(6.1)  *:(tc)  -  /C(t)c"" 

where  to  =  m  -f  to,  then  we  have  from  (6.0) 

(6.2)  A:(tr)  =  «(<  +  k)e”*‘  di/^i(ip). 

i 

We  have  thus  found  the  Fourier  transform  of  ^(t). 

In  order  that  K(t)  as  determined  from  its  Fourier  transform,  k(tD),  shall  be 
null  for  t  <  0,  it  is  necessary  for  k(w)  to  bf*  analytic  and  of  limited  growth  in 
the  upper  half  lo-plane.  Now  the  integral  on  the  right  side  of  (6.2)  defines  a 
bounded  analytic  function  for  o  ^  0.  As  has  already  been  indicated  by  the 
remark  in  the  paragraph  following  (5.1),  is  limited  in  magnitude  in  the 
upper  half-plane.  Thus  k(to)  as  given  by  (6.2)  is  analytic  and  limited  in  mag¬ 
nitude  in  the  upper  half-plane  [0(c**"')  for  any  *  >  0].  We  may  conclude, 
therefore,  that  K(t)  as  determined  from  A:(tr)  will  be  null  for  r  <  0.  Strictly 
speaking  k(u)  often  will  not  have  a  Fourier  transform  in  the  orthodox  sense  but 
is  rather  the  transform  of  an  operator  which  deals  only  with  the  interval  (0.  «). 
For  example  the  best  representation  of  g(t  +  h)  may  be  given  by  f'(0  and 


(8.4)  X«)  =  - 

Introducing  the  Fourier  transforms 

a(t)  c’“‘  dt  and  X(m)  = 
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not  by  /(t  —  t)K(t)  dr  at  all.  In  this  case  if  we  apply 

we  get/’(0  as  desired.  If  we  apply  [-sL  to  e**"  we  get  —iw.  Thus  in  this 
case  we  would  find  k(w)  =  —iw. 

Again  if  f(t  —  a)  should  be  used  in  the  representation  of  g{t)  this  is  the  result 
of  taking  [/«  -  t)]^  . 

Doing  this  to  e’*'  we  get  e***.  More  generally  then  if  we  find  as  a  result  of  using 
(6.2)  that 


k{w)  -  -w*  +  2W  -  +  — i-., 

UJ  +  » 

then  in  place  of  an  operation  on  f{t  —  r)  of  just  the  form  J  K{t)  dr  we  get 

^/(<  -  r)]^  +  2  -  /(,  -  +  [n,-  r)r  ir 

-  fit)  -  mt  -  1)  -  fit  -  «  +  f  fit  -  t),-’  dr. 
We  can  check  this  by  using  in  place  of  f(t  —  r)  getting 
-w*  +  2W  -  e**-  +  j["  e^e-^  dr 
which  is  in  fact  k(w). 
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AN  ALGORITHM  FOR  LEAST  SQUARES 

Bt  K.  L.  Nielsen  and  L.  Goldstein 

1.  Introduction.  The  problem  of  curve  fitting  by  the  method  of  least  squares 
is  a  classical  problem  in  mathematical  statistics.  The  literature  contains  nu¬ 
merous  methods  of  solution  each  designed  to  reduce  the  amount  of  arithmetic. 
The  modem  trend  as  developed  by  Fisher,*  Jordan,*  Aitken,*  Allen,*  and  others 
(for  a  more  complete  bibliography  see  (1))  has  been  along  the  lines  of  orthogonal 
polynomials;  wherein  the  condition  of  orthogonality  yields  methods  for  com¬ 
puting  the  coefficients  of  the  desired  polynomial.  The  elimination  of  a  great 
deal  of  arithmetic  has  been  made  possible  by  the  compilation  of  tables  of  or¬ 
thogonal  polynomials*  and  the  establishment  of  recurrence  formulas.  Thus  the 
Fisher  method  together  with  his  tables  seems  to  be  the  most  efficient  method  for 
obtaining  a  polynomial  which  best  fits  a  given  set  of  data.  However,  the  method 
of  orthogonal  polynomials  leaves  the  impression  of  an  unnecessary  step  if  it  is 
desired  to  have  the  polynomial  as  a  “power  series”  in  x,  the  given  argument. 
For  example,  the  Fisher  method  is  to  solve  first  for  the  regression  coefficients 
in  the  polynomial 

(LI)  y  *  23 

,_o 

where  is  the  set  of  orthogonal  polynomials 

(1.2)  fe-Ea.,x‘. 

t-o 

and  then  to  solve  for  a,/  by  a  recurrence  formula  or  by  substitution  of  known 
values  into  the  function  (1.2). 

For  some  problems  it  may  not  be  necessary  to  obtain  y  as  a  function  of  x;  it 
may  suffice  to  have  y  as  a  function  of  If  such  be  the  case  the  Fisher  method 
is  probably  the  most  rapid.  However,  in  the  case  where  it  is  required  to  have 
y  as  a  function  of  x,  it  may  be  advantageous  to  have  an  alternate  method. 

It  is  the  purpose  of  this  paper  to  develop  an  alternate  method  for  the  “com¬ 
plete”  solution  of  this  classical  problem.  A  method  which  does  not  depend  upon 
orthogonal  polynbmials  but  which  follows  directly  from  the  condition  that  the 

*  Fisher,  R.  A.,  “Statistical  Methods  For  Research  Workers”,  7th  Ed.,  Oliver  and  Boyd, 
London,  1938,  Chapter  V. 

*  Jordan,  Charles,  “Approximation  and  Graduation  According  to  the  Principle  of  Least 
Squares  by  Orthogonal  Polynomials”,  Annals  of  Math.  Statistics,  vol.  3,  (1932),  pp.  257-357. 

*  Aitken,  A.  C.,  “On  the  Graduation  of  Data  by  the  Orthogonal  Polynomials  of  Least 
Squares”,  Proc.  Royal  Soc.  of  Edinburg,  vol,  53,  (1932-33)  pp.  54-78. 

*  Allen,  F.  E.,  “The  General  Form  of  the  Orthogonal  Polynomials  for  Simple  Series 
With  Proofs  of  TTieir  Simple  Properties”,  Proc.  Royal  Soc.  of  Edinburg,  vol.  50,  (1930),  pp. 
310-320. 

*  Fisher,  R.  A.  and  Yates,  F.,  “Statistical  Tables  for  Biological,  Agricultural  and  Medical 
Research”,  Rev.  Ed.,  (Miver  A  Boyd,  London,  1943. 
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residuals  be  a  minimum.  The  method  >nelds  a  numerical  computation  for  the 
solution  of  a  given  problem  which  is  as  rapid  and  as  easily  preformed  as  the 
Fisher  method.  In  fact  the  operational  steps  of  these  two  methods  are  similar  in 
nature  and  are  of  the  same  degree  of  arithmetic  complexity.  As  in  the  case  of 
the  Fisher  method  it  is  applicable  only  to  equally  spaced  values  of  the  argument. 

The  central  device  employed  is  Grout’s  algorithm*  for  the  solution  of  a  system 
of  linear  equations.  It  will  be  showm  that  the  application  of  Grout’s  algorithm 
to  the  ’’normal”  equations  of  least  squares  after  the  data  has  been  centralized 
about  the  mean  and  the  interval  length  has  been  removed  yields  a  ’’derived  de¬ 
terminant”  which  is  a  function  of  the  number  of  items  only.  Thus  the  elements 
of  this  determinant  may  be  tabulated;  (see  Table  I).  The  remaining  computa¬ 
tions  which  involve  the  actual  values  of  the  data  are  few  in  number  and  are 
performed  from  simple  closed  formulas. 

A  summary  of  the  necessary  computational  steps  is  given  in  §6.  For  greater 
clarification  a  few  illustrative  examples  are  exhibited  in  §7. 

2.  Statement  of  the  Problem.  Let  there  be  given  a  set  of  m  points  (x, ,  y,), 
(J  »  1,  •  •  ■  ,m),  and  let  it  be  desired  to  fit  this  set  of  points  by  a  polynomial  of 
degree  n, 

W 

(2.1)  y  *=  flo  +  OiX  +  otx*  +  •  •  ■  +  a«x’*  =  2 

•-0 

As  is  well  knowm,  the  problem  is  to  determine  the  coefficients  a< ,  (t  =  0,  •  •  •  ,  n) 
in  such  a  way  that  the  polynomial  (2.1)  gives  the  best  fit  to  the  set  of  data 
(*/>  yi)»  0  “  1,  •••  ,  wi).  The  standard  procedure  by  the  method  of  least 
squares  is  to  form  the  m  residual  equations  and  obtain  a  function  in  the  unknowns 
Oi ,  (t  0,  •  *  •  ,  n)  by  summing  the  squares  of  these  residuals.  The  condition 
that  this  function  be  a  minimum  then  gives  n  -|-  1  linear  equations  in  the  n  -|-  1 
unknowns  o,  obtained  by  equating  the  respective  partial  derivatives  to  zero. 
The  problem  thus  is  one  of  computing  from  the  given  data  the  coefficients  of  the 
unknowns  a<  in  this  system  of  linear  equations  and  then  solving  this  system  for 
the  Oi . 


3.  Transformations.  It  is  now'  assumed  that  we  have  equidistant  data 
so  that 

(3.1)  .  X,  =  xi  -H  ij  -  l)k,  (i  =  1,  •  •  •  ,  m), 

where  h  is  the  interval  length  between  the  equidistant  x-points.  We  make  the 
following  transformation  on  the  data 

(3.2)  X#  «  X,  -  f,  Fy  «  y>  -  y 

*  Grout,  P.  D.,  "A  Short  Method  For  Evaluating  Determinants  and  Solving  Systems  of 
Linear  Equations  With  Real  and  Complex  Coefficients”,  Transactions  of  the  A.  I.  E.  E., 
vol.  60,  (1941),  pp.  1235-41. 
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where 

(3.3)  «  =  ^  ^  ^  Z  yy . 

m  ]_i  m  j_i 

The  transformation  on  {y,}  is  not  necessary  but  convenient  and  a  change  in 
formula  (3.18)  is  necessary  if  it  is  not  made. 

The  residual  equations  on  the  transformed  data  are 

(3.4)  Ri-'tb,Xi-X,, 

imO 

and  the  sum  of  the  squares  of  the  residuals  is 

(3.5)  Efei  =  ErEfex;  r  nT  =  /(5.,”-  ,5.). 

y_i  J_1  Ly-o  J 

The  condition  that  this  function  be  a  minimum  3delds  the  following  system  of 
equations 

(3.6)  — ’i,;-’-’-  ~  3  E [E -  n1 -  0,  (t  -  O.' ••• ,  n). 

ook  1-1 L*-®  J 


Rearranging  equations  (3.6)  to  obtain  the  coefficients  of  the  unknowns  6,- ,  it  is 
easily  seen  that  we  have  the  following  system  of  n  -h  1  equations:  [All  summa¬ 
tions  going  from  1  to  m] 


(3.7) 


mbo  2Xy6i  +  2Xy6j  ■!■•••  "b  2X"6ii  ®= 

2Xybo  +  2X*y6i  +  2X*y6,  +  •'•  +  2Xy  =  2Xy  Fy 

<lX]bo+  2X?6i  +  lX)bt  +  •••  +  2Xy'”6n  =  2X*ry 


[xxibo  +  2Xr‘&i  +  2Xy‘^*6,  -!-•••+  2Xj"6,  =  2X?ry. 

In  order  to  express  the  coefficients  of  6y  in  a  desired  form  it  becomes  necessary 
to  consider  two  cases ;  naqiely,  where  m  is  odd  and  where  m  is  even. 

Case  I.  m  =  2r  —  1.  In  this  case  we  have 

(3.8)  *  =  i)»^i  + » E  *]  -  +  (>■  -  D* 

so  that  by  (3.1)  and  (3.2) 

(3.9)  Xf  =  xi  +  (j  —  l)h  —  X|  —  (r  —  l)/i  =*  (y  —  r)h 


and 

(3.10) 


Ir-l 

Exj 

y-i 


fO  if  i  is  odd; 

1 2k*  ^k*  \i  i  is  even. 
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Case  II.  m  *=  2r.  For  an  even  number  of  observations  we  have 
(3.11)  ^  ^  g  *»  =  ^  g  fc]  »  +  i(2r  -  m 


so  that  by  (3.1)  and  (3.2)  we  have 

(3.12)  Xy  =  X,  +  C;  -  l)h  -  xi-  i(2r  -  l)h  =  ^{2j  -  2r  -l)h 
and 

fO  if  1  is  odd; 

(3.13)  ^ 


tr 

flxi  =  I 

1-1  1  (J)*2/i*  ^  (2k  —  1)*  if  t  is  even. 

I  k.1 


It  is  now  convenient  to  define 


(3.14) 


St 


fr—t 

fc*  if  m  is  odd; 


(i)*  2  (2fc  —  1)*  if  m  is  even. 


[t-2,  4,  6,  ...,2n]. 


The  system  (3.7)  may  now  be  written  schematically  as  follows 


(3.15) 


ho 

hi  • 

ht 

ht 

...  6,  c 

m 

0 

2S,ft* 

0 

•  2SX  2  Fy 

0 

25^* 

0 

2Sth* 

.  2S,+,ft""-‘2Xyry 

2S,ft* 

0 

2SX 

0 

.  2S,+,ft"+*2X*yFy 

2SX 

2S,+,ft"-^‘  2Sn+X^  • 

•  2StX*  2  Xy"Fy 

where  in  the  last  row  and  last  colunm  of  b. ,  =  0  if  n  +  9  is  odd, 

(g  =  0,  1,  •  •  •  ,  n).  (3.15)  is  now  transformed  by  dividing  each  equation  by  2 
and  successive  equations  by  ft®,  ft,  ft*,  •  •  •  ,  ft",  respectively;  the  result  is  easily 
obtained.  The  new  system  thus  obtained  is  further  transformed  by  replacing 
ht  by  a<ft”‘  and  we  finally  have  a  system  of  equations  in  at 


(3.16) 


Oo 

ai 

at 

at 

an 

C 

0 

St 

0 

••  5. 

i2  Fy 

0 

5, 

0 

St  • 

•  •  Sn+l 

§ft"‘S  XyFy 

5, 

0 

St 

0 

•  •  Sn+t 

Jft-*S  XjFy 

0 

St 

0 

St  • 

•  •  S«+i 

ift"*2  X’yFy 

Sn 

-S.+1 

Sn+t 

Sn+t 

Stn 

ift""2X?Fy 

where  =  0  if  t  is  an  odd  number. 

Before  proceeding  with  the  solution  of  this  system  of  equations  it  has  been 


i 
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found  convenient  to  first  divide  each  equation,  except  the  first,  by  St .  Letting 
we  finally  have 


(3.17) 


where  again  Si 


OEO 

a\ 

a» 

on 

Otn 

C 

\m 

0 

St 

0 

••  Sn 

Cl 

0 

1 

0 

s:  • 

••  s:+i 

Cj 

1 

0 

S'i 

0 

••  5:+, 

Cl 

0 

s: 

0 

St  . 

••  5:+. 

C4 

s: 

sUi 

sU* 

••  Stn 

Ch+1 

»  0  if  i  is  an  odd  number  and 


(3.18) 


Ci  -  A-*-"*  L  Xj-*  Y,,  [i  -  2,  . . .  ,  n  +  1]. 


4.  The  Derived  Matrix.  The  system  of  n  +  1  linear  equations  in  the  n  +  1 
unknowns  ai(i  ■■  0,  1,  •  •  •  ,  n),  represented  schematically  by  (3.17),  may  now 
be  solved  by  using  the  Grout  algorithm.  This  algorithm  forms  a  derived  matrix' 
from  the  matrix  (3.17)  of  the  general  form 


All 

Alt 

*  ■  Ai,  „+i 

Ki 

An 

tt 

.^1,  ii+i 

Kt 

An 

An 

At,  »+i 

Kt 

.^n+L  * 

.4,+!,  »+i 

Kn^l 

The  elements  of  the  derived  determinant,  A  *=  \  An],  are  functions  of  the  sums 
S\,  Si,  {i  “  2,  4,  •  •  •  ,  2n),  and  ^m.  The  sums  S\  and  Si  in  turn  may  be 
computed  by  the  well  known  formulas'  • 

Case  I,  (m  =  2r  —  1), 


(4.2) 


t  +  1 


+ r‘+K‘.) 

-KO 


and  Case  II,  (m  2r), 


^  Crout  called  this  the  auxiliary  matrix. 

*  Adama,  E.  P.,  “Smithsonian  Mathematical  Formulae  and  Tables  of  Elliptic  Functions", 
Smithsonian  Institution,  Washington,  D.  C.,  (1039),  p.  27. 
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where  B,  {s  ^  1,  2,  *  • ')  are  the  Bernoulli  numbers.  Thus  these  sums  may  be 
expressed  in  terms  of  r  only.  Consequently,  the  elements  depend  only  upon 
the  number  of  obeervatione  and  thus  may  be  computed  once  and  for  all  and 
tabulated  for  a  range  of  observation;  (see  Table  I).  The  size  of  such  a  table 
is  greatly  reduced  by  the  fact,  that  the  derived  matrix  obtained  from  (3.17)  is 
such  that  the  elements  »  0  if  i  +  j  is  an  odd  number.  It  is  further  reduced 
by  the  fact  that  the  formulas  which  give  the  solutions  for  a,  do  not  employ  all 
of  the  non-zero  ;  (see  §5). 

The  column  of  constant  terms  /iC<  (i  =»  1,  •  •  •  ,  n  +  1)  is  expressed  in  terms  of 
Cl  [see  (3.18)]  and  A,/ .  Thus  it  is  possible  to  express  the  solutions  for  a<  in 
simple  closed  formulas  in  terms  of  Ki  and  Aif .  There  remains  then  only  to 
reverse  the  transformation  to  obtain  o< ,  (»  “  0,  •  •  •  ,  n). 

6.  The  Formulas.  The  formulas  expressing  in  terms  of  r  are  obtained  by 
first  evaluating  the  sums  Si  and  Si  by  (4.2)  and  (4.3),  whichever  applies,  and 
then  applying  the  algorithm  to  (3.17).  This  has  been  done  for  the  pol3momials 
up  to  and  including  polynomials  of  the  sixth  degree.  The  formulas  which  w'ere 
used  to  compute  Table  1;  that  is,  for  polynomials  of  degree  <  4,  are  exhibited 
below.  Considerable  elementary  algebraic  manipulation  which  was  necessary 
will  not  be  displayed. 


Case  I.  (m  =  2r  —  1) 

Case  II.  (m  ■*  2r) 

All 

§(2r  -  1) 

r 

Au 

i(r  -  l)r 

A(4r*  -  1) 

Au 

AuAu 

AuAu 

An 

1 

1 

Au 

1 

1 

**4. 

*(12r*  -  7) 

■4» 

A(2r  -h  l)(2r  -  3) 

A(r*  -  1) 

Au 

|(6r*  -  6r  -  5) 

*(l2r*  -  13) 

Au 

A(r  +  l)(r  -  2)  A„ 

TlTr(4»‘*  ~  9)  Au 

Au 

AuAu 

AuAu 

Au 

A(2r  +  3)(2r  -  5)  ^44 

«(r*  -  4)  ^44 

and  ' 

(5.2)  i4ii  *■  Aji  and  An  *  Au  *  ^4*4 . 

Remark:  We  note  that  the  formulas  for  the  A^  may  make  an  interesting 
algebraic  study.  The  Crout  algorithm  yields  the  following  general  formulas 
for  these  elements: 
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i  - 1 


I  i 

■  ^ 
t-.f 


j-  !•» 

[  u. 


j  =“  ti  =  Sii—t  ~  Ai^Atii  f 

i  >i-.  A„~  -  g  AjA.i^/A.  j 


j  <  ti  Aif  =  AjiAjj . 
We  are  lead  to  the  following  conjecture 

m? 


Ai+t,  n-i 


[m*  —  ^Aii» 


(2i  -  l)(2t  +  1) 

The  elements  of  the  column  of  constant  terms  are  given  by  the  general  formula 


(6.3) 


Ki 


=  I^Ci  —  (•  “  1|  ***  » ^ 


1) 


where  A,y  =  0  if  t  +  j  is  an  odd  number.  For  the  case  under  consideration, 
namely,  n  <  4,  we  have 


(5.4) 


Ki  ^  0,  Kt  =  Cl  f  Ki  =  Ct/Au 

Ki  =  [c4  —KtAu]/Ati  since  Aa  =*  i4t4 ,  Ki  =  [ci  —  KiAu[/Au  •) 
The  general  formula  for  cn  is 


(5.5) 


cu  =  ^  afA^.\,i^i 

/-<+» 


[»  =  0,  •  •  •  ,  n],  * 


where  again  A^  =  0  if  »  +  j  is  an  odd  number.  For  the  case  under  consideration 
we  may  tabulate  these  formulas  as  follows: 


(6.6) 


ai 

n  -  1 

n  —  2 

n  —  3 

n  —  4 

Oo 

0 

—  ot%Au 

—  aiAu 

—  oiAvi  —  ctiAu 

«! 

Kt 

Ki 

Ki  —  oiAu 

Ki  —  c4Am 

Of 

•K, 

K, 

Ki  —  ouA» 

a% 

Ki 

Ki 

a* 

Ki 

To  obtain  64  (t  »  0,  •  •  •  ,  n)  reverse  the  transformation;  i.e., 


(5.7) 


hi  “  aji 


[»■  -  0,  •  •  •  ,  nj. 


and  Oi  (i  =  1,  *  *  *  ,  n)  is  easily  obtained  from  hi  by  a  Homer’s  Method  pro¬ 
cedure  of  synthetic  division  using  —  f  as  a  divisor.  Finally, 


(6.8) 


Oo  -  Oo  + 


A 
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6.  Summary.  The  procedure  for  fitting  a  curve  of  desired  degree  to  a  given 
set  of  data  by  the  above  method  may  be  outlined  as  follows: 

1.  Transform  the  data  by  (3.2). 

2.  Choose  the  appropriate  set  of  A  a  and  St  from  Table  I.* 

3.  Compute  c<  by  (3.18). 

4.  Compute  Ki  by  (6.3). 

5.  Compute  by  (5.5) ;  [t  =  n,  •  •  •  ,  0]. 

6.  C!ompute  by  (5.7). 

7.  (]!ompute  Uo  and  Ui  (t  =  1,  •  •  •  ,  n)  by  synthetic  division. 

8.  Compute  oo  by  (5.8). 


I 

\  7.  Examples. 

i  No.  1.  Fit  a  cubic  to  the  datii 


j 

I 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

108 

56 

0 

-54 

-IOC 

-132 

-144 

-84 

128 

Solution: 


i  =  6;  y  s=  —32;  A  =  1;  m  =  11. 


X 

-5 

-4 

-3 

-2 

-1 

1 

2 

3 

4 

5 

Y 

140 

88 

32 

-22 

-68 

-112 

-98 

-52 

32 

From  Table  1:5*  =  55;  An  =  10;  Au  =  17.8;  An  —  7.8;  ^4*4  =  56.16. 


From  (3.18) 

From  (5.4) 

From  (6.6) 

at 

Cl  =  0 

K,  =  0 

0|  =  1 

o*  =  1 

C  -  -5.2 

Kt  =  -5.2 

o*  =  10 

0*  =  — 8 

c,  =  78 

Kt  -  10 

ai  -  -23 

oi  =  —35 

C4  »  -36.4 

^4  »  1 

a.  -  -100 

Oo  =  150 

y  =  X*  —  8x*  —  35x  +  150. 

*  If  Table  I  doee  not  contain  the  appropriate  An  ,  they  may  be  computed  from  (5.1) 
and  8t  from  (3.14).  If  a  polynomial  of  degree  higher  than  four  ia  desired,  the  formulas  for 
An  must  be  extended  beyond  (5.1)  and  is  accomplished  by  applying  Grout’s  algorithm  to 
(3.17)  and  computing  the  sums  by  (4.2)  or  (4.3).  See  also  our  remark  in  |5. 
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No.  2.  Fit  a  fourth  degree  equation  to  the  data  (x< ,  y<) 
Given:  Solution: 


Note:  The  arrangement  of  the  data  in  columns  of 
sums  and  differences  of  Y  about  the  x  mean  expi- 
dites  the  computation  of  c, .  Thus  when 
t  —  1  is  odd  use  Difif.  Y  column 
t  —  1  is  even  use  Sum  Y  column. 


686875  3.074675  6.312990  5.175001  |  -1.6 

0942^  -.948131  -3.402470  -  4.656832 


058933 


058933  .592582  2.126544 

-.094293  -.797262 


2.9106201 

2.126851 


518169 


058933  .498289 

-.094293 


1.329^2 
- .646394 


783669 


058933  .403996 

-.094293 


682888 


058933  .309703 


0589x'  +  .3097x*  +  .6829x*  -1-  .7837x  +  .5182 


• 

Ci 

Ki 

fc<-i  / 

1 

1 

0 

0 

-3.048999 

-3.048999  ’ 

2 

5 

1.498883 

1.498883 

1.262598 

6.312990 

3 

25 

2.446048 

.128739 

.122987 

3.074675 

4 

126 

66.331372 

.005495 

.005495 

.686875 

5 

625 

149.767474 

.942937  X  10"^ 

.942937  X  10“^ 

.058933 

X 

V 

0 

.5179 

.2 

.7049 

.4 

.9625 

.6 

1.3090 

.8 

1.7650 

1.0 

2.3530 

1.2 

3.0990 

1.4 

4.0300 

lt6 

5.1750 

1.8 

6.5660 

2.0 

8.2380 

2.2 

10.2260 

2.4 

12.5690 

2.6 

15.3080 

2.8 

18.4870 

3.0 

22.1510 

3.2 

26.3467 

X 

Sum  Y 

Diff.  Y 

0 

-3.0490 

-3.0490 

.2 

-5.8520 

2.6360 

.4 

-6.1110 

5.1390 

.6 

-3.8690 

7.8730 

.8 

-2.1140 

10.8040 

1.0 

.1690 

13.9990 

1.2 

3.0015 

17.5245 

1.4 

6.4079 

21.4461 

1.6 

10.4166 

25.8288 

Check:  0 

r' 


SCHWARZ’  INEQUALITY  AND  THE  METHODS  OF  RAYLEIGH-RITZ 

AND  TREFFTZ 

Bt  J.  B.  Diaz  and  Alexander  Weinstein 

The  main  purpoee  of  the  present  note  is  to  establish  that  both  the  Rayleigh- 
Rits  method  and  Trefftz  procedure  can  be  derived,  in  the  case  of  quadratic 
functionals,  by  a  simple  and  direct  application  of  Schwarz’  inequality  and  Green’s 
formula.  Our  approach  is  shorter  and  more  elementary  than  the  analysis  given 
by  FriedrichsS  who  showed  the  connection  of  Trefftz’  method  with  Legendre’s 
transformation. 

1.  Schwarz’  inequality  and  Green’s  formula.  For  the  sake  of  definite¬ 
ness,  we  take  as  our  quadratic  functional  the  Dirichlet  integral 

(1)  Diip)  =  j  +  ifi)  dx  dy, 

where  A  is  a  domain  in  the  plane.  (The  number  of  independent  variables  is 
irrelevant  for  our  discussion.)  Putting 

(2)  tff)  =  J  dx  dy, 

we  have  Schwarz’  inequality 
,  (3)  ^  D(^).D(^). 

*  Besides  this  inequality  we  shall  employ  the  classical  Green’s  formula,  which  is 
constantly  used  in  the  methods  of  Rayleigh-Ritz  and  Trefftz 

(4)  j  dx  dy  +  D{fp,  ifi)  =  <o(d^/dn)  d», 

A  =  3*/dz*  -h  9*/3y*  being  the  Laplacian,  C  the  boundary  of  R,  and  n  the  outer 
normal  to  C. 

2.  Dirichlet’s  problem  and  Dirichlet’s  principle.  Let  us  consider  the 
Dirichlet  problem:  to  determine  u(x,  y)  in  R,  satisfying 

(6)  Au  =  0,  in  R, 

and 

(6)  u  »  a  given  function^  on  C. 

The  Rayleigh-Ritz  method,  which  is  essentially  nothing  else  but  Dirichlet’s 
principle,  furnishes  an  upper  bound  for  D(u).  Let  w(z,  y)  take  the  same  values 
as  tt(z,  y)  on  the  boundary,  that  is 

(7)  ID  »  u,  on  C; 

*  Kurt  Friedrichs,  “Ein  Verfshren  der  Varistionsrechnung  das  Minimum  eines  Integral 
als  das  Maximum  eines  anderen  Ausdruckes  darzustellen,  Gottingen  Nachrichten,  1929, 
pp.  13-20. 
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then  we  have,  as  known 

(8) 


Z>(u)  ^  D(u>). 


Let  us  show  that  this  classical  result  can  be  obtained  starting  from  Schwarz’ 
inequality.  We  have 

(9)  [D(u,w)]*  ^  Diu)-D(w), 
and  by  Green’s  theorem 

(10)  D{u,  to)  ==  M  +  (w  —  u))  =  2>(«), 
since  w  —  u  vanishes  on  C  and  u  satisfies  (5) .  Thus 

(11)  lZ)(u)]*  ^  Diu)-Diw) 

from  which  (8)  follows,  the  trivial  case  2)(u)  =  0  being  excluded. 

3.  Trefftz’  method.  Now  we  are  going  to  show  that  the  method  of  Trefftz*, 
which  furnishes  a  lower  bound  for  D(u),  can,  also  be  easily  deduced  from  Schwarz’ 
inequality.  Let  v(x,  2/)  be  a  non-constant  function  satisfying  the  equation 

(12)  Av  =  0,  in  R; 

theq,  according  to  Trefftz,  we  have 

(13)  Di\o)  ^  Diu), 

X  being  a  suitably  chosen  real  constant  (see  eq.  (17)).  In  order  to  obtain  (13) 
we  proceed  as  in  the  preceding  section.  We  have 

(14)  [D{u,v)]'  ^  D{u)-D{v), 
and  by  Green’s  theorem 

(15)  D(u,  v)  =  —  f  f  U‘Ao  dx  dy  +  f  u  —  da  —  f  da. 

J  Jb  Jc  on  Jc  dn 


u{dv/dn)  da 


^  D{u). 


Since  the  left  hand  side  of  (16)  is  known,  we  have  here  essentially  the  lower  bound 
for  Z)(u)  obtained  by  Trefftz.  If  we  set 


/  u{dv/dn)  da 
Jc 


we  obtain  (13),  which  is  identical  with  the  result  formulated  by  Trefftz. 

*  E.  Trefftz,  Ein  Gegensttlck  zum  Ritzschen  Verfahren,  Verhandlungen,  Congress  fOr 
Technische  Mechanik,  ZOrich,  1927,  p.  131. 
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4.  Neumann’s  problem.  The  technique  outlined  above  may  be  applied  to 
other  boimdary  value  problems,  and  to  some  other  cases  provided  that  the 
appropriate  form  of  Schwarz’  inequality  is  known.  As  an  example  we  consider 
Neumann’s  problem*. 

Let  u(x,  y)  be  the  solution  of  the  boundary  value  problem 

(18)  Au  =  0,  in  ft, 

(19)  du/dn  =  a  given  function,  on  (7,  the  mean  value  of  the  given  function  being 
zero  on  C. 

A  lower  bound  for  Z)(u)  may  be  obtained  as  follows:  Let  v{,x,  y)  be  any  non¬ 
constant  function.  From  Schwarz’  inequality 

(20)  [Diu,v)]'  g  D(u)'D(v), 
and  from  Green’s  formula 

(21)  D(u,  v)  =  f  v(du/dn)  ds. 

Jc 


It  follows  that 

(22) 


j  v(du/dn)  eisj 


Div) 


^  D(u), 


which  yields  a  lower  bound  for  D(u). 

In  order  to  obtain  an  upper  bound  for  D(u),  we  start  with  the  following 
Schwarz’  inequality 


(23) 


/  dx  dy  g  j  (<f>i  +  vi)  dx  dy  j  (^J  -f  ^\)dxdy 


Let  Wi{x,  y)  and  v>t{x,  y)  be  two  functions  satisfjdng  the  conditions 


(24) 


3iCi/3x  -|-  dvhidy  =  0, 


in  R, 


and 

(26)  Win,  -+■  WrUy  =  du/dn,  on  C, 

n,  and  ny^being  the  components  of  the  outer  normal  to  C.  We  have,  from  (23) 


(26) 


[//.  u,wx  4-  UyWi)  dx  dj/J  =  D{h)‘  j  j  (wj  -f  r4)  etc  dy, 


and  by  Green’s  theorem,  using  (24)  and  (25) 


(27) 

Thus* 


(w,  Wi  -f  UyWj)  dx  dy  =  Z)(u). 


*For  a  discussion  of  Neumann’s  problem  see  a  forthcoming  paper  by  J.  B.  Diaz  and 
Alexander  Weinstein,  The  Torsional  Rigidity  and  Variational  Methods. 

*The  inequality  (26)  is  nothing  else  but  Kelvin’s  theorem.  See,  e.g.,  H.  Lamb,  Hydro¬ 
dynamics,  Sixth  I^ition,  New  York,  1945,  p.  47. 
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(28) 


D(u)  ^  j  (uA  +  v^)  dx  dy, 


the  trivial  case  Z)(u)  =  0  being  excluded. 

6.  Concluding  renuu^ks.  As  is  well  known,  the  progress  achieved  by  the 
Rayleigh-Ritz  method,  as  compared  to  the  usual  Dirichlet’s  principle,  consists 
in  adding  to  the  function  w  which  appears  in  (7)  a  linear  combination  of  fimctions 
which  vanish  on  C,  and  determining  the  arbitrary  constants  so  as  to  improve 
the  upper  bound  for  D{u).  A  similar  procedure  has  been  used  by  Tr^tz,  leading 
to  an  improvement  of  his  lower  bound.  It  should  be  noted  that  this  method  of 
“arbitrary  parameters”  is  nothing  else  than  the  familiar  procedure  of  orthogonal 
projection  in  a  Hilbert  space  with  the  metric  being  given  by  the  Dirichlet  integral. 

Using  the  language  of  Hilbert  space,  in  which  a  function  is  called  a  vector,  and 
the  metric  is  again  defined  by  the  Dirichlet  integral,  we  may  say  in  conclusion 
that  the  Rayleigh-Ritz  method  (see  section  2)  consists  in  considering  the  im- 
known  function  (or  vector)  u  as  a  side  of  a  right  triangle  of  which  w  is  the  hypote¬ 
nuse,  whereas  in  Trefftz’  method  (section  3),  u  is  taken  as  the  hypotenuse  of  a 
right  triangle  having  X  v  [see  (13)],  as  a  side. 

Carnegie  Institute  or  Technologt 

(Received  July  10,  1947.) 


] 


ON  THE  FLOW  PATTERNS  COMMON  TO  CERTAIN  CLASSES 
OF  PLANE  FLUID  MOTIONS 
Bt  D.  Gilbabo 

1.  Introduction.  A  fluid  motion  is  generally  described  by  giving  both  the 
flow  pattern  (i.e.  the  streamlines)  and  the  magnitude  of  the  flow  velocity  at  every 
point.  Although  the  flow  pattern  and  the  velocity  are  two  distinct  features  of 
the  same  flow  they  are  clearly  interdependent,  but  it  is  not  clear  to  what  extent. 
This  situation  suggests  the  following  general  problem,  the  solution  to  which 
would  show  how  far  the  geometry  of  a  flow  determines  also  the  djmamics  of  the 
motion: 

1.  Given  any  fluid  motion;  what  is  the  set  of  all  dynamically  distinct  flows 
which  have  the  same  streamlines  as  the  given  flow? 

A  corollary  problem  whose  solution  would  give  some  insight  into  the  role  of 
compressibility,  viscosity,  etc.,  in  determining  the  geometry  of  the  corresponding 
types  of  fluid  motions  is  the  following: 

II.  What  are  all  flow  patterns  which  two  different  classes  of  flows  (e.g.  com 
pressible  and  incompressible  potential  flows)  have  in  common? 

As  far  as  the  author  knows,  problems  of  type  I  have  not  been  previously 
studied.  However,  an  interesting  example  of  problem  II  was  solved  by  Hamel\ 
who  shows  that  the  most  general  flow  patterns  which  are  common  to  both  the 
steady  plane  potential  flows  of  an  ideal  incompressible  fluid  and  the  steady  plane 
flows  of  a  viscous  incompressible  fluid  are  those  of  the  spiral  flows  which  are 
obtained  by  superposition  of  circular  vortex  and  radial  potential  flows. 

This  paper  will  be  concerned  only  with  steady  plane  flows  of  non-viscous 
fluids,  and  therefore  the  word  ‘flow’  will  be  used  here  only  in  this  sense. 

Problem  I  is  solved  here  for  incompresable  flows;  that  is,  all  incompressible 
flows  are  determined  which  have  the  same  streamlines  as  an  arbitrary  given 
flow  of  an  incompressible  fluid.  It  is  shown  that  all  such  geometrically  identical 
flows  have  strictly  proportional  velocity  vector  fields  (and  are  therefore  essen¬ 
tially  the  same  dynamically),  except  for  those  flows  having  constant  velocity  on 
streamlines.  A  simple  appUcation  of  this  result  will  determine  all  those  flows 
which  at  the  same  time  have  the  flow  patterns  of  possible  potential  flows  of  an 
incompressible  fluid. 

Problem  II  is  solved  here  for  the  classes  of  potential  gas  flows  and  potential 
flows  of  incompressible  fluids.  These  two  classes  of  motions  will  be  seen  to  have 
in  common  only  the  flow  patterns  corresponding  to  circular  vortex  and  radial 
(source  or  sink)  flows. 

2.  Incompressible  flows.  Let  a  steady  plane  flow  of  an  incompressible 
non-viscous  fluid  be  defined  over  some  plane  region  by  a  stream  function  ^(x,  y). 
Necessary  and  sufficient  that  another  such  flow  with  stream  function  y) 

‘  Q.  Hamel,  Spiralf&rmige  Bewegungen  Z&her  FlQaaigkeiten,  Jahresbericht  der 
Deutachen  Mathematiker  Vereinigung  28,  1916-17,  p.  34. 
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have  the  same  streamlines  is  that  a  functional  relation,  say  ^  =  /(\^),  exist  be¬ 
tween  the  stream  functions.  We  inquire  after  all  such  possible  flows  /(\^),  as¬ 
suming  that  /  is  suitably  differentiable. 

The  equations  of  motion  for  the  two  flows  in  terms  of  their  stream  functions 
\l/,  ^  are 

(la)  =  p,/p,  =  -Pir/p  , 

(lb)  =  -p,/p,  -I-  =»  -PJ? 

where  p,  p  and  p,  p  are  the  respective  fluid  pressures  and  (constant)  densities. 
Replacing  by /(^)  in  (lb)  and  using  (la),  w'e  have,  as  is  readily  seen, 

/  P»/ P  ~  P*/ P>  /  P»/ P  “  Py/ P> 

where  the  primes  signify  differentiation  with  respect  to  The  left  hand  sides 
must  satisfy  the  compatibility  condition  p^  »  p^, ,  and  therefore, 

STM.  -  P»^.)  =  0. 

Since,  by  (la), 

-I-  fi)  -  -f  il)  =  2(p»f,  -  p^»)Ip 

the  preceding  equation  can  be  written  in  the  form, 

(2)  STM.  -  =  0, 

where  q  =  -f  is  the  magnitude  of  the  velocity.  ^ 

It  follows  that  at  every  point  in  the  flow  plane  either  (a)  fT  =  0>  or  (b)  , 
q^.  ~  9iV'«  =  0-  Since  the  flow  ^  is  given,  the  set  of  points  for  which  the 
latter  condition  holds  is  known.  .  Consider  the  open  connected  components  in 
which  condition  (b)  is  satisfied  and  the  components  of  the  complement,  in  which, 
by  the  continuity  of  (a)  must  hdd.* 

In  those  components  where  (a)  holds,  it  follows  that  ^  +  6,  where  a 

and  b  are  constants.  Condition  (b)  on  the  other  hand,  imposes  no  condition  on/, 
which  may  therefore  be  chosen  arbitrarily,  but  implies  that  the  given  flow  must 
be  such  that  the  velocity  is  constant  on  streamlines.  These  are  the  flows  for 
which  q*  =  4^1  +  4^1  —  q(4d  for  some  function  g.  Thus  the  stream  function  ^ 
of  any  flow  which  has  the  same  streamlines  as  that  given  by  4>  must  be  of  the 
form  ^  -h  6,  with  fixed  o,  6,  in  every  connected  flow  r^on  throughout 

which  the  magnitude  of  the  velocity  is  not  constant  on  streamlines,  and  can  be 
an  arbitrary  function  of  in  any  flow  region  where  the  velocity  is  constant  on 
streamlines.*  And  conversely,  it  is  seen  at  once  from  the  equations  of  motion 

'  If  the  point  set  B  where  condition  (b)  holds  contains  no  inner  points,  then,  by  the 
continuity  of  ff,  the  (closed)  set  A  in  which  condition  (a)  prevails  is  the  entire  flow  plane. 
Also,  by  the  continuity  of  ,  if  the  (closed)  set  B  is  not  the  entire  flow  plane, 

set  A  contains  open  connected  components. 

*  More  precise  determinations  of  ^  might  be  obtained  by  investigating  the  exact  nature 
of  those  flows  ^  for  which  q  —  q(^)  holds  either  in  the  whole  or  in  part  of  the  flow. 
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(la)  and  (lb)  that  functions  ^  as  thus  defined  are  stream  functions  of  an  incom¬ 
pressible  flow  having  the  same  streamlines  as  the  flow  with  stream  function 

Hence  we  can  state  the  following  result: 

Let  any  steady  plane  flow  of  an  incompressible  non-viscous  fluid  be  given  by 
the  stream  function  ^(x,  y).  If  the  motion  in  any  region  D  is  such  that  the 
velocity  is  constant  on  streamlines,  i.e.  =  g{^)  for  some  function  g, 

then  all  other  flows  having  the  same  streamlines  (in  D)  are  given  (in  D)  by  stream 
functions  =  /(^)  where  /  is  arbitrary.  If  ^  is  not  of  this  type,  then  all  other 
flows  'i'  having  the  same  streamlines  are  of  the  form  ^  +  b  where  a  and  b 

are  arbitrary  real  constants,  and  therefore  have  velocity  fields  which  are  pro¬ 
portional  to  that  of  the  given  flow. 

An  application  of  this  result  can  be  made  to  deterfhine  those  rotational  flows 
which  have  the  same  flow  patterns  as  potential  flows  of  an  incompresable  fluid. 
This  is  the  limiting  case  of  viscosity  zero  of  the  more  general  problem  considered 
by  Hamel*,  in  which  rotational  viscous  flows  are  compared  to  potential  flows. 

Let  ^  be  the  stream  function  of  a  potential  flow.  Then  all  other  potential 
flows  =  /(^)  having  the  same  streamlines  must  be  of  the  form  ^  -f-  b. 

For,  0  =  -t-  =  /"(^i  -f-  ^2)  4-  f  (f„  -h  tpj  =  +  ^J),  and  therefore/ 

is  linear  in  Conversely,  if  /  is  linear,  is  obviously  harmonic.  Hence  a  flow 

=  Si'P)  etui  be  rotational  only  if  /  is  non-linear,  and  these  ^  give  all  such  flows 
with  the  same  streamlines  as  However,  by  the  preceding  general  result, 
the  only  cases  when  the  two  flows  ^  and  ^  are  connected  by  a  non-linear  relation, 
are  those  for  which  is  of  the  form  =  ^(9),  and  in  this  case  the  relation  can  be 
arbitrary. 

To  find  the  potential  flows  of  the  form  ^  =  ^(g),  we  observe  by  the  same  argu¬ 
ment  as  above  that,  since  f  and  log  q  are  both  harmonic  fimctions,  log  q  — 
a4>  +  b,  with  a  and  b  constants.  Let  w  =  <p  +  irp  he  the  complex  velocity  poten¬ 
tial  of  the  flow,  then  since 

i  log  dw/dz  —  0  -h  t  log  g 

(where  0  is  the  flow  direction  with  respect  to  the  x-axis),  0  and  log  g,  and  thus 
$  and  a4>  must  be  harmonic  conjugates;  it  follows  that  0  =  to  within  an  addi¬ 
tive  constant.  As  a  consequence,  t  log  dwidz  =  a{w  —  wo),  which,  when  inte¬ 
grated,  generally  defines  a  flow  with  concentric  circles  as  streamlines,  correspond¬ 
ing  to  a  vortex  flow.  When  a  =  0,  the  streamlines  degenerate  to  parallel  straight 
lines  and  the  flow  to  a  uniform  flow.  Hence  the  only  flow  patterns  common  to 
both  the  rotational  and  irrotational  flows  of  an  incompressible  fluid  are  those  of 
the  family  of  circular  vortex  flows,  including  the  special  case  of  the  parallel 
flows. 

3.  Flow  Patterns  of  Compressible  and  Incompressible  Potential  Flows. 
To  obtain  an  indication  of  the  effect  of  compressbility  in  distinguishing  the 
flow  patterns  of  compressible  and  incompressible  fluids,  we  shall  determine  all 


*  Cf .  Introduction  and  footnote  1. 
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flow  patterns  common  to  the  potential  flows  of  both  incompressible  fluids  and 
gases. 

Let  ipix,  y),  ^(x,  y)  be  the  potential  and  stream  functions  respectively  of  a 
potential  flow  of  an  incompressible  fluid,  and  ^(x,  y),  ^(x,  y)  the  potential  and 
stream  function  of  an  irrotational  gas  flow  having  the  same  streamlines,  (and 
therefore  the  same  equipotential  lines),  as  the  former  flow*.  Then  4  «  /(^), 
^  ^  Si'id  for  some  functions  /  and  g  which  are  assumed  to  be  suitably  differenti¬ 
able.  We  propose  to  determine  all  such  flows  ^  and 
The  basic  relations  between  ^  and  'i',  and  between  ^  and  ^  are 

(3a)  »  ^Jp,  4>»  =  4',/p 

(3b)  *  <Px  ^  ,  Vy  ^ 

where  p(x,  y)  is  the  density  of  the  gas  at  (x,  y).  It  follows  from  /(^), 
4^  =  ji(^)  that 

(4)  m  =  g'(^)/p 


From  Bernoulli’s  equation  for  an  ideal  gas  with  polytropic  constant  7,  we  have 
p  =  A:(l  —  /'*  q  being  the  velocity  (appropriately  normalized)  of  the 

incompressible  flow  and  k  being  a  fixed  reference  constant  of  the  gas  flow.  By 
including  k  within  the  function  y',  making  the  substitutions 

(/0’-‘  =  X(„),  (y0’“*  »  YUd 


and  solving  for  9’  in  (4),  we  have. 


(5) 


9*  «  (X  - 


0 


0 


Taking  the  logarithm  of  both  sides,  and  recalling  that  log  9  is  harmonic,  and 
that  tp  and  ^  are  conjugate  harmonic,  we  obtain,  after  then  applying  the  Lapla- 
cian  operator  to  both  sides  and  simplifying,  that, 

A  -  Y")  -  (X”  +  (y  +  1\  XX"  -  x” 

®  " - - (— 1  j  — jp - 


where  the  primes  signif;^  differentiation  of  the  functions  X,  Y  with  respect  to 
^  respectively. 

Since  ip  and  ^  are  independent  functions,  equation  (6)  can  be  considered  an 
ordinary  differential  equation  for  F  or  X  in  which  the  expressions  in  X  or  Y, 
respectively,  behave  as  constants.  We  wish  to  determine  all  functicms  F(^) 
and  X(ip)  satisfying  (6),  where  the  solutions  mvist  be  independent  of  respec¬ 
tively.  Treating  (6)  as  an  equation  in  Y  and  collecting  terms,  we  have, 

(7)  (F  -  X)Y"  -  F'*  +  AiY*  +  AtY  +  A,  ~ 

where 


0, 
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A,  =  2(X'‘  -  xr')/{y  -  1).  ' 

U,  Y  —  X  =  z,  {7)  is  reduced  to  the 


By  means  of  the  substitutions  Y'* 
first  order  equation  in  U, 

IdU  U  ,  ArX'  +  A.X-hA, 


l^_u 

2  dz  z 


2AiX  At  -|“  A^  =  0. 


This  is  readily  inflated  to  give  the  general  solution, 

(9)  W  -  i(AiX*  +  AtX  +  At)  -  z{2AiX  -f  A,)  +  A,z’logz  +  Cr*  =  0 

C  being  the  constant  of  integration.  Let  this  now  be  differentiated  with  respect 
to  tuid  designate  such  differentiation  with  primes;  recalling  that  z'  =  —X', 
and  that  U,  Y  are  independent  of  we  obtain, 

(10)  AiVlogz  -  2X'A,zlogz  -  z[AiX'  +  2C'X'  +  {2AiX  +  A,)'] 

+  2AiA'X'  +  AtX*  -  i(AiX*  AtX  +  A,)'  =  0. 


The  above  equation  is  an  identity  in  z  which  holds  for  all  values  of  The 
following  two  possibilities  are  then  available: 

(A)  y  is  a  constant;  equations  (6)  to  (10)  are  then  simply  ordinary  differential 
equations  for  X  which  can  be  solved  directly. 

(B)  y  is  not  constant;  in  which  case  the  above  identity  (10)  for  z,  holding  for 
each  value  of  has  as  consequence  that  the  coefficients  are  each  zero  identically 
(in  ^)  since  otherwise  1(^  z  could  be  expressed  as  a  rational  function  of  z  for 
some  values  of  the  coefficients.  From  the  vanishing  of  X'Ai  we  have  either 
X  =  constant  or  Ai  =  0.  The  former  will  be  seen  to  be  the  only  alternative. 
For  let  Ai  =  0,  with  X'  9^  0.  Then  from  the  vanishing  of  the  other  coefficients 
in  (10),  and  since  Ai  =  0  implies  also  At  =  0,  it  follows  that  As  =  CX  and  C  — 
—2C  for  some  constant  C.  Combined  with  Ai  =  0,  this  gives 

(11)  X'  =  V^x 


while  equation  (9)  reduces  to 

(12)  U  -{-  2Cy*  =  0,  or  r  =  Y. 


Equations  (11)  and  (12)  can  hold  simultaneously  for  real  functions  X,  Y  only 
if  C  =  0,  therefore  only  if  F'  =  X'  =  0,  contrary  to  assumption. 

Hence  the  only  solutions  to  (6)  are 

(A)  y  =  constant,  X(<p)  =  +  Y; 

(b)  X  *=  constant,  y(^)  =  Cie***  +  X. 

Returning  to  equation  (5),  it  is  seen  that  these  conditions  correspond  respectively 
to  flow's  of  the  type  f  =  ^(q)  and  ^  ^(q) .  Potential  flows  of  the  type  ^  ^(q) 

were  shown  in  the  preceding  section  to  be  precisely  the  circular  vortex  flows. 
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In  exactly  the  same  way  one  can  show  that  potential  flows  of  the  type  p  ^  p(q) 
are  radial  source  or  sink  flows.  As  is  well  known,  the  flow  patterns  of  these  two 
types  of  motion  correspond  to  motions  of  both  compressible  and  incompressible 
fluids.  According  to  the  above  analysis,  these  are  the  only  such  common  flow 
patterns. 

The  preceding  result  comparing  the  flow  patterns  of  potential  gas  flows  ^th 
incompressible  potential  flows  can  be  strengthened  to  include  more  general 
compressible  fluids.  For  example,  if,,  in  the  equation  of  state  of  the  fluid, 
P  **  p(p)f  the  pressure  p  is  an  analytic  function  of  the  density  p,  one  can  obtain 
the  same  final  result  with  essentially  the  same  methods  as  those  used  above  on 
gas  flows.  This  result  can  undoubtedly  be  stated  even  more  generally. 
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THE  COUPLING  OF  TWO  ACOUSTICAL  DUCTS 
Bt  a.  E.  Hbiitb  and  H.  Fishbach 


L  Introduction.  A  large  class  of  problems  which  occur  in  physics  and  par* 
ticularly  in  acoustics'  reqwre  the  solution  of  the  scalar  Helmholtz  equation 

vV  -I-  mV  =  0  (1.1) 

where  ^  is  subject  to  the  homogeneous  boundary  condition 

d^/dn  =  /^.  (1.2) 

The  derivative  d^/dn  is  the  normal  derivative  of  ^  on  the  boundary  of  the  region 
in  which  we  solve  (1.1),  while  /  is  a  constant.  The  operator  V*  is  the  three 
dimensional  Laplacian  and  the  time  variation  which  equation  (1.1)  normally 
possesses  has  been  suppressed  by  the  assumption  that  it  is  simple  harmonic, 
that  is  In  acoustics,  the  /  in  (1.2)  may  be  complex,  corresponding  to 

covering  the  boundary  surface  with  an  acoustical  material.  Here 

/  =  io)pY  (1.3) 

where  Y  is  the  “admittance”  of  the  material,  p  is  the  density  of  the  medium 
enclosed  by  the  boundary  surface,  u  ^  pcis  the  angular  frequency  of  the  time 
variation  and  c  is  the  velocity  of  sound  in  the  medium.  If  Y  has  a  real  com¬ 
ponent,  absorption  results. 

«  Problems  involving  the  boundary  condition  (1.2)  seem  to  be  considerably 
t  more  difficult  than  those  involving  the  more  usual  boundary  conditions:  (a)  the 
Dirichlet  f  »  0,  or  (b)  the  Neumann  d^/dn  =  0.  For  example,  although  solu¬ 
tions  in  closed  form  can  be  obtained  by  the  method  of  separation  of  variables 
for  the  cases  (a)  and  (b)  for  eleven  different  coordinate  systems,  this  method 
will  yield  solutions  for  only  three  coordinate  systems,  the  Carteman,  circular 
cylindrical,  and  the  spherical  for  the  boundary  condition  (1.2). 

In  this  paper  and  several  to  fdlow,  a  number  of  problems  involving  mixed 
boundary  conditions  will  be  treated.  Here  we  are  still  concerned  with  the 
solution  of  equation  (1.1)  but  now  the  boundary  condition  (1.2)  is  modified 
to  read 

d^/dn  =  (1.2a) 

on  a  portion  of  the  boundary  of  the  region,  while 

df/dn  =  /V  (1.2b) 

on  the  remainder  of  the  boundary.  Such  a  boundary  value  problem  may  be 
reduced  to  an  integral  equation  with  the  aid  of  an  appropriate  Green’s  function. 
For  the  special  class  oi  geometries  which  we  consider  here,  this  integral  equation 

‘  See  for  example  P.  M.  Morse  and  R.  H.  Bolt,  “Sound  Waves  in  Rooms’’  Rev.  Mod.  Phys. 
16  (60)  1944. 
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becomes  a  Wiener-Hopf*  integral  equation  of  the  second  kind.  It  was  first 
pointed  out  by  J.  S.  Schwinger*  that  a  number  of  problems  in  dectrodynamics 
had  the  appropriate  geometries  and  could  bq  formulated  as  W^ener-Hopf  int^ral 
equations  of  the  first  kind.  The  boundary  conditions  in  this  group  of  problems 
in  electrodynamics  were  either  of  the  Dirichlet  or  Neumann  type.  Schwinger 
together  with  J.  F.  Caiison,*  A.  E.  Heins*  and  H.  Levine  have  solved  numerous 
problems  in  the  theory  of  guided  waves  in  this  fashion.* 

The  particular  problem  treated  here  is  the  study  of  the  propagation  of  the 
principal  mode  down  an  infinite  duct  of  rectangular  cross  section  which  is  free 
of  radiation  sources  in  the  finite  part  of  the  duct.  (See  Figure  I  for  a  side 
view).  In  Figure  I,  the  planes  y  =  ±  6  are  subject  to  the  boundary  conditions. 

X  <  0,  y  =  ±b 

d^/dn  =  /V  X  >  0,  y  =  ±b.  (1.3) 


Fig.  1 

The  two  parallel  planes  z  —  ±:a  will  be  assumed  to  be  perfectly  rigid  so  that  on 
these  latter  surfaces  d^/dn  0.  We  are  still  confronted  with  specifying  the 
boundary  conditions  at  infinity.  To  the  left  of  the  plane  x  »  0,  we  assume  that 

we  have  an  incident  wave  of  the  form  cos  k^y  cos  exciting  this  structure, 

a 

and  also  a  wave  reflected  from  the  discontinuity  of  the  form 

,  tnwz  ... 

e  cos  ^y  cos  . - .  •  ^  '  •, 

O' 

*  Paley  and  Wiener,  "Fourier  Transforms  in  the  Complex  Domain"  American  Mathe¬ 
matical  Society  Publications,  Vol.  XIX,  1934,  Chapter  IV. 

*  J.  8.  Schwinger,  unpublished. 

*  Carlson  and  Heins,  "The  Reflection  of  an  Electromagnetic  Plane  Wave  by  an  Infinite 
Set  of  Plates"  I,  Quarterly  of  Applied  Mathematics,  Vol.  IV,  P.  313-329,  1947. 

*  Heins  and  Carlson,  "The  Reflection  of  an  Electromagnetic  Plane  Wave  by  an  Infinite 
Set  of  Plates"  II,  forthcoming  in  the  Quarterly  of  Applied  Mathematics. 

*  E.  T.  Copeon,  "On  an  Integral  Equation  Arising  in  the  Theory  of  Diffraction."  Quar¬ 
terly  Journal  of  Mathematics,  Vol.  17, 1946,  P.  19. 
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Here 

fc*  =  fcj  +  fcj  =  M*  —  mVVo*  (w  int^er) 

k,  is  determined  by  the  transcendental  equation 

(fcv6)  tan  =  —fb.  (1.4) 

We  assume,  henceforth,  that  kb  is  sufficiently  small  so  that  the  only  “propagat¬ 
ing”  mode  is  the  one  with  the  smallest  magnitude  of  k^.  For  example,  if  the 
walls  y  =  ±6  are  rigid  for  x  <  0,  so  that  /  =>=  0,  then  k^  =  0  and  the  mcident 

wave  will  assume  a  functional  form  independent  of  y,  e**“*  cos  .  If  /  is  com- 

a 

plex,  the  imaginary  part  of  k,  must  be  less  than  the  imaginary  part  of  the  higher 
modes  but  greater  than  zero.  For  x  large  and  positive,  ^  assumes  the  form  of  a 
wave  travelling  in  the  positive  x  direction,  i.e. 

ik*9  I  ^  ffllCX 

e  ■  cos  k^y  cos - 

a 

where  now 

+  *»***/**”  mV/o*  (m  int^r) 

and  is  determined  from  a  transcendental  equation  of  the  form  (1.4), 

k!^  b  tan  k^b  =  —bf\  .  (1.5) 

'  We  shall  assume  that  /  and  f  are  so  related  that  Imka  <  Imk', .  For  small 
» values  of  Imk,  and  Imk',  ,  this  would  require  Imf  <  Imf.  This  is  an  unim¬ 
portant  limitation,  for  the  treatment  of  the  opposite  case  differs  only  in  minor 
detail  from  the  present  discussion. 

Because  of  the  symmetry  of  the  principal  mode  with  respect  to  y  about  the 
plane  y  *  0,  and  also  the  symmetry  of  the  duct  with  respect  to  the  same  plane, 
it  is  clear  that  drk/dn  =  0  for  y  —  0.  The  problem  we  have  described  above  is 
then  equivalent  to  the  coupling  of  two  semi-infinite  ducts,  the  lower  surface  of 
which  is  rigid,  while  the  respective  upper  surfaces  are  of  different  acoustical 
material.  Thus  Figure  II  gives  a  side  view  of  the  geometric  structure  for  the 
reduced  problem. 

The  boundary  conditions  at  infinity  and  at  z  ±a  remain  imaltered. 

We  note,  finally,  that  it  is  possible  to  remove  the  t  dependence  from  the 
equation  (1.1)  since  we  know  the  correct  functional  form  of  the  variation.  If 
we  write 


f  (x,  y,  z)  -  <9(x,  y)  cos  — 
a 

we  are  left  with 

flV/Sx*  "b  dV/®y*  "b  “  0  (1*6) 

which  is  to  be  solved  subject  to  the  boundary  conditions 
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dip/dy  »  fip 

y  =  6,  X  <  0 

(1.7) 

dip!  dy  =  ftp 

y  =  6,  X  >  0 

(1.8) 

dip/dy  *=  0 

y  =  0,  — 00  <  X  <  00 

(1.9) 

plus  the  corresponding  conditions  for  x  large  which  we  have  described  for  the 
function  ^(i,  y,  z). 


2.  Reduction  of  the  Boundary  Value  Problem  to  a  Wiener*Hopf  Integral 
Equation.  In  order  to  reduce  equation  (1.6)  and  the  boundary  conditions 
(1.7),  (1.8)  and  (1.9)  to  an  integral  equation  of  the  Wiener-Hopf  type,  we  apply 
Green’s  Theorem  to  a  region  in  the  xy  plane  bounded  by  the  rectangle  y  =  0, 
y  =  b,x  =  Cl  and  x  =  cj  (ci  <  c*),  which  will  enable  us  to  express  <p(x,  y)  inside 
the  rectangle  in  terms  of  a  Green’s  function  appropriate  to  the  rectangle,  the 
function  ip  and  its  normal  derivative  on  the  boundary.  Thus 


Fig.  2 

where  the  tp  under  the  integral  sign  is  a  function  of  the  coordinates  x'  and  y’. 
The  integral  in  (2.0)  is  to  be  treated  as  an  improper  line  integral.  That  is,  we 
first  consider  the  closed  path  to  be  a  rectangle  whose  boundaries  are  y  ^  b, 
y  ^  0,x  —  Cl  and  x  =  Ci .  After  having  evaluated  the  integral  along  this  path, 
we  then  allow  ci  — >  —  <»  and  c*  — »  * . 

G{x,  y,  x\  yO  satisfies  the  partial  differential  equation 

d'G/dx'  +  d'G/dy*  +  k'G  ^0  (2.1) 

save  for  the  point  x  «=  x',  y  =  y'.  At  this  point  the  two  first  derivatives  of  G 
suffer  discontinuities  such  that 


/; 

r 


dO 

dy' 

ax' 


w-o 

■'-»+« 


dx'  = 
dy'  - 


-1 
-1  . 


(2.2a) 

(2.2b) 


We  may  express  the  conditions  (2.2a)  and  (2.2b)  symbolically  by  saying  that 
G{x,  y,  x',  y')  satisfies  the  inhomogeneous  partial  differential  equation 

a'G/dx'  +  b'G/dy'  -f  k'G  »  -«(x  -  xO«(y  -  yO 


(2.3) 
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where  8(x  —  xO  and  i{y  —  y')  are  the  Dirac  delta  functions.  The  boundary 
conditions  which  we  impose  on  G{x,  y,  3^,1/)  at  the  surfaces  y  0  and  y  ™  b 
are  dictated,  ih  part,  by  the  simple  fact  that  we  should  like  to  make  (2.0)  as 
simple  an  integral  equation  as  possible.  To  this  end,  we  note  that  if  we  choose 
BGjdy’  «  0  at  y'  =  0,  we  eliminate  immediately  the  integral  along  the  path 
y'  —  0,  -«  <  x'  <  «. 

On  the  surface  y'  =  6,  we  use  the  boundary  condition  d(?/3y'  —  fG.  The 
chdee  of  this  boundary  condition  on  the  Green’s  function  for  the  surface  y'  =  b 
eliminates  the  integred  along  the  path  y'  =  b,x'  <  0.  In  order  to  calculate  the 
contributions  which  arise  from  the  surfaces  x^  >=  Ci  and  Cj ,  we  find  it  convenient 
to  introduce  the  Green’s  function  explicitly,  though  actually  only  the  asymptotic 
form  is  needed  in  the  ensuing  discussion: 


Oix,  y;  x',  yO 


z 

AmI 


cos  any  CIS  any' 


2n^Nn 


where 


sin  A-,  I  X  —  x'  I  —  sin  kn(x  —  x') 


cos  Ar,y'  cos  k,y 


“  y/  a\  -  k*, 


and  the  <r»  are  the  roots  of  the  equation  (1.4)  with  positive  real  parts.  The  term 
sin  kt{x  —  x')  in  the  Green’s  function  is,  of  course,  a  solution  of  the  homogeneous 
wave  equation,  which,  as  we  shall  see,  it  is  particularly  convenient  to  introduce  as 
we  do. 

We  note  that  for  x  »  x',  (?(x,  y;  x',  yO  is  asymptotic  to 


[g-oi(»-«')  gog  gog  aiy']/2niNi 

while  for  x  x',  it  is  asymptotic  to 

(2/ife^o)  sin  kn(x'  —  x)  cos  kyy'  cos  kyy. 


It  is  to  be  further  noted  that  for  x  «  0,  ip(x,  y)  is  as3rmptotic  to 
(ai  e"’*  +  j8i  cos  k^y 
while  for  x  »  0,  ^(x,  y)  is  as3rmptotic  to 

if 

ate  *  COS  ky  y. 

Hence  (2.0)  reduces  to 

rfe  y)  -  ['  \o{x,  y,  x-. »')  ^  -  vix-,  vr>  ^ 

,  2at  COS  Ky  ,  ,  ,/  , 

+  — ,  --  ■  /  cos  A-,y' COS  A-,y' 

k^N  ^ 

•  [ik'a  sin  kn{x  —  x')  —  k,  cos  ks(x'  —  x)]a»_*,  dy* . 


t 
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In  virtue  of  our  assumption  that  Imk,  <  Imk', ,  the  second  term  in  (2.4)  ap¬ 
proaches  sero  as  Ct  becomes  infinite  so  that  we  are  finally  left  with 

vix,  1/)  =  (/'-/)  j[  0{x,  y  \  x\  6)  dx’  .  (2.5) 

We  obtain  the  desired  integral  equation  by  evaluating  (2.5)  at  y  »  6,  that  is 

*»(x,  5)  =  (/'-/)  G(x,  6;  x',  6)<p(x',  h)  dx'.  (2.6) 

(2.6)  is  a  Wiener-Hopf  int^al  equation  because  of  its  limits  and  the  x  —  x' 
variation  of  its  kernel,  6(x,  6;  x',  5). 


3.  Definition  of  the  Reflection  Coefficient  On  the  wall  y  =  b,  the  incident 
wave  has  the  amplitude  at  cos  kj>,  while  the  reflected  wave  has  the  amplitude 
$i  cos  kjb.  We  now*  propose  to  evaluate  ai  and  jSi  in  terms  of  an  integral  over 
^x',  6),  to  be  more  precise  the  Fourier  transform  of  <fi{x\  b).  Since  we  solve 
equation  (2.6)  by  Fourier  transform  methods,  these  quantities  ^vill  appear 
directly  in  our  sdution.  We  shall  define  the  ratio  jSi/ai  as  the  reflection  coeffi¬ 
cient,  that  is,  the  ratio  of  the  amplitude  of  the  reflected  to  the  incident  wave. 

In  the  first  place,  since  ^(x,  b)  is  asymptotic  to  (ai  -|-  /8x  «”’***)  cos  kj)  for 
X  0,  we  see  from  (2.6)  that 


cos  jlr,5(aic'*''  -f  /8ie  “**)  = 


2  cos*  kyb  I  sin  k,{x’  —  x)^(x',  b)  dx'  . 

kg  No 


(3.0) 


It  therefore  follows  from  (3.0)  that 

ai  =  t  cos  b  f  e~^*^\fi(x',  b)  dx' 

kgNo 

di  =  —  *  COS  k\b  f  e‘*'*V(x',  b)  dx'  . 

kg  No  J9 


Hence,  the  reflection  coefficient  is 

r  =  ^,/a,  =  -  j["  r“*'V(x',  b)  dx' /  f  ‘*''V(x',5)dx',  (3.1) 

or  if  ^k)  is  the  unilateral  Fourier  transform  of  ^(x,  b) , 

r  =  -<^{-k,)Mk.).  (3.2) 

t 

4.  The  Fourier  Transform  Solution  of  Equation  (2.6).  The  application  of 
the  Wiener-Hopf  theory  to  equation  (2.6)  requires  a  redefinition  of  the  function 
^(x,  b),  and  an  investigation  o(  the  regions  of  Regularity  of  the  Fourier  transforms 
of  ip{x,  b)  and  G(x,  b;x',b).  Because  of  the  structure  of  equation  (2.6)  in  which 
the  integral  involves  the  values  of  ^(x,  b)  for  x  >  0  only,  it  is  possible  to  conrider 
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the  behavior  of  ^(z,  b)  for  positive  values  of  z  and  n^ative  values  of  z  separately. 
Let  us  retain  the  symbol  ^(z,  b)  for  the  values  of  ^(z,  6)  for  z  >  0  so  that 

^(z,  6)  *  0 

for  z  <  0.  For  negative  values  of  z  we  replace  ^  by  a  function  P(z)  which 
naturally  satisfies  P(z)  =  0  for  z  >  0.  In  terms  of  these  functions,  the  int^al 
equation  (2.6)  may  now  be  written 

P(z)  +  <p{x,  6)  =  (/'  -  /)  G(z,  b;  z',  bMx\  b)  dx'.  (4.1) 

We  shall  now  investigate  the  growth  orders  of  P(z),  ^(z,  b)  and  G{x,  6;  0,  &)  as 
X  — ►  00 .  We  have  already  remarked  that  the  function  ^(z,  b)  is  asymptotic  to 
e’*»*(/mifc^  >  0)  for  z  large  and  positive.  The  fimction  P(z)  for  z  large  and 
negative  is  asymptotic  to  c**'*  as  one  may  see  from  (4.1).  Finally  G{x,  b;  z',  b) 
is  asymptotic  to  e"***^*”*'^  x'S>  x'  and  to  g’**^*"*'’  for  z  x'.  Noting  the  growth 
order  of  these  functions  at  infinity  and  the  added  information  that  these  func¬ 
tions  tp{x,  b)  and  P(z)  are  int^able  for  any  finite  z,  we  are  in  a  position  to  de¬ 
termine  the  regions  of  regularities  of  the  various  Fourier  transforms  which  are 
required.  For  example,  since  ^(z,  6)  s  0  for  z  <  0,  its  Fourier  transform 

f  b)  =  ^(«) 

Jo 

is  regular  in  the  half  plane  Imo>  <  Imkz  .  Similarly  the  transform  of  P(z), 

f  .e-’-P(z)dz  =  P(«) 

Jo 

is  regular  in  the  half  plane  Imu  >  Imkx .  Finally,  the  transform  of  G(x,  b;  0,  b), 
e-*”G(x,  b;0,b)dx  =  (?(«,  b,  b) 


is  regular  in  the  strip  Imkx  <  Imta  <  Re/n  .  Thus,  the  Fourier  transforms  of 
P(z),  i/>{x,  b)  and  G(z,  6,  o,  b)  are  regular  in  the  strip  Imkx  <  Imu  <  Imk,  or 
Rem  depending  which  of  the  quantities  Imkx  or  Rem  is  smaller.  (Actually 
the  physical  assumptions  were  such  that  Imki  <  Rem)  It  is  thus  legitimate 
to  apply  the  Fourier  transform  theorem  to  the  equation  (4.1).  This  gives 
immediately 


^(«)  = 


/'  cos  <r6  -f  <T  sin  ab 
f  cos  ab  +  ff  sin  ab 


where  now  <r  =  y/k*  —  w*. 
This  employs  the  result 


— P(«) 


(4.2) 


0(«,i>,&)  =  - 


cos  ob 


ffsin  trb  -|-/coeff6 

The  Wiener-Hopf  theory  now  tells  us  that  we  are  required  to  decompose 

'  (/'  cos  <r6  -|-  <r  sin  vb)/ (J  cos  ^6  -f  <r  sin  <rb)  (4.3) 
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multiplicatively  into  two  functions  which  are  regular^  in  appropriate  half  planes. 
Both  the  numerator  and  denominator  of  (4.3)  have  an  infinite  sequence  of  seros. 
Denote  those  in  the  denominator  by  <r«  and  those  in  the  numerator  by  (r» .  These 
roots'  are  the  roots  of  equations  (1.4)  and  (1.5)  respectively <  Equation  (4.3) 
may  be  rewritten  in  product  form  as 

{/'ft  U  -  (<r/.;)l}  /  {/ft  II  -  (./..)■)}• 


For  n  sufficiently  large,  the  roots  and  &<r,  are  asymptotic  to  ut  —  &//nT  and 
nr  —  6/Vnir  respectively.  Now  we  rewrite  (4.3)  so  that  its  zeros  and  poles  are 
put  into  evidence,  that  is 


The  factors  have  been  inserted  in  the  above  products  to  insure  their 

absolute  convergence.  The  choice  of  these  factors  is  not  unique  since  we  may 
choose  any  exponent  which  is  asymptotic  to  ^iub/nr  as  n  becomes  infinite. 
The  final  answer  is,  of  course,  independent  of  this  particular  choice. 

As  a  matter  of  notation  let  us  write 

n(»',  »)  -  ft  [Vl  -  *•/(,:)•  +  .  (4.4) 

»— 1 

Then,  in  this  abbreviated  notation  (4.3)  becomes 

<ro  f  («  —  fr#)(«  +  Ari)  n(<r',  u)U(ff\  — «) 

(ffo)*  7^("  “  ^•)("  +  *"•)  n(<r,  «)n(<r,  —a) 

The  terms  n(ff,  w)  and  n(<r',  w)  are  r^ular  in  the  lower  half  plane  Imo)  <  Imin\ 
while  the  terms  n((r,  — w)  and  !!(»',  — w)  are  regular  in  the  upper  half  plane 
Imu)  >  —Imifii .  Furthermore,  the  terms  (w  -|-  k',),  (u  —  k,)  and  w  -f  fc,  are 
regular  in  the  upper  half  plane  Imu  >  Imk,  ,  while  the  term  u  —  k',\&  regular  in 
the  lower  half  plane  Imu  <  Imk', . 

Upon  noting  the  above  decomposition  of  (4.2)  into  factors  which  are  r^ular 

*  We  use  the  term  “regular”  in  a  slightly  extended  sense.  We  imply  that  both  the  func¬ 
tion  and  its  reciprocal  are  devoid  of  singularities  in  its  region  of  regularity. 

*  These  roots  have  been  tabulated.  See  Morse,  Lowan,  Feshbach  and  Haurwiti, “Tables 
for  Solutions  of  the  Wave  Ekjuation  for  Rectangular  and  Circular  Boundaries  Having 
Finite  Impedance.” 
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in  certain  upper  and  lower  half  planes,  we  are  now  in  a  position  to  effect  the  final 
decomposition  of  equation  (4.2).  We  write 


(«  -  *^«)(«  +  ^»)  n(ff,  -«)  _  a  <^0  /  n(<r ,  w)  f  . 

-  TtTD - N - ^  7^1  7  V«  —  K,)  Trr- - r-  (4.0) 

U  +  k,  n(<r',  -w)  (ffo)*  /  n((r, «) 


The  left  side  of  equation  (4.5)  is  regular  in  the  upper  half  plane  Imu  >  Imk, , 
while  the  right  side  is  regular  in  the  lower  half  plane  Imu  <  Imk',  (or  Rem). 
Both  sides  are  regular  in  the  strip  Imk,  <  Imu  <  Imk',  (or  Rem)  and  are 
therefore  analytical  continuations  of  each  other.  Such  a  state  of  regularity 
can  only  exist  if  both  sides  of  equaticm  (4.5)  are  equal  to  an  integral  function. 
That  is,  denoting  this  integral  function  by  Eiu)  we  have 


Eiu)  =  - 


P(«)(w  —  k,)(u  +  A'«)n(ff,  —u) 


(u  +  A-i)n(<r',  —u) 


(4.6a) 


<ro  /  n(ff,  u) 


(4.6b) 


In  order  to  determine  Eiu),  we  find  it  necessary  to  find  the  asymptotic  forms 
of  the  II  functions,  ^(u)  and  Piu)  for  |  u  |  — »  <x)  in  the  appropriate  half  plane  of 
regularity.  Let  us  consider  the  function  n(ff,  «).  For  |w|  — >  «,  Imu  < 
Imim  we  can  show  that  this  product  is  dominated  by  the  reciprocal  of  the 
gamma  function.  To  show  this,  we  note  that  if  we  choose  n  —  N  such  that 
kb/Nu  «  1  and  fb/iNr)*  <K  1,  the  product 


n(<r,  u) 

may  be  approximated  by 


n  [Vl  -  k*/an  +  t«/<r,]e 


2n*T*  nx  \  nV/J 


since  the  major  contribution  in  the  infinite  product  comes  from  the  term  iub/nr 
in  the  parenthesis.  The  infinite  product  may  be  rewritten  in  factor  form  so  that 


n  (<r,  w)  n 


%/l  —  ky  <r»*  +  iu/ a. 


n(l-x,/nx)c'«'"'. 

Mail 


•  n  (1  -  Wnx)  (1  -  Wnx)e'*'" 


where  now  Xi,Xty  and  X|  are  roots  of  the  equation 

X*  +  x' tub  -  iibVx  +  iwb*  /  =  0  .  (4.8) 

For  I  u  I  large,  it  is  quite  easy  to  show  that  the  roots  of  (4.7)  are  asymptotic  to 
Xi  *  —tub  +  2ia/ub 
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Xt  ■«  i'^fb  ~  ia/ub  a  =  §/6  +  .  (4.9) 

X*  =  —i'^fb  —ia/ub 

Upon  noting  the  functional  form  of  the  gamma  function,  (4.7)  may  be  rewritten  as 

- -  (4.10) 

r(l  —  Xx/nT)r(l  -  Xi/r)r(l  —  Zi/t) 

where  7  is  the  Euler- Mascheroni  constant;  5  is  of  the  form  of  A  B/ta 
where  A  and  B  are  constants  depending  only  on  /  and  b.  It  is  clear  then,  that 
for  I M  1  — ♦  00 ,  Irruj)  <  Imim,  the  ratio 

!!(<»•,  «)/^(fl■^ «)  ,  (4.11) 

is  constant  since  the  terms  in  1/u  and  the  constant  terms  (4.10)  are  secondary 
in  importance  to  those  in  u. 

We  now  return  to  equation  (4.6b)  and  note  that  ^(z,  6)  is  integrable  at  the 
origin.  That  is,  ^z,  6)  =  Az*,  a  >  —  1,  z  — ►  O'*".  The  Fourier  transform  of 
p(x,  b)  then  behaves  like  «“*“*  for  | « I  — ►  <» ,  Imti>  <  /mt'/ii .  Hence  (4.6b)  is 
asymptotic  to  ECu)  puT*.  Since  Eiw)  is  an  entire  fimction  of  algebraic  growth, 
a  is  therefore  a  non-negative  integer.  If  we  repeat  this  argument  with  equation 
(4.6a)  we  shall  again  find  that  E{(ui)  is  as3rmptotic  to  for  | «  |  — »  « ,  Imu  < 

Imipi .  If  a  is  a  positive  integer,  E{u))  will  vanish  identically  and  therefore 
P(a))  and  ^(w)  will  do  the  same.  We  are  then  forced  to  conclude  that  a  0 
and  hence  E{ia)  is  a  constant.  The  constant  is  immaterial  since  any  solution  of 
the  integral  equation  may  be  multiplied  by  a  constant  and  still  remain  a  solution. 

We  are  now  in  a  position  to  find  the  function  ^(z,  b)  from  its  known  Fourier 
transform  However,  we  shall  content  ourselves  with  a  discussion  of  tp{x,  b)  as 
z  — »  O'**  since  the  quantity  of  most  interest,  the  reflection  coefficient,  may  be 
simply  expressed  in  terms  of  ^  according  to  (3.2). 

The  behavior  of  ^(z,  b)  as  z  — »  0'*'  depends  upon  the  behavior  of  ^  as  |  w  |  — » 00 . 
We  therefore  expand  ^  in  inverse  powers  of  u.  To  do  this,  we  merely  need  apply 
the  Stilling  expansion  formula  to  (4.11)  and  make  use  of  (4.10).  This  gives 
immediately  that  n(9,ti>)/II(v',<i))  p(l  +  9(logw)/(d)  where  p  and  0  are  param¬ 
eters  depending  on  fb,  fb  and  kb.  Therefore 

«  \  «  / 

and  hence 

p{x,  b)  '^1  —  x(0i  -f  log  z)  (z  O'^. 

It  is  clear  then,  that  for  z  — » 0,  ^z,  b)  is  finite,  but  its  z  derivative  has  a  logarith¬ 
mic  singularity.  The  function  P(x)  which  we  introduced  into  eq.  (4.1)  is  actu¬ 
ally  the  continuation  of  ^z,  b)  for  z  <  0.  The  argument  we  have  employed 
above  will  demonstrate  that  p(x,  b)  — » P(z)  as  z  — » 0  and  will  further  show  that 
^z,  b)  and  P(z)  will  have  derivatives  which  are  infinite  in  a  logarithmic  fashion 
and  are  oi  opposite  sign. 
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5.  Reflection  Coefficient.  The  most  useful  result,  from  a  physical  point  of 
view,  which  may  be  obtained  from  the  above  analysis  is  the  reflection  coefficient  r. 
This  may  be  obtained  directly  from  (3.2)  and  (4.6)  since  the  int^al  function 
E{u)  is  a  constant.  One  finds: 

*•» + n(ff»  * **•*)  —  *■») 


The  first  factor  (ifc,  —  0/(fc*  +  A^)  is  precisely  the  reflection  coefficient  one  would 
compute  in  the  “transmission  line”  approximation’  in  which  the  effects  of  the 
higher  modes  M»(n  >  1)  are  neglected.  These  modes  must  enter  into  the  exact 
solution  in  order  that  the  proper  match  be  made  between  the  modes  in  that  part 
of  the  tube  corresponding  to  z  <  0  and  those  in  the  region  z  >  0.  If  these  modes 
are  neglected  a  good  approximation  may  be  obtained  only  if  the  discontinuity  in 
the  boundary  condition  (/  —  /')  6  ^  1,  for  then  the  strength  of  these  higher 
modes  is  correspondingly  small. 

The  actual  calculation  of  the  reflection  coefficient  can  be  carried  out  numeri¬ 
cally  and  will  be  published  elsewhere”.  We  shall  content  ourselves  here  with 
the  derivation  of  some  approximate  formulas  but  the  methods  employed  apply 
directly  to  the  cases  where  only  numerical  methods  will  suffice. 

We  may  rewrite  the  reflection  coefficient  as  follows: 


n(«,  -  wiKo.  w  n’(».'  w 
ii(»'  -  wn(<r.'w  nv  w ' 

t  Consider  the  general  product  n  (a,  —  w)  n  (<r,  w).  This  equals 
At*  —  wH  _  cos  ab  -i-  sin  ^6) 

J  '  /(o*  -  a*) 

Thus 


n(<^»  — 


(ffo)*rT  cos  +  ffo  sin  ffo5"| 

T  L  (<^o')*  -A  J 

(ffo)*  cos  ffo  6  r  f'  ~  f  1 

T  -  aiy 


(5.2) 


To  evaluate  n  i<r,  —  k,)  II  (v,  k,)  we  use  a  simple  limiting  process,  obtaining: 

nc..  -  wn(».«  “  lim  + 

^  '  (S« 

*  See  Feahbach  and  Harris,  “The  Effect  of  Non-Uniform  Wall  Distributions  of  Absorbing 
Materials  on  the  Acoustics  of  Rooms.”  J.  A.  S.  A.  18,  472  (1948). 

**  To  be  submitted  to  the  Journal  of  the  Acoustical  Society  of  America. 
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Finally 


^  if  —  —  <ro5)[(<ro)*  —  go] 


!!(»',  —  ArJlI(<r',  A-.) 


w)’(r  -  f) 


(6.4) 


To  continue  further,  analytically,  it  becomes  necessary,  particularly  for  the  eval¬ 
uation  of  the  n*  term,  to  introduce  the  following  approximations: 

I  6/1  <  <  1,  I  I  <  <  1,  ifcb  <  <  1.  (6.6) 

In  terms  of  these,  (ffo6)*  —  (/6  i  (/6)*  -|-  ^(/^)*] 

The  next  terms  are  third  or  higher  order  in  6/  and  (6/0 
Consider  now,  n(<r,  k,)  imder  approximations  (5.5.) : 

n(»,w  =  1  -^  +  z]  -  ‘It}- 

Expanding  the  square  root,  replacing  k*  by  k\  +  i<rJj)'  we  obtain  neglecting  third 
and  higher  powers  of  fb: 

n(.,*.)  ^  «cp  (£_  to  ^  A  ^ 


exp 


1  .  _  1  ij^  ,  _/^  , 

nr  2  n*T*  2nV 


V*  8nV/ 


i(k,b)(fb)  _  3  jk.by/bl  _  i^.6\ 
nV  4  n^-w*  J  nr  j  ’ 

Upon  expansion  of  the  logarithm  and  squaring  we  find 


nV*.)^exp{t_2to(l  +  ^-i‘^) 


+ 


A 

nV 


+ 


,>n*ri_L  .  _I_1  .  i(kj>)ifb)  3(A-.6)‘(/6)*  2t>.6\ 

L3nV  +  4n‘/J  +  "  2  "  liirj- 


Finally 


^  1  +  +  my  - 

+  nr  - +  <(*.«(/'  - 


-  l(k.b)'(r  -f)bt;h- 

1  71  T 


Introducing  (5.6)  and  (5.7)  into  the  expression  for  the  reflection  coefficient  r 
and  again  omitting  terms  of  third  order  or  greater,  one  obtains 
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“  *7+7.1  Vw  40  m 

where  (3)  is  the  Riemann  Zeta  function  of  3  and  has  the  numerical  value  1.202. 
The  deviation  from  the  transmission  line  value  is,  as  we  surmised  earlier,  propor¬ 
tional  to  (/'  —  f)b. 
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THE  ACCURACY  OF  THE  ROOT-SQUARING  METHOD  FOR 
SOLVING  EQUATIONS 


Bt  P.  G.  Hokl  and  D.  D.  Wall 

1.  Introduction.  In  a  recent  paper,*  Bodewig  advocated  the  root-squaring 
method  for  solving  polynomial  equations  largely  on  the  basis  of  its  ability  to 
yield  both  real  and  imaginary  roots  and  its  property  of  giving  all  the  roots  with 
very  little  more  work  than  is  required  to  obtain  one  root. 

A  feature  of  the  method  that  was  brought  to  our  attention  by  Mr.  Bdl  of 
Lockheed  Aircraft  and  which  should  make  it  of  even  greater  value  is  the  pos¬ 
sibility  of  performing  the  bulk  of  the  computations  with  punched-card  equip¬ 
ment.  In  solving  the  equation 

(1)  x"  -f  Oix"  *  +  oji"  *  +  a,  =  0, 

the  root-squaring  method  proceeds  by  forming  a  new  equation 

(2)  i"  -h  -f  M"-*  +  . . .  +  6.  =  0, 

in  which  the  roots  are  the  negatives  of  the  squares  of  the  roots  of  (1).  The 
coefficients  of  (2)  are  related  to  those  of  (1)  by  the  formula 

(3)  bt  =  a\  —  2at-iak+i  -f-  2ak-aflt+t  —  •  •  • 

Since  the  operations  in  (3)  can  be  performed  with  pUnched-card  equipment,  the 
process  of  obtaining  an  equation  whose  roots  are  the  negatives  of  a  high  power  of  ^ 
the  original  roots  can  be  reduced  to  a  large  extent  to  purely  mechanical  opera-  ^ 
tions.  When  this  powered  equation  is  available,  the  computations  necessary 
to  obtain  the  roots  of  (1)  become  quite  brief.  They  are  described  by  Bodewig. 

Because  of  the  diverse  errors  that  can  arise  in  the  root-squaring  method,  it 
was  considered  important  by  individuals  emplojdng  the  method  to  study  the 
magnitude  of  such  errors.  Although  Bodewig  considered  the  approximate  rate 
of  error  decrease  in  a  certain  situation,  he  did  not  give  any  serious  consideration 
to  the  problems  of  accuracy.  This  paper  is  concerned  with  such  problems. 

There  are  two  important  sources  of  error  in  the  root-squaring  method.  One 
arises  from  not  powering  equation  (1)  to  a  sufficiently  high  power.  The  other 
arises  from  a  loss  of  coefficient  accuracy  in  the  powered  equation  because  of 
carrying  out  the  operations  in  (3)  to  a  limited  accuracy.  The  latter  error  is 
the  rounding  error  that  is  introduced  by  the  limited  digital  capacity  of  calculat¬ 
ing  equipment.  In  this  paper,  bounds  will  be  obtained  for  these  two  kinds  of 
errors. 

2.  Power  errors.  Let 

(4)  x"  -1-  Cix"-‘  +  cx"“*  -H  . . .  +  c,  -  0 

*  E.  Bodewig,  On  Graeffe't  method  of  eolving  eUgebraic  equatione,  Quarterly  Appl.  Math. 
4,  177-190  (1946). 
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denote  the  powered  equation  after  s  squarings  and  let  m  »  2*.  If  the  roots  of 
(1)  are  ordered  with  respect  to  the  magnitudes  of  their  absolute  values  so  that 
I  r<+i  1  <  1  r<  I ,  then 

a  -  Zw 

where  the  summation  extends  over  all  combinations  of  products  of  roots  taken 
ib  at  a  time  and  only  the  leading  term  is  displayed.  To  further  simplify  the 
notation,  let  U  —  r7,  then  * 

(6)  Ck  —  ^  tiU  '  ‘ '  tk . 


2.1  Real  DisHnct  Roots.  In  this  section,  bounds  for  rk  will  be  obtained  in 
terms  of  the  e’s  for  equations  with  real  roots  only. 

Consider  the  ratio 


CkCk-i 

d-i 


tkJLh 


tk-i 


If  the  largest  term  in  each  summation  is  factored  outj  it  will  follow  that 

CkCk-i  tk  [1  +  tk^-i/ik  +  •••][!+  tk-i/tk-i  +  •••] 


tk-l 


[1  +  tk/tk-i  +  .  • .  ]* 


^  )-}r 

,  Consequently, 

Let  a  »  c*c*_*/c*_i  and  /3  =  ^  —  1 ;  then  if  o  is  sufficiently  small,  this 

inequality  will  be  equivalent  to  the  inequality 

tk  ^  1  -  2a|8  -  (1  -  4a^)* 
tk-i  -  2a*^ 


If  the  radical  is  expanded,  it  will  be  found  that  this  inequality  implies  the  follow¬ 
ing  inequality. 


(6) 

By  analogy,  if  a' 
(7) 


tk  ^  1  —  2g|8 

tk-i  ~  *  1  —  4o/3  * 

c*+ic*_i/c*  and  /S'  *  -  1, 

tk¥\  ^  /  I  ~  2a' 

tk  -  “  I  -  4a'j8'  ’ 


Next,  consider  the  ratio 

h  -  --  tk  ^  fl  +  tk*i/tk  +  •  •  •  1 
Ck-i  52  <1  •  •  •  tk-i  *  [f  +  +  •  •  •  ] 


1'^ 
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In  the  same  manner  as  before, 


/*fl  +  *  <  —  <  <*[1  + 

,  Ck-l 


which  is  equivalent  to 

— ^  ll  +  *  <  /*  fl  + 

Ch-l  *Ct-l 

By  means  of  (6)  and  (7),  these  inequalities  yield 


Ck 

C*_l 


1  +  a'd 


,1  -  2a'0' 
1  -  4a'j9' 


r 


<u< 


c*_i 


1  +  a/3 


1  -  20/3] 

1  -  4a/3j‘ 


Since  =  rr,  the  desired  bounds  for  r*  become 


These  bounds  involve  only  quantities  that  are  available  when  (4)  is  available. 
Since  the  root-squaring  method  employs  (c*/c*_i)*^"  as  its  estimate  of  |  r*  | ,  the 
maximum  relative  error  of  this  estimate  due  to  an  insufficient  number  of  squar¬ 
ings  can  be  obtained  easily  by  means  of  (8).  These  bounds  also  hold  for  the 
distinct  roots  of  (1)  even  though  there  may  be  equal  roots  present;  however,  they 
are  not  applicable  to  the  equal  roots. 

2.2  Heal  Diatinct  Roots  With  Bounded  Ratios.  The  bounds  given  by  (8)  do 
not  enable  the  computer  to  determine  in  advance  how  many  squarings  will  be 
necessary  to  obtain  a  desired  accuracy.  Such  bounds  u-ill  be  derived  in  this 
section. 

It  will  be  assumed  here  that  there  exists  a  number  r  <  1  such  that  for  i  — 
1,  2,  •  •  •  ,  n  -  1,1  r<+i  1  <  r  I  r<  I .  Then  |  ry  |  <  r^‘  |  r*  ]  for  j  >  i.  If  t  = 
r",  it  therefore  follows  from  the  definition  of  that  for  j  >  i 

(9)  '  t,  <  . 


Let  •••<!*  denote  a  typical  term  of  (5).  Then,  by  means  of  (9),  it  fol¬ 
lows  that 


tiU  •  •  >  tk  ~ 

and  therefore  that 

(10)  c*  <  fif,  •  •  • 


where  the  summation  extends  over  all  positive  integers  «i  <  «i  <  •  •  •  <  «*  <  n. 
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The  number  of  terms  in  (5)  that  will  ^ve  rise  to  in  (10)  is  therefore  equal  to 
the  number  of  solutions  of  the  equation 

(11)  +.'••  +  **=*  P  +  ^k{k  +  l)f 

in  which  the  are  poeitive  integers  satisfying  Si  <  «i  <•••<«*<  n.  The 
number  of  such  solutions  can  be  found  by  means  of  generating  functions.  This 
problem  will  be  considered  after  an  expression  for  the  bounds  for  the  roots  has 
been  obtained. 

Let  the  polynomial  in  I  in  (10)  be  denoted  by  1  +  Qit).  Since  the  coefficients 
of  Q(t)  are  positive  integers, 

(12)  .  <  c*  <  fit,  •  •  •  <*[1  +  Q(<)]. 


If  0^(0  corresponds  to  Qit)  for  Ck-i ,  these  inequalities  will  yield 
f*U  +  0^(0]  *  ^  Ch/ck-i  <  f*[l  +  Q(f)]. 


Consequently, 

(c*/c*_i)[l  +  Q(f)]  <  tk  <  (c*/c*_i)[l  +  Q'(f)], 


or  expressed  in  terms  of  rj, , 

(13)  i^J'  [1  +  Q(()r'‘'”  <  I  r  .  1  <  (^Y”  ll  +  Q'd)!"’- 


Although  these  bounds  involve  coefficients  of  (4),  the  relative  error  terms  de¬ 
pend  only  on  f,  k,  n,  and  m;  consequently  if  the  value  of  f,  or  at  least  an  upper 
bound  for  it,  is  available,  these  bounds  can  be  used  to  determine  the  minimum 
*  number  of  squarings  to  guarantee  a  given  accuracy  in  r* . 

Now  consider  the  postponed  problem  of  evaluating  Qit),  which  in  turn  de¬ 
pends  upon  determining  the  number  of  solutions  of  (11).  It  is  known*  that  the 
munber  of  such  solutions  is  equal  to  the  coefficient  of  y'  in  the  polynomial  gen¬ 
erating  function 


(14) 


Pkiy)  = 


(1  -  (1  -  y') 

(1  -  iiKl  -»*)•••  (1  -  **) 


Thus,  in  any  given  problem  it  is  possible  to  determine  Q(f)  explicitly.  Since  it 
would  be  laborious  to  determine  Qit)  for  each  value  of  k,  it  will  be  shown  that 
Qit)  will  be  a  maximum  when  k  =  n/2  if  k  is  even,  and  when  k  ^  (n  —  l)/2  if 
k  is  odd.  This  maximum  Qit)  will  then  yield  bounds  for  all  the  roots. 

Consider  the  generating  function  Pk+iiy)  when  k  is  increased  by  one.  It  would 
be  obtained  by  multiplying  Pkiy)  by 

(18)  (1  -  y'^/a  -  /■"■). 

Since  the  only  zeros  of  Pkiy)  are  roots  of  unity,  not  including  unity  itself,  and 
since  such  roots  must  ‘arise  from  factors  of  the  form 

1  +  y"  +  y*'*  +  •  •  •  +  y"‘'S 


*  P.  A.  MacMabon,  ConUnnatory  analy$is,  vol.  2,  Cambridge  University  Press,  1916,  p.H). 
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it  follows  that  when  Ptiy)  is  reduced  to  lowest  terms,  it  may  be  expressed  in 
the  form 


(16) 


Pt(y)  =  11(1  -f  +  •  •  •  +  1/*“"). 


(17) 


Similarly,  if  (15)  is  reduced  to  lowest  terms,  it  may  be  expressed  in  the  form 
1  -  y"~*  ^  1  +  •••  +y' 

1  _  j^+l  I  ^  ^  yV,  ^  ^ 

In  case  n  —  fc  is  a  multiple  of  A:  +  1 ,  ^  =  0.  Since  P*+i(j/)  is  given  as  the  prod¬ 
uct  of  (16)  and  (17)  and  is  a  polynomial  in  y,  the  denominator  of  (17)  must 
occur  as  a  factor  in  (16).  Therefore  P*(y)  can  be  written  as 


.  (18)  Ptiy)  =  (1  +  y’  +  y*'  +  •  •  •  +  /*)  n  (1  +  /‘  +  1/*"  +  •  •  •  +  y""*), 


where  the  indicated  product  here  differs  from  the  indicated  product  in  (16) 
by  this  one  factor.  Now  P*+i(y)  is  the  product  of  (17)  and  (18);  therefore 

P*4i(y)  =  (1  +  y*  +  y**  +  •••  +  y  •)  ri  (1  +  y”'  +  y‘'‘  -h  •••  4-y"‘'0. 

i 


Since,  from  (17),  \  >  fi  for  k  <  {n  —  l)/2,  this  shows  that  P*+i(y)  will  contfun 
all  the  terms  of  Pi(y)  and  additional  terms.  Thus,  the  coefficients  in  Pkiy)  will 
be  monotone  increasing  functions  of  &  for  fc  <  (n  —  l)/2.  Therefore,  using 
symmetry,  Pt(y)  will  possess  maximum  coefficients  when  k  >=  n/2  if  n  is  even, 
and  when  k  —  {n  —  l)/2  if  n  is  odd.  Because  of  this  result,  it  is  necessary  to 
determine  Q{t)  in  (13)  only  for  this  value  of  k  in  order  to  obtain  bounds  that  are 
valid  for  all  the  roots. 

As  an  illustration  of  how  (13)  is  applied,  suppose  that  n  lo,  r  «:  .9,  and 
four  squarings  are  performed.  Then  m  =  2*  *  16  and  t  =  (.9)**  =  .01853. 
From  considerations  in  the  preceding  paragraph,  k  will  be  chosen  as  5.  From 
(14), 


1  +  Qit)  = 


(l-1*)(l-<^)-.-  (l-l“) 


(1-0(1  -<*)•••  (!-<*)  ■ 

If  this  is  expressed  in  explicit  polynomial  form,  it  will  be  found  that 
(19)  1  +  Q(t)  =  1  -f  <  +  2<*  -H  3<*  -f  5«*  -I-  7<‘  +  9f*  +  •  •  •  +  l”. 

'  Calculations  will  verify  that  1  -f  Q(0  <  1.01923  and  that  [1  -|-  Q(01*^**  <  l.(X)12; 
hence  (13)  becomes 


(c*/c*_x)‘'“ll.0012r‘  <  lr»|  <  (c*/c*_i)"“ll.0012]. 


lyur 


Thus,  the  relative  error  after  four  squarings  will  not  exceed  .0012. 

2.3  Real  Arid  Imaginary  Roote  With  Bounded  Ratios.  In  this  section 
imaginary  roots  will  also  be  permitted;  however,  it  will  be  assiuned  that  the 
distribution  of  the  absolute  values  of  the  roots  is  such  that  (9)  will  hold  for 
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roots  with  different  absolute  values.  For  example,  if  u  is  real  and  r,>i  and 
represent  a  pair  of  complex  conjugate  roots,  it  would  be  necessary  that 
I  >'  <+*  I  <  P*  I  I  •  Th®  analysis  of  the  preceding  section  then  requires  only 
slight  modifications  to  become  valid.  The  right  side  of  (12)  will  be  true  if  ab¬ 
solute  value  signs  are  inserted  around  the  U  and  Ck .  If  Q{t)  <  1,  the  left  side 
of  (12)  may  be  replaced  by 

|c*|>|h||f,|---M»|[l-Q(01, 

and  therefore  (12)  may  be  replaced  by 

|hll<,|  •••  h*l(l  -  Qit)]  <  Ictl  <  ...  |<*1[1  -HQ(0]. 


The  analogue  of  (13)  will  therefore  become 

_  -Urn 

(20) 


ct  p^’"ri +Q(oi-^ 

Ck-i  I  _l  —  Q(<)J 


<  r*  < 


^  f^"ri  -fQ(0T* 
Ck-i  \  Li  -  QfdJ 


It  is  unnecessary  to  use  a  prime  on  Q{t)  in  the  right  inequality,  as  was  done  in 
(13),  if  it  is  understood  that  the  maximum  Qit)  is  chosen. 

2.4  Rate  Of  Error  Decrease.  Inequalities  (20),  and  for  only  real  roots  (13), 
may  be  used  to  estimate  the  rate  of  convergence  of  the  root-squaring  method. 
If  one  additional  squaring  is  performed,  (20)  will  be  replaced  by 


c* 

~i — 
Ct-i 


intm) 


r  1  +  Q(^*)~| 

Ll  - 


-aiSm) 


<|r*|< 


Ck 

—r~ 

Ck-t 


V(im) 


r  1 + o(i*)i 

Ll  - 


1/(Sm) 


where  c*  corresponds  to  Ct .  If  a  sufficient  number  of  squarings  have  been 
performed  to  make  t  so  small  that  its  higher  powers  may  be  ignored,  then 


i  +  Q(dr"  ri+c^r 
1  -  Q(0J  Ll  -  ctj 


1  + 


m  ’ 


whereas 

ri  +  Q«*)T'*"’  ri + . .  cf* 
Ll  -  Q(m  Ll  -  cd  m 


where  c  is  the  coefficient  of  t  in  Q(t).  This  shows  that  the  relative  error  will  be 
decreased  by  the  factor  t/2  if  one  more  squaring  is  performed.  Contrary  to 
Bodewig’s  claim,  the  number  of  exact  decimals  is  not  doubled  with  every  squar¬ 
ing  because  the  factor  1/m  is  very  small  for  situations  in  which  the  preceding 
approximations  are  valid.  For  early  squarings,  the  rate  of  decrease  can  be 
estimated  in  any  given  problem  by  evaluating  Qit)  and  Q(t*)  to  the  desired 
accuracy. 

Inequalities  (20)  are  also  convenient  for  determining  the  number  of  squarings, 
necessary  to  obtain  any  desired  accuracy,  provided  a  satisfactory  estimate  of  r 
is  availidile.  For  example,  if  r  .0  and  a  relative  error  not  to  exceed  .0001  is 
desired  in  an  equation  of  the  tenth  degree  or  lower  which  contains  both  real  and 
imaginary  roots,  then  m  would  need  to  satisfy 


ri  +  QWT" 


1  nnni 


162 


P.  O.  HOKL  AND  D.  D.  WAI^L 


From  (19),  this  inequality  is  equivalent  to 

fl  +  (.9)“  +  2(.9)"  +  •••T"  1  ^ 

Ll  -  (.9)-  -  - J  ^ 

Calculations  will  show  that  six  squarings  will  suffice  to  satisfy  the  inequality. 

3.  Rounding  errors.  The  results  in  the  preceding  sections  are  based  on  the 
assumption  that  the  operations  involved  are  carried  out  without  computational 
errors;  however,  because  of  the  limited  carrying  capacity  of  calculating  equip¬ 
ment,  errors  of  rounding  may  be  introduced.  In  this  section,  bounds  will  be 
obtained  for  such  errors. 

3.1  Real  Ditlinct  Roots  With  Bounded  Ratios.  The  assumptions  here  will 
be  the  same  as  those  in  2.2. 

Clonsider  the  magnitude  of  c*  relative  to  that  of  d,  where  c*  corresponds  to 
Ck  after  one  more  squaring.  Since  d  *  •••<*,  it  follows  from  (5)  that 

(21)  c*  <  cl. 

The  coefficients,  c< ,  will  usually  possess  the  same  digital  accuracies,  at  least 
in  the  eariy  squarings,  if  the  possess  the  same  digital  accuracies.  As  a  con¬ 
sequence,  the  product  terms  in 

c*  =  c»  —  2ck-iCk+i  +  2ci,-ifik+i  —  •  •  • 

would  be  expected  to  possess  the  same  digital  accuracy  as  cl;  however,  they  will 
ordinarily  possess  some  different  decimal  accuracies.  e 

If  the  product  terms  possess  at  least  as  much  decimal  accuracy  as  cl,  then  d* 
would  be  expected  to  possess  the  same  decimal  accuracy  as  cl,  unless  n  is  very 
large.  The  product  terms  will  pKXisess  this  property  provided  that 

(22)  cl  >  2ck-fik+i 

for  I  <  j  <  k,  because  they  will  possess  the  same  digital  accuracy  as  cl  but  will 
not  exceed  c*  in  magnitude.  Evidence  will  be  presented  in  the  second  following 
paragraph  to  show  that  (22)  will  usually  be  satisfied. 

Now  decimal  acciiracy  will  correspond  to  digital  accuracy  provided  that  d 
and  d  &re  of  the  same  order  of  magnitude.  There  will  be  a  loss  in  digital  accu¬ 
racy  if  Ck  is  much  smaller  than  c*.  The  possibility  of  losing  digital  accuracy 
can  therefore  be  determined  by  studying  the  ratio  el/cl.  If  thb  ratio  is  approxi¬ 
mately  equal  to  10*,  then  a  loss  of  approximately  h  digits  in  accuracy  would  be 
expected. 

Before  proceeding  to  a  study  of  this  ratio,  consider  the  reasonableness  of 
assuming  that  (22)  will  be  satisfied.  If  the  roots  are  widely  separated,  as  after 
several  squarings,  then 

(23)  — - -  » 

2c*-/  Ck^H  tk+i  •  •  •  4+/ 

which  is  very  large  because  the  numerator  factors  dominate  the  corresponding 
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denominator  factors.  At  the  other  extreme,  if  the  roots  are  all  equal,  then 


2c*_,-  Ck+j 


(:)' 


It  can  be  shown  that  this  ratio  will  possess  a  minimum  when  j  «  1  and  k  =  nf2 
if  n  is  even,  and  X;  (n  —  l)/2  if  n  is  odd.  If  these  minimizing  values  are  em¬ 
ployed,  it  will  be  found  that  (22)  will  be  satisfied  for  n  >  4. 

Now  consider  the  ratio  ct/c*.  Since 

,nA\  cj  E  h  •  •  •  /*]*  _  [1  +  Wi/f»  +  •••  ]* 

.  c:“  “  [1+ Ci/fJ +  •••!’ 


it  follows  that 


and  hence  that 


<5/c*  <  [1  +  4+i/ft  + 


56)  c\/c[  <  [1  -1-  Q{i)\\ 

As  an  illustration,  the  example  considered  in  2.2  will  give 

c\/cu  <  1.039; 


consequently  at  this  late  stage  in  the  squaring  process  no  accuracy  will  be  lost 

*  beyond  that  normally  to  be  expected  in  multiplying  and  adding  numbers  of  a 

*  fixed  digital  accuracy. 

3.2  Equal  Roots.  If  all  the  roots  are  equal,  (24)  will  become 


Here  there  will  be  a  rapid  loss  of  digital  accuracy.  Thus,  for  n  »  10  and  k  ==  5, 
et/ci  =  252;  consequently  two  digits  would  be  expected  to  be  lost  in  one  squar¬ 
ing  operation.  Since  this  property  holds  for  each  operation,  a  few  such  opera¬ 
tions  would  give  rise  to  an  equation  with  no  accuracy  remaining  in  its  coeffi¬ 
cients.  From  this  result  it  is  clear  that  there  is  danger  of  losing  accuracy  as 
roots  approach  equality. 

3.3  Real  And  Imaginary  Roots  With  Bounded  Ratios.  Inequality  (25)  can 
be  modified  in  the  same  manner  that  (13)  was  modified  to  yield  (20).  In  addi¬ 
tion  to  the  assumptions  made  in  2.3,  it  is  also  necessary  to  assume  that  (21) 
and  (22)  are  satisfied  for  absolute  values  because  the  arguments  leading  to 
(25)  depend  upon  these  inequalities.  A  loss  of  accuracy  because  (21)  is  not 
satisfied  seems  highly  improbable.  As  indicated  in  3.2,  the  dangerous  situations 
are  those  in  which  (21)  is  very  much  satisfied.  Although  (22)  may  not  be  satis¬ 
fied  in  the  early  squarings,  arguments  similar  to  those  following  (23)  will  show 
that  (22)  may  be  expected  to  hold  in  the  later  squarings.  If  these  conditions 
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are  satisfied,  the  analogue  of  (25)  will  be 

cl  [1  +  Qcor 
lal  ”  II  -  e«^l  ■ 

4.  other  errors.  A  third  source  of  error  that  has  not  been  considered  in  this 
paper  is  the  rounding  error  of  routine  multiplications  and  additions  of  approxi¬ 
mate  numbers.  If  the  number  of  digits  carried  in  the  calculations  is  several 
more  than  the  number  of  digits  in  the  original  coefficients,  this  error  need  not 
give  the  computer  concern,  unless  n  is  very  large.  Although  the  original  coeffi¬ 
cients  may  be  in  error,  equation  (1)  is  treated  here  as  an  exact  equation  and 
therefore  such  extra  digits  are  justified. 
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NUMERICAL  DETERMINATION  BY  USE  OF  SPECIAL  COMPUTA¬ 
TIONAL  DEVICES  OF  AN  INTEGRAL  OPERATOR  IN  THE 
THEORY  OF  COMPRESSIBLE  FLUIDS* 

II.  Determination  of  the  Coefficients  of  the  Integral  Operator 
BT  Interpolatory  Means 

Bt  Rcrco  Isaacs 

1.  Introduction.  In  this  paper  there  is  presented  a  method  for  computing 
by  use  of  a  special  digiting  device  (such  as  punch  card  machines,  an  automatic 
sequence  controlled  calcvilator,  Eniac,  etc.)  the  coefficients  of  an  integral 
operator,  introduced  by  Bergman,  in  the  theory  of  compressible  fluids.  Use 
of  this  operator  will  make  possible  the  calculation  of  a  two-dimensional  subsonic 
flow  pattern  of  a  compressible  fluid.  The  underlying  theory  is  outlined  in  Sec¬ 
tion  1  of  the  first  paper  in  this  series.* 

In  Section  2  the  functions  are  displayed  and  reduced  to  a  form  where  they 
have  a  range  and  domain  suitable  for  computational  purposes.  The  functions 
are  defined  by  a  recurrence  relation  involving  derivatives  and  int^als.  Using 
a  procedure  suggested  by  Professor  von  Mises,  they  are  to  be  computed  by  inter¬ 
polatory  means,  i.e.,  they  are  to  be  replaced  by  expressions  involving  nothing 
more  than  a  finite  number  of  arithmetical  operations.  Such  a  replacement 
involves  an  error.  Bounds  for  this  error  can  be  given  in  terms  of  the  higher  order 
derivatives  of  the  fimctions.  In  Section  3  bounds  for  the  required  derivatives 
are  obtained. 

In  Section  4,  the  interpolatory  formulas  themselves  are  derived  and  their 
coefficients  and  bounds  for  the  error  computed.  In  Section  5,  the  interpolation 
formulas  are  applied  to  the  functions.  The  computational  formulas  and  error 
bounds  are  given  in  a  final  form,  ready  for  use. 

This  paper  includes  the  following  specific  results: 

1.  The  formulas  to  be  used  on  the  calculator. 

2.  Tables  of  coefficients  for  the  use  of  the  above. 

3.  Precise  bounds  for  the  arising  error  given  in  both  tabular  and  formula 
form. 

These  results  are  summarized  in  Section  6. 

The  author  wishes  to  extend  his  thanks  to  Professor  von  Mises  for  his  valuable 
help  and  advice  in  carrying  out  the  present  work. 

2.  The  Function  Sequence.  The  functions  whose  values  are  ultimately 
sought  are  denoted  by  Q‘"’(X),  (n  »  0, 1,  2,  •  •  •  ;  —  «>  <  X  ^  0)  and  they  are 

*  Research  paper  done  under  Navy  Contract  NOrd  SSSS-Task  F,  at  Harvard  University. 
The  ideas  expreMed  in  this  paper  represent  the  personal  views  of  the  author,  and  are  not 
necessarily  those  of  the  Bureau  of  Ordnance. 

*  See  this  Journal,  vol.  26  pp.  1-4. 
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defined  by*  Q"’(X)  =  1 

(2n  +  1)Q‘-^»(X)  =  -(d/dX)Q<“’(X) 

-  4]^V(a)0‘->(a)da, 


(2.1) 

(n  =  0, 1,2,...) 


As  will  subsequently  appear,  we  work  not  with  the  functions  but  with 
others  simply  related  to  them  whose  range  and  domain  are  more  conveniently 
bounded. 

In  (2.1)  « 

‘  1®  -  <*  + 

1  -  T- 

and  T  is  related  to  X  by 

and  h  is  a  gas  constant  approximately  equal  to  6~*. 

Instead  of  X  we  may  use  as  independent  variable  x  \  —  T  with  the  range 
[0,  1].  We  introduce  first  the  functions 

s.(x)  -  (-l)-(l  -  h*)-(1.3.6 . (2n  -  1))Q‘’'(X). 

Then  it  is  easy  to  verify 


s,(x)  *=  1,  «,+i(x)  *  a(x)«',(x)  +  ^  ®(«)«,(o)da  (2.4) 

where 

a W  -  ^  +  V  r*  -  (1  +  *■),  «(i)  -  1^.^.)  f (O  e-s) 

The  function  s»  becomes  infinite  as  T  nears  zero.  In  fact  it  can  be  shown  that 
there  exist  constants  Co ,  Ci ,  ’  such  that 

Limr*"««  =  c,.  (2.6) 

r-*o 

We  shall  remove  this  difficulty  by  first  ascertaining  the  c»  and  then  setting 
r»(T)  »  T**$n/cn  so  that  r,(0)  =  1.  The  r,(70  are  the  functions  that  will  actu¬ 
ally  be  calculated. 

Determination  of  the  Cn .  (2.6)  implies 

«.  -  (c,/r*")[l  -f  ^.(Di  (2.7) 

*8«e  Bergman,  $11,  p.  35,  of  [2];  $2  and  Appendix  I  of  [5].  The  numbers  in  brackets 
refer  to  the  Bibliography. 

See  also  formulas  (1.4)  and  (2.1)  of  the  first  article  in  this  series. 
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with  ^.(O)  »  0.  Substituting  (2.7)  into  (2.4)  we  obtain 


(1  +  ^+i(r))  -  3nr*a(r)(i  +  mt))  -  T*m<i>n(T) 

c» 


^  yi«-n  j^Sd(a)(l  +  jyj* 


(2.8) 


Now  ®(r)  =  ^/(T)  where /(TO  is  bounded  in  [0, 1]  and/[0]  =  f.  Put  g,(T’) 
f(T)(l  +  <t>n(T))  so  that  the  integral  in  (2.8)  is 
gn(a)  da  ^  _  1  g»(a)~|^  ’ 


+ 


3n  +  3a*»+*Jr  3n 


1  f'gUa) 
+  3  Jt  a*»+* 


da 


3n  +  3  [p»+»  _  3n  +  3  _r*»+»  ^  ®  ^  !)• 


Then 


Lira  r*"+*  da  =  = 

r-»o  Jr  oi*""^  3n  +  3 

It  follows  that  if  we  let  r  — ♦  0  in  (2.8) 


3n  + 


12(n  +  1) 


12(n  +  1) 


(2.9) 


so  that 

Co 


1.  c.  -A,  <;,.a(3+A) 

f 

Finally  we  obtain,  by  substitution  in  (2.4)  the  recurrence  relations  for  the  r,: 

ro(r)  =  1, 

r«(T)  -  u.  r3nA(r)r.(r)  -  TA(J)r'.(T)  +  I 

,r| 

where 

AiT)  »  1  -  (1  +  AOT^  +  h*T*,  BiT)  -  «(D.  (2.11) 

It  is  to  the  equations  (2.10)  that  we  shall  apply  the  interpolation  procedure. 


*  When  a  variable  appears  in  braces  to  the  right  of  a  relation,  it  means  that  derivatives 
and  integrals  appearing  in  or  implied  by  this  relation  are  with  respect  to  this  variable. 
The  8(7)  and  9(7)  in  (2.8)  mean  the  right  side  of  (2J1). 
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3.  Bounds  for  the  Derivatives.  The  interpolation  formulas  that  we  thall  use 
in  the  computations  of  the  r«  contain  error  terms  which  involve  high  order 
derivatives  of  the  r.  .  Thus  it  is  necessary  to  obtain  bounds  for  |  rJ*\T)  \  .* 
By  a  dominant  of  a  fimction  fix)  (for  the  interval  0  ^  x  ^  1)  we  shall  mean  a 
function  fix)  such  that 

|/‘‘’(x)  1  ^  J^\x)  (A:  =  0, 1,  2,  . . .  ;  0  ^  X  g  1)  (3.1) 

and  write 

/<<;  (3.2) 

Theorem  1.‘  If 

a  <  <  a,  «  <  <  S  {x}  (3.3) 

and  hnin  =  0,  1,  2,  •  •  •)  t«  a  non-negative  constant  and  the  functions  ««(x)  are  de¬ 
fined  by 

Id(x)  -  1,  (3.4) 

*.+i(x)  -  a(x)*:(x)  -h  j[’«(a)»,(a)  da-hhn  {x}  (3.5) 

then 

««<<!•  (n  -  0, 1,  2,  •  •  •)  {x}  (3.6) 

Proof  by  induction  on  n.  For  n  —  0;  —  trivial.  Assuming  «•  <  <  1., 

I  <11+1  I  =  a**  +  ©Sn  da  ^  ^  da  +  =“  Jn+i 


while  if  A;  >  0 


Theorem  2.  Let  piT)  =  2  anT’'  be  a  power  series  converging  for  |  T  |  ^  2 
and  let  p*iT)  be  a  majorant,  i.e. 


p*iT)=>'Zbnr  with  1 0,1  ^5,, 


also  convergent  for\T  \  ^  2.  Then 


*  Superscripts  in  parentheses  (except  in  the  case  of  the  Q<">)  denote  derivatives. 
*8ee  Bergnum  [2],  pp.  35-38. 
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let  fiT)  be  such  that  for  some  constant  e  »  e(m) 


l/“’(r)|  s  ~ 


J*+m 

(*-0,1,2, 


1,2,...  ;0  ^  r  ^  1)  {EorT}. 


We  show  first 


^  c  ^ 


O) 


k\(k  —  j  +  m  —  1)! 

i 


nl 


^ir 

2»-H» 


7%-HiW 

2  (”)  (*  -  i  +  m  -  1). . .  (A;  -  J  +  1) 


_  cfclT*  n!(A;  —  j  +  m  —  1)1 
(n  -  i) !  y  j  !(ie  -  j)  !(n  -  j)  I 


^cAr!r(A;  +  m-  1)...(A;  +  1) 
^  2*+« 


c{k  +  m  —  1)1 

ja+w 


(27)" 


I  I  =  I  D  a.(f(T)rY^^  I  ^  Z  I  (/(T)r)‘« 


^  Z  ft-czr)”  =  p*(2r) 


As 


'lT 

kT-) 


{k  +  m-  1)1 


(m  -  1)12’*+-  ’ 
our  result  follows; 


{x] 


1(^P< 


(k  +  m-  1)1  (At  +  m  -  1)1 

^  (m  -  1)17’*+~P  ^  (m  -  1)17*^P 


(3.9) 


[x] 


Theorem  2  is  applicable  to  9  and  IB  and  leads  to  results  of  the  form 

a<<Ci/T*»t,  ®<<C,/r*»^  {x}.  (3.10) 

Then  by  an  application  of  Theorem  1  with  suitable  ,  simple  dominants 
be  found  for  s«  .  These  lead  in  turn  to  bounds  for  the  derivatives  of  r,  .  But 
first  we  shall  find  values  of  Ci  and  Ct . 

Determination  of  Ci  and  Ci .  Because  9  is  quite  a  simple  function  it  is  pKxasible 
to  obtain  the  best  possible  value  of  Ci  by  directly  computing  the  ratios  of  the 
successive  derivatives  of  9  and  T~*  and  then  using  the  Tnmriiniim  abedute 
value  which  appears.  This  leads  to 

Cl  -  1  +  (h*/3). 


(3.11) 
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From  (2^)  and  (2.5)  we  obtain  easily 


4r*«  -  6  -  (1  +  h*)T'  +  (-6  +  3h*  -  h*)T*  + 


Thus  in  this  case 


1  -  h'T*  * 


4p*(2)  =  89  -  44A‘  +  m*  +  ^  195  <  196 . 

1  —  4a* 


or  we  may  take 


C,  =  49. 


Now  we  define  the  following  constants 

o  =  3Ci  f  6  =  •JCj 

To  =  1,  Tl  =  bl,  T, 


=  b(<,  +  |)(a-  +|)  •••((’>  -  1)0  +  i)  (»  -  2.3.  •••) 


If  we  choose 


hn  *  - ; — •  T«  I 

n  +  1 


then  suitable  S,  wiU  be  given  by 


».(x)  -  T,/r*" 


Proof  by  induction  on  n. 
g,  as  1  by  definition. 


*•+'  ~  3T‘*'-+  n  +  1  '• 

a  3n».  36  /_1_  ,  6  _ 

=  3r*  T»7+‘  3n  +  3  V??*'"*  “  /  n  +  1 

y*  /  ,  6  \ 

=  I  on  -f-  ^  ^  I  "  yRi+ii . 


We  can  now  obtain  the  sought  bound  for  |  r«  ’  | . 

r.(D  -  , 

I  rl‘>  (D  I  «  1  Z 

c»  y  \J/ 


??C) 

cuk/T* 


(3n4-i-l)l  1  (3n)l 

(3n-l)I  7^'(3n+i- *)! 


(3.17)  ' 


r 
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a.ft  «  3n  ir,/c»  2  Q)  l(3n  +;-!)•••  (3n  +  j  -  (A?  -  1))]  (3.21) 

Let  us  consider  the  quantity  in  the  bracket.  As  we  may  suppose  n  >  0, 
the  first  factor  is  positive.  As  the  factors  are  consecutive  integers,  there  cannot 
be  a  n^ative  one  present  without  there  also  being  a  zero.  Thus  the  bracket 
^  0  and  clearly  then  ^  (3n  +  k  —  1)  •  •  •  (3n  +  1).  Therefore 


+  1)1 


^  O*  W"  -r  «  —  1 
^  (3«-l)l 


In  addition  to  our  result 


(*)  (fp\  I  <  (3n  -h  A;  —  1)1 

•  ^  Cn\T)  (3n-  1)! 


-  Cn\T/  (3n-  1)! 

we  t«hall  later  need  another  bound,  namely  one  for 


*■•*  h\  / 

with  (i  ”  A;  +  1)«  ^  ^  (Ak  *1'  i)w* 

As  will  appear  later,  m  and  M  are  positive  int^ers  with  M  —  1  >  m  >  A;  and 

tf  >  0. 

We  note 

B(T)r,(T)  _  B(T)$n(T) 

.  “  c, 

and 

l(B(rK(r))“>|  s 36,. Z iri 

_  /  ^  ^  _  o»._  (3n  +  3  +  A;)  1  1 

-  (-1)  36ir»  -  36t,  (3^  ^3)1 

The  smallest  admissible  value  of  (y  is  w  (j  —  A;  +  1) ;  therefore 

I  _  \  ^  36t»  {Zft  +  3  +  2A;)  I  _ 1 _ 

I  I  ^  —  (3„4.3)i  [(j  _  ^ 

The  sum  in  this  expression  cannot  exceed 

1  dx  If- 

[x  —  (A;  —  1)«]**'^'*^ 


«((m  —  k)u) 


3n  +  3  +  2A; 


so  that  our  final  bound  is 


,  .  3feir,  (3n  +  2  +  2A:)!  __l _ 1 

I  ^  — - (3^  ^  3), 


(3.26) 
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4.  The  Interpolation  Formulas.  We  will  be  concerned  in  this  section  with 
the  two  formulas 


fix)  =  -  Z  Anfix  +  x«)  +  « 

O’  X.-* 

(4.1) 

M»  k 

Six)  dx  «  «  Z  BnfM  +  R 

(4.2) 

where  R  represents  the  “error”  (not  necessarily  the  same  in  (4.1)  and  (4.2))* 
We  must  determine  the  coefficients  An,  and  Bhx  and  also  the  error  term. 

The  following  notation  is  a  modification  of  that  used  by  Steffensen  [7].  For 
a  fixed  positive  quantity  u  the  operator  c  is  defined  by  c*/(x)  »  f(x  +  ou)  and 
we  also  need  the  operators  5  =  («*  —  *“*)/«,  □  =  —  J(«*  -f  e~*).  Finally  we 

define 

«  1,  =  X, 

x***’  »  x*(x*  -«*)•.•  (x*  -  (k  -  !)*«*) 


We  take  l/(— 1)!  to  mean  sero. 

The  DerivaRve  Formula.  We  begin  with  Stirling’s  formula 


fix) 


*  r  *•*»>-! 

S[(^ 


1)1 


□  «* 


4.  - _ a** 

^  (2.')!  . 


/(0)  +  K, 


R 


X  /(U+U 


({), 


min  (x,  —  ku)  ^  ^  max  (x,  kta) 


} 


(4.3) 


(4.4) 


(21r  +  I)!' 

This  formula  is  proved  in  [7]  for  the  case  w  «  1.  It  is  proved  for  an  arbitrary  u 
by  replacing  x  by  x/«  and  the  function  /(x)  by  the  function  /(«x).  Then 


r<f»  -  -  Vi?[S  °  +  «] 

-  T.  □  »^‘/(0)  +  B 


4. 

(2s-l)l 

h—\  /  « \r  |S  Si> 


(4.6) 


where  now 

We  arrange  (4.5)  in  a  more  usable  form  by  expanding 


(4.6) 
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in  powers  of  <.  The  result  is 


_L  fj 


7^' + 1)' ?  ir+i)i>  +  i-.-)! ” 


Substituting  into  (4.5)  we  obtain 


m  Z  A»x€V(0)  +  R 


*-l  *»+!  *  J 

Am  -  Z  S  -  (-1)^  (.  -  0 

K-0  i— 1  (*  +  1)  !(2r  +1  —  *) ! 

where  only  terms  with  p  —  i  ^  \  are  included.  Or 

*  ~X(— 1)^  Z  /  ,  , - j.  1  a.  \M 

r-«  (i'  +  1  —  X)  1  (i»  +  1  +  X)  I 

*  (4.8) 

_ X(-l)"  Z 

4ti(^-x)i(p  +  x)r 

It  follows  that  A*.  -Ik  »  —Ak,x  and  we  may  thus  take  X  ^  0. 

Let  us  designate  the  sum  appearing  on  the  extreme  right  (4.8)  by  Sk\  ■  I 
say  that  for  X  >  0 

o  1  *1* 

“  XM*  +  X)l(ilr  -  X)!* 


To  prove  (4.9)  it  suffices  to  show 


1)  8ih-i.x  —  'Siijk  = 


(ilr-X  +  l)l(ilr  +  X  +  l)!’ 


2) 


(X-  1)1 
(2X)I  ’ 


where  the  S  expressions  mean  the  right  side  of  (4.9).  Both  1)  and  2)  follow  by 
direct  computation. 

The  formula  (4.1)  now  fc^ows  immediately  from  (4.7)  with  the  error  term 
described  by  (4.6)  and 

-  -i  <-  -  »• 

A  table  of  A*x  is  given  in  Appendix  I. 

The  Integral  Formula.  We  begin  with  Bessel's  formula: 

*  +  -2)  -  §[  w  °  +  (^+171  +  *• 
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min  +  ^ ,  -(A:  -  1)«^  ^  ^  max  (*  +  ^ »  *!«)• 

This  is  likewise  derived  in  [7]  for  the  case  w  <=  1  and  can  be  modified  as  before. 

We  note  that  x'*'’*'”  dx  =  0,  as  the  intc^and  is  an  odd  function,  and  we 
put 

m.  =  i/  x<-*''-'dx 

and  let  ilf,  be  this  quantity  when  w  =»  1  (see  [7J,  p.  109).  It  is  easily  shown  that 
m*,  «“  .  It  now  follows  that 

Jfw  #W*  /  \  1 

/(x)  (ix  =  /  /(x+^)dx»]C»»*»n  **'«*/(0)  +  12 

0  *-  (w/S)  \  r— 0 


«  E  MuiH  +  «)(e*  -  «"*)*'/(0)  +  R 


where  now 


R  -  -  (fc  -  1)«  ^  ^  fao. 


The  term  (1  +  e)(€*  —  e”*)*',  when  expanded  in  powers  of  «,  ultimately  gives 


This  leads  to 


f  f(z)  ix~i^  T,  +  R 

Jo  X.-Jk4-1 


Box  -  -  2X)  E  Afj 


(2.^)1(-1)' 


»  -  2X)/*  E  {-ly-. - r  .,,dx  (4.15) 

J-i  ».|X|  (k  -  X  +  l)!(v  +  X)! 

and  where  {X}  *=  max  (—X,  X  —  1).  In  (4.15)  the  u  implied  in  the  x**''*’**"* 
is  understood  to  be  1.  As  {1  —  X}  =  max  (X  —  1,  —  X)  *=  {X}  and 

1  -  2(1  -  X)  =  -(1  -  2X) 

it  follows  from  (4.14)  that  «  Box  so  that  we  may  suppose  X  >  0.  - 
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SO  that 


*  iip-ii-i 

=  E  (-1)’ ,  ,,  ,,,/ — jr, 

(k  4-  A  —  l)!(r  —  X)I 


Bkx  =  (--l)"i(2X  -  1)  j[|  QM  dx. 


<?»  -  (-1)* 


(»  +  X  -  1)I(»  -  X)t  z'  -  »*1 


We  merely  describe  the  steps  in  the  proof  which  are  carried  out  with  some 
algebraic  computation.  Form  the  difference  of  right  sides  of  (4.17)  for  k  and 
jb  —  1  and  show  that  this  reduces  to  the  last  term  of  the  series  in  (4.16).  The 
proof  is  then  completed  by  showing  that  the  right  sides  of  (4.16)  and  (4.17) 
are  equal  when  k  =  \. 

Thus 

X  -  i)\(k  -  \)tl  ,  (2X-1)«^  (^  >  0) 


1  f* 

I  V*-  (2\-  1)*^^ 


For  computational  purposes  it  is  perhaps  more  convenient  to  use 
2X  —  1  If* 

=  (-1)*^  (k  +  \-  l)!(iir  -  X)!  2^‘  I  y*  -  (2X  -  1)**^^ 

where  now  means  (y*  —  l*)(y*  —  2*)  •  •  •  (y*  —  {2k  —  1)*). 

A  table  of  the  Bkx  is  given  in  Appendix  II.  (4.13)  and  (4.12)  give  us  our  sought 
formula. 

5.  Treatment  of  the  Equations  by  the  Interpolation  Formulas.  We  now 
replace  the  derivative  and  int^al  occurring  in  the  recurrence  relation  (2.10) 
for  the  r»  by  their  interpolatory  expressions  found  in  the  last  section.  For  this 
purpose  the  following  notation  is  convenient. 

=  r,(m«),  A«  =  A(wi«),  =  B{mu). 

Let  Af  be  a  large  int^er  (in  this  case,  1000)  and  take  u  =  1/M.  Then  we  ob¬ 
tain 

r*4i.«  =  -  mA*  22  A*xr,,„4x 

I  X—k 

-  •  B  1 

-I-  m*"'^*W*  2  22  /V  *'">+#  f  + 

X— *+l  (X  +  j)^  ) 
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The  error  here  is  given  by 

fi..o  -  u.  !)•  ({) 

+  Z 

{m  —  k  —  1)«  ^  ^  (m  +  1;  +  1)«, 

The  double  series  of  (5.1)  may  be  arranged  in  the  form 


(fc  + 


< 


in 


l)w. 


(5.2) 


(53) 


so  that 

Ctu  =  i)  (5.4) 

XhX| 

where  Xx  =  max  (—  A:  +  1,  i  —  M  +  1),  Xj  =  min  (k,  I  —  m) 

Thus  the  final  formula  for  computation  purposes  may  be  written 

r,+i.«  *=  tt„  <  3n.A«  r,.«  —  mA„  ^ur„.«+x 

(  w-t 

U+k-l 

+  Z  C*„(i?,/l*")r», 

l«m+4+l 

It  remains  now  to  find  a  bound  for  |  Rm,n,k  |  so  as  to  decide  which  value  of  k 
will  maintain  the  errors  within  prescribed  limits.  As  we  are  not  interested  in 
too  large  Mach  numbers,  we  wish  only  the  value  for  m  ^  250. 

Noting  the  appearance  of  <rm,n.k  in  (5.2),  we  make  use  of  the  inequality  (3.26) 
as  well  as  the  bound  of  (3.23)  for  |  ri*’  | .  We  also  will  use 

I  i»/tt  I  ^  [(2A;)!/(*!)*]2-" 


(pven  in  [7].  , 

The  combination  of  these  inequalities  leads  directly  to 


I  A-.- 


Tn 


k\ 


(3n  +  k  —  1)1 2*^-1 


Cm-iL  (2Ar  +  l)!  (3n-l)I 


1 


I  OL_»»+*  (2A;)!  (3n  +  2  +  2*)! 

+  TIT  -(Sn +  3)1 


^m-k-  1)*^* 

1  1 


(5.6) 


(m  —  k)* 


The  components  of  the  above  which  involve  m  can  be  simplified  by  means  of 
the  following  inequalities: 


_ m _  _ 1 _ 1 

[m  -  (*  +  1)]**^*  ”  [m  -  (A:  +  1)]**  ^  _  k  +  1 

m 
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1 

Im  -  2(Jb  +  1)1“ 

m»«+» _ 1 _ 1  1 _ 1 

(m  -  ~  ^  ”  ~T** 

Let  us  think  of  these  inequalities  utilized  in  (5.6)  so  that  the  factor 

(m  -  (2ik  +  l)r“ 
may  be  removed  from  the  bracket. 

We  shall  now  show  that  the  first  term  of  the  bracket  is  small  compared  with 
the  second.  The  ratio  of  these  terms  is 

r  \/  (3n  +  k  -  1)  •••  (3n)  \ 

\(2k  +  l)!(2k)!/\(3n  +  2  +  2k)  . . .  (3n  +  4)/ 

We  consider  the  three  braces  separately.  Calling  the  first  Vk  we  have 

_ k^2^ _ 16k 

»*_t  ~  (2k  +  l)(2k)*(2k  -  1)  ”  4k*  -  1 


For  k  =  2,  3,  4,  this  has  the  values  32/15,  48/35,  64/63  >  1  while  if  k  ^  5 
it  <  1  as  then  4k*  —  1  ^  20k  —  1  >  16k.  Thus  the  maximum  of  Vk  is 
attained  for  k  =  4  and  has  the  value  (4!)*  2*‘/9!8I  =  31.7  •••  <32.  The 
second  brace  cannot  exceed  l/(3n  +  2  +  2k)  •  •  •  (3n  +  4  +  k)  and  if  we 
suppose  k  ^  3,  n  ^  1  this  does  not  exceed  l/lO'll  =  1/121.  The  third  brace 
does  not  exceed  1/36.  We  shall  take  6  =  17  (36  =  51  >  49)  so  an  upper  bound 
is  1/51.  Thus  the  entire  ratio  cannot  exceed  32/121*51  <  .0052. 

As  36(1.0052)  <  52,  we  may  drop  the  first  term  of  (5.6)  provided  we  replace 
36  by  52  and  k  >  2. 

Thus  the  final  form  for  the  general  error  is 

T,  52  1  (2k)l  (3n  -t-  2  +  2k)l 


'  cji  [4m  -  8(k  +  1)]**  _  k^*"-^  kl*  (3n  +  3)!  ‘ 

For  practical  purposes  we  make  the  restrictions  m  250,  k  ^^7.  Then 
[4m  -  8(k  -f  1)]*  ^  (1000  -  88)*  >  831,000,  and  (l  “  ^)  ~ 

Calling  Rn.k  the  value  of  the  error  for  m  thus  restricted,  we  have 

IP  I  ^  52  _j_  — j—  (3»  +  '2  +  2k)  1 

I  Rn.k  I  <  52  (831,000)*  (.37)"-"*  kl*  (3n  +  3)1 

Tables  to  facilitate  the  use  of  this  formula  will  be  found  in  the  appendix. 


(3n  +  3)! 


For  practical  purposes  we  make  the  restrictions  m  250,  k  ^^7.  Then 
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Computation  of  a  number  of  particular  values  showed  that  k  =  5  was  a  satis¬ 
factory  order  of  interpolation  for  the  accuracy  desired.  Some  values  of  the 
error  bound  for  this  k  are  given  in  the  next  section. 


6.  Summary  of  the  Results.  The  functions  which  are  to  be  calculated  on 
an  automatic  calculator  of  digiting  type  are  rn{T)[n  =  1,  2,  •  •  •].  They  are 
related  to  the  ultimately  desired  the  functions  used  in  the  Bergman 

operators  which  generate  stream  functions  of  compressible  fluids,  by 

_  _ (  1)  Cn _ 

^  ^  ^  (1  -  h*)«(1.3.5 . (2n-l))  T*" 

where 


12  12(2))(^^^^  12(3))  ■*"  12n) 


The  c,  are  tabulated  in  Appendix  III. 

The  formulas  to  be  used  in  calculating  the  r^CT)  are 


1 


Tn+l,m  — 


|3nAinrn,ai  “  tnAm 


3n  -f- 


12(m  -I-  1) 


-f  m*"'*'*  S  X  Bk\  ,  «. 


^Vf-J 


to  '■"A+f| 


(6.1) 


Here  u  =  the  “span"  or  interval  between  computed  values  and  will  be  taken  to  * 
be  .001. 


Tn.m  =  r,(rrko),A*  =  A(ma>),B«  =  B{mw). 

A(r)  =  1  -  (1  +  h*)!^  +  h'T* 

BiT)  =  4^4(1  !_  [5  -  (1  +  Qh')T*  -  (5  -  4h')T*  +  (1  +  2h*)T*] 

> 

h  =  a  gas  constant  ^  6~^ 

k  =  half-order  of  the  interpolation.  The  value  to  be  used  ia  k  =  5. 

M  =  total  number  of  subdivisions  (i.e.  Mu  =  1).  The  value  to  be  used  is 
M  =  1000. 

Atx  and  Bkx.  are  the  interpolation  coefficients.  They  are  tabulated  in  Ap¬ 
pendices  I  and  II. 

Note  1.  To  calculate  ri ,  we  consider  an  ro  existing  which  =  1.  Note  that 
second  term  in  brace  in  (6.1)  vanishes. 

Note  2.  An  alternative  form  for  the  double  sum  in  (6.1)  is 

Z  C'tto(fi//l*")r-i 
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where 

Ckim  *=»  i  ,  Xi  “  max  (—  A:+  1,  Z  —  Af  +  1);  X*  =  min  {k,  I  —  m). 

The  Error.  Calling  the  error  that  arises  in  the  application  of  (6.1)  in  the 
interval  .25  ^  T  ^  1  (or  250  ^  m  ^  1000)  Rnj, ,  we  have  the  following  boimds 
for  it. 

I  <  .0"56, 1  R,.,  I  <  .0*88, 1  R,.,  |  <  .0*76 
I  R74  I  <  .0*57, 1  R,.,  I  <  .0*39, 1  R,.,  |  <  .0*24 
I  Rio4  I  <  .0*14, 1  Ru4  I  <  .0*74, 1  Ri,4  1  <  .0*39 
The  error  forn  ■=  5,  fc  *»  5  and  T  =  .95  (m  *=  950)  <  .0”l3 
The  formula  for  computing  further  error  bounds  will  be  foimd  in  Section  V 
and  tables  to  facilitate  its  use  are  ^ven  in  Appendix  III. 
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THE  SIMILARITY  LAW  OF  TRANSONIC  FLOW 

Bt  Thkodorx  ton  Kabman 

Introduction.^  The  problem  of  the  trarsonic  flow  around  an  obstacle  has 
attracted  the  attention  of  many  investigators.  Both  the  theoretical  and  the 
experimental  treatments  of  the  question  are  difficult.  The  theoretical  treat¬ 
ment  is  at  the  very  least  laborious  because  of  the  mixed  character  of  the  type  of 
solution  of  the  differential  equations  for  compressible  fluids  when  domains  of 
subsonic  and  supersonic  flow  coexist.  The  experimental  treatment  is  handi¬ 
capped  by  the  fact  that  wind  tunnel  tests  become  unreliable  if  the  speed  in  the 
wind  tunnel  approaches  the  speed  of  sound. 

The  difficulty  in  wind  tuimel  tests  arises  from  the  fact  that  the  fixed  wall  or 
free  jet  boundaries  of  the  tunnel  exert  an  unduly  large  influence  on  the  flow  about 
a  model.  The  reason  for  this  influence  is  indicated  by  the  linearized  differen¬ 
tial  equations  for  compressible  fluids.  Consider,  for  example,  two-dimensional 
flow.  The  differential  equation  for  the  velocity  potential  ^  of  a  slightly  disturbed 
parallel  flow  of  free  stream  Mach  number  M  can  be  written: 

{l-M*)p  +  p  =0  (1) 

dx^  dy* 

In  this  equation  x  and  y  are  the  coordinates  parallel  and  normal,  respectively, 
to  the  direction  of  the  undisturbed  uniform  flow.  For  Af  =  1,  Eq.  (1)  becomes 

^  -  0  (2) 

dy* 

Hence,  according  to  the  linear  perturbation  theory  every  disturbance  produced 
by  an  obstacle,  for  example  an  airfoil,  at  the  speed  of  sound,  extends  with  un¬ 
changed  magnitude  perpendicular  to  the  flow  direction. 

Two  conclusions  can  be  drawn  from  this  simple  consideration;  first,  that  at 
Mach  number  one  the  influence  of  boundaries  at  any  finite  distance  must  be 
very  considerable;  and  second,  that  the  perturbation  theory  based  on  Eq.  (1) 
is  not  adequate  to  describe  the  phenomena  in  the  neighborhood  of  the  velocity 
of  sound.  Indeed,  the  drag  of  an  airfoil  or  projectile  in  an  ideal  compresable 
fluid  is  given  by  this  theory  as  zero  if  the  Mach  number  is  slightly  smaller  than 
unity  and  infinite  if  the  Mach  number  is  slightly  larger  than  unity. 

The  present  note  considers  the  case  where  all  flow  velocities  including  free 
stream  velocity  differ  only  slightly  from  the  velocity  of  sound,  or  more  precisely, 
from  the  critical  velocity  of  sound.  The  differences  between  the  actual  velocities 
and  the  critical  sound  velocity  are  considered  as  perturbation  velocities.  Where¬ 
as,  however,  the  usual  linearized  theory  neglects  quadratic  and  higher  terms  of 
the  perturbations,  in  the  present  case  terms  containing  products  of  the  perturba¬ 
tion  velocities  or  their  derivatives  have  to  be  retained.  It  will  be  seen,  in  fact, 

‘The  Bimilarity  theory  given  in  this  paper  wsa  first  presented  in  a  seminar  at  the 
California  Institute  of  Technology  in  May  1946  and  later  to  the  Sixth  International  Con¬ 
gress  for  Applied  Mechanics,  Paris,  September  1946. 

182 


SIMILARITY  LAW  OF  TRANSONIC  FLOW 


183 


that  at  least  one  of  these  quadratic  terms  is  of  comparable  magnitude  to  the 
linear  term  given  by  £q.  (2).  One  thereupon  arrives  at  a  simplified  form  of  the 
differential  equation  for  the  velocity  potential  and  at  a  similarity  law  for  com¬ 
pressible  flow  patterns  aroimd  similar  aerodynamic  shapes  of  different  thickness 
ratios.  This  similarity  law  replaces  the  corresponding  law  dedudble  from  the 
linearised  differential  equation  (1),  which  in  the  subsonic  case  results  in  the 
Prandtl-Glauert  rule  and  in  the  supersonic  case  in  Ackeret’s  rule. 

Two-dimensional  Flow.  Consider  the  diffeiential  equation  for  the  potential 
in  two-dimensional  isentropic  compressible  flow, 


\  a*/  dx*  a*  dxdy  \  a*/  dy' 


=  0 


(3) 


in  which  u  and  v  are  the  velocity  components  in  the  x  and  y  directions  and  a  is 
the  velocity  of  sound  at  the  speed  (u*  given  by 


o*  -f 


7-  1 
2 


(U*  -f  t!*) 


7  +  1 


(4) 


In  (4),  a*  is  the  so-called  critical  sound  velocity,  that  is,  the  speed  of  soimd  at 
points  where  the  local  Mach  number  is  unity. 

In  the  linearized  theory  1  —  uVo*  in  (3)  is  replaced  by  1  —  l/*/o*  where  U 
is  the  free  stream  velocity.  For  this  substitution  to  be  approximately  valid  the 
perturbation  velocity  u'  =  u  —  U  must  be  small  in  comparison  with  the  dif¬ 
ference  between  flight  velocity  and  sound  velocity.  This  is  evident  from 

o*  -  M*  »  a’  -  <r/  -h  u')*  =  o*  -  t/*  -  2C7m'  -  u'*  (5^ 

in  which,  at  transonic  speeds  the  neglected  term  2U  u'  may  well  be  of  the  same 
order  as  the  term  a*  —  U*  which  is  retained  in  Eq.  (1). 

The  perturbation  analysis  at  transonic  speeds  may  be  carried  out  as  follows. 
Defining  the  perturbation  potential  by 


u 


o*  -h 


dx  ’ 


dy 


(6) 


and  using  Eq.  (4)  one  obtains,  neglecting  higher  order  terms, 

u*  ^  .  (7  -H  1)  uv  _  —  _L 

o*  a*  dx’  a*  a*  dy’  a*  a**  \dy ) 

Introducing  (7)  into  (3)  and  neglecting  terms  of  higher  degree  than  the 
in  the  derivatives  of  ^  yields  the  following' approximate  differential  eqviation 

aV  _  (7  +  1)  2  aV  .  . 

dy'  a*  dx  dx'  ^  a*  dy  dx  dy' 


(7) 

second 


Consider  the  boundary  conditions:  at  infinity  the  velocity  is  equal  to  the  un¬ 
disturbed  flow  velocity  U.  Hence  from  Eq.  (6) 


d^/dx  =  U  —  0,' 


(9) 
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and, 

Using  £q.  (4)  and  with  Mi 


a^/dy  -  0.  (10) 

U/ai  shows  that  Eq.  (9)  may  be  written  as, 


dx 


2 

(7  +  1) 


o*(Afi  - 


1). 


(11) 


At  the  airfoil  the  flow  must  follow  the  surface.  Since  the  airfoil  is  thin  one 
satisfies  this  condition  on  the  x  axis.  Therefore 


at  y  «  ±0, 


i.  ^  ^ 

a*  dy  dx 


(12) 


in  which  dyidx,  the  slope  of  the  airfc^  surface  at  a  chordwise  location  x,  has  been 
expressed  as  the  product  of  the  airfoil  thickness  ratio  r  (r  «  maximum  thick¬ 
ness/airfoil  chord  c)  and  a  function  h  of  the  order  of  magnitude  unity. 

Because  of  the  assumption  that  all  flow  velocities  are  derived  by  small  per¬ 
turbations  from  the  critical  velocity  a*,  we  are  interested  in  the  limiting  form  of 
the  solutions  of  Eq.  (8)  for  small  airfoil  thickness  ratios  r  and  small  departure  of 
the  free  stream  velocity  from  sonic  velocity.  Evidently  the  solutions  of  Eq.  (8) 
under  these  conditions  could  differ  essentially  from  the  solutions  of  the  linearised 
Eq.  (1)  if  at  least  two  terms  of  (8),  one  linear  and  one  quadratic,  remained  of  the 
same  order  of  magnitude  as  both  r  and  M\  —  I  simultaneously  approached  sero. 
One  obtains  the  limiting  solution  by  introducing  an  affine  transformation  of  the 
y  coordinate,  which  has  the  effect  of  shrinking  the  flow  pattern  in  the  y  direction 
in  a  definite  way  as  both  r  and  M|  —  1  approach  zero.  Such  a  shrinkage  is 
necessary',  for  if  Af|  —  1  approaches  sero  while  r  remains  finite,  the  streamlines 
remain  equidistant  from  y  «  0  to  y  ■-  «> . 

To  carry  out  this  idea  the  following  transformation  to  non-dimensional  quan¬ 
tities  is  introduced: 


X  *=  c{,  y  =  c(Tr)  "i; 


(13) 


in  which 

r  -  Kt  +  1)  (14) 

is  introduced  into  the  transformation  to  permit  the  eventual  inclusion  in  the 
similarity  law  of  the  effect  of  the  phjrsical  properties  of  the  fluid  given  by  the 
specific  heat  ratio  7;*  n  is  a  number  to  be  determined.  The  proportionality  of 
^  to  1  —  Ml  is  evidently  necessary  in  accordance  with  the  boimdary  condition 
at  infinity  (11). 


*The  rule  for  the  influence  of  7  was  found  by  W.  Perl.  I  understand  from  private 
correspondence  that  C.  Kaplan  also  extended  my  similarity  considerations  to  variable 
values  of  7. 
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The  method  exemplified  by  the  preceding  transformation  is  somewhat  ana¬ 
logous  to  the  method  used  in  the  hydrodynamic  theory  of  the  boundary  layer. 
The  boimdary  layer  r^on  shrinks  to  zero  as  the  Reynolds  Number  R  becomes 
infinitely  great.  The  similarity  law  of  the  flow  is  thereupon  obtained  by  an 
affine  transformation  which  expands  the  thickness  of  the  boundary  layer  region 
as  R  — >  00.  In  the  present  case  the  affine  transformation  contracts  the  flow 
r^on  as  Ml  — ♦  1. 

Substitution  of  Eqs.  (13)  and  (14)  into  the  potential  equation  (8)  and  the 
boundary  conditions  (10),  (11),  (12)  yields,  respectively, 


at  00, 


(15) 


(16^ 


(17) 


dF/di  =  -  1,  dF/dn  =  0, 

at  ij  =  ±0, 

dF/dr,  =  (Tr)‘-"(1  -  Mi)"‘k(€). 

The  dependence  of  the  preceding  ^nations  on  r,  F  and  Mi  can  be  eliminated 
by  setting 

(Tr)-’"(1  -  Ml)  -  /C  (18> 

(Tr)‘-(1  -  Mi)-‘  =  Kx  (19> 

where  K  and  K\  are  constants.  Substitution  of  Eq.  (18)  in  (19)  shows  that 
these  equations  can  hold  for.  arbitrary  values  of  r,  F  and  Mi  only  if 

n  =  J  (20) 


in  which  case 


and 


1  -  Ml 

(tF)» 


(21) 


/s' 


(23) 


Ki  =  \/K.  (22) 

By  virtue  of  Eq.  (18),  the  last  term  on  the  right  in  Eq.  (15)  can  be  neglected 
and  (15)  becomes 

'  ^ 

dr,' 

The  boimdary  condition  (17)  becomes 

dF/dr,  =  l/KHi).  (24) 

The  explicit  dependence  on  K  of  Eqs.  (23)  and  (24)  can  be  shifted  to  the  other 
boundary  condition  (16)  by  the  substitution 

/({.  v)  =  K.F{!^,  If)  (25) 


li 
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which  gives  in  place  of  (23),  (16)  and  (24),  respectivdy. 


d7i‘ 


at  00, 


dm  ^  -K, 


d//dn  »  h{i)  (28) 

The  transition  to  the  physical  plane,  Eq.  (13),  is  given  by  the  relations 
af  =  c{,  y  «  c(Tr)“*ij  I 

^  Fft,  ,)  -  M*  ^/({,  ,)  I 

The  relation  (21)  expresses  the  similarity  law  in  the  transonic  case.  A  solution 
of  £qs.  (26)  to  (28)  for  a  given  value  of  K  and  function  h  (|)  yields  a  whole  class 
of  flow  patterns  in  accordance  with  (29),  for  similar  airfoils  of  thickness  ratios 
r,  at  free  stream  Mach  numbers  Mi ,  and  in  fluids  of  speciflc  heat  ratio  7  = 
2r  —  1  related  by  equation  (21).  The  case  K  >  0  corresponds  to  subsonic  free 
stream  conditions;  /C  »  0  corresponds  to  free  stream  velocity  equal  to  sound 
velocity;  K  <  0  corresponds  to  supersonic  free  stream  velocity,  in  which  case 
the  boimdary  condition  (27)  of  undisturbed  flow  at  infinity  applies  only  ahead 
of  the  disturbance  arising  from  the  leading  edge  of  the  airfoil. 

The  solution  of  Eqs.  (26)  to  (28)  requires  integration  of  the  differential  equa¬ 
tion  (26).  This  equation  b  simpler  than  the  general  differential  equation  (3). 
If  it  is  linearized  by  application  of  a  Legendre  transformation,  an  equation  of 
the  form 

is  obtained.  This  equation  has  solutions  of  the^imple  form 

=  c*"*  Vu  Z(|  v/2  iXtt*")  (31) 

where  Z  is  a  Bessel  function  of  the  order  i. 

Useful  practical  conclusions  concerning  the  forces  on  airfoils  in  the  transonic 
speed  range  can,  however,  be  drawn  from  the  similarity  law  (21)  and  the  system 
oi  equations  (26)  to  (28)  \vithout  the  necessity  of  an  explicit  solution  of  the  latter 
Thus  the  pressure  coefficient  Cp  on  an  airfoil  in  the  approximation  considered  here 
is  given  by 

^  P  -  Pi  ^  _  2(m  -  U) 
hoiU*  -  U  • 

Substitution  of  Eqs.  (6)  and  (13)  yields 

_  2(1  -  Ml)  .  dF\ 

- f — + 


(32) 


BIMILARITT  tXW  OT  TRANSONIC  FLOW 


187 


or, 


The  Prandtl-GIauert  rule  is  evidently  obtained  if  d*  is  a  linear  function  of  its 
argument. 

The  drag  coefficient  of  the  airfoil  is  obtained  by  integrating  the  horizontal 
component  of  the  pressure  coefficient  around  the  contour  of  the  airfoil  or 

In  accordance  with  the  representation  of  dy/dx  as  rh  (f),  evidently  the  integrated 
result  will  be 


where  2)  is  a  function  only  of  the  quantity  K  as  indicated.  Similarly  the  lift 
coefficient  C|  is  given  by 


The  moment  coefficient  is  given  by  an  expression  similar  to  the  preceding  one 
with,  however,  the  function  £  replaced  by  another  function  911. 

The  preceding  results  (35)  and  (36)  show,  for  example,  that  at  the  sonic  veloc¬ 
ity,  for  which  the  constant  K  is  infinite,  airfoils  with  similar  thickness  distribu¬ 
tions  have  drag  coefficients  proportional  to  the  |  power  and  lift  coefficients  pro¬ 
portional  to  the  I  power  of  the  thickness  ratio,  and  that  both  coefficients  are 
inversely  proportional  to  the  J  power  of  (7  1).  Furthermore,  if  a  force  coeffi¬ 

cient  is  known  experimentally  for  one  airfoil  as  a  function  of  Mach  number  in 
the  transonic  range,  it  is  known  by  the  preceding  equations  for  similar  airfoils 
of  arbitrary  but  small  thickness  ratios  in  a  similar  speed  range. 

The  theory  presented  here  is  based  on  the  existence  of  a  potential  flow.  It 
therefore  supposes  that  the  drag  and  lift  are  not  affected  in  an  essentially  variable 
manner  by  viscosity  in  the  range  considered.  It  is  known,  however,  that  drag 
and  lift  in  the  transonic  speed  range  are  materially  influenced  by  shock  waves. 
The  present  theory  should  still  apply,  however,  if  the  character  of  the  interaction 
between  shock  wave  and  boundary  layer  does  not  change  too  radically  in  the 
range  considered ;  for  one  can  show  that  the  conclusions  of  the  present  theory  are 
stiir  approximately  valid  if  the  shock  waves  which  occur  are  approximately 
normal  to  the  flow  direction  and  if  the  vorticity  beyond  the  shock  waves  is  of 
small  magnitude.  It  may  be  noted  for  example  that  the  change  in  the  value 
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by  the  ahock  wave  in  the  lower  transonic  regime  (free  stream  velocity  subsonic) 
is  of  the  order  of  only  a  few  per  cent. 


Axially  symmetric  flow.  An  analysis  similar  to  that  given  for  plane  flows  can 
likewise  be  given  for  axiaUy  symmetric  flows.  It  will  be  sufficient  to  quote  some 
of  the  corresponding  results.  The  numbers  at  the  left  refer  to  the  correspond¬ 
ing  equations  of  the  two-dimensional  case.  The  simplified  potential  eqxiation 
is: 


(8) 

d*0  1  _  (7  -1- 1)  aV  2  d<ft  a' <f> 
dy'  ydy  a*  dz  dx*  a*  dy  dxdy 

(37) 

The  boundary  conditions  are: 

(9) 

at  ao,  a^/ax  *  U  —  a*,  a^/dy  *■  0, 

(38) 

(12) 

at  y  — » 0,  2ya<t>lay  *  U  d(y*)/dx  »  a*Tcg(X). 

(39) 

The  affine  transformation  is: 

(29) 

^  .  co«  ~  ^  f  (£,  ,)  -  oi*fV({, ,). 

(40) 

The  transformed  potential  equation  and  boundary  conditions  are: 

(26) 

9'S  ^  asa*f 

an'  ridn  a^ae 

(41) 

(27) 

at  00,  af/a^  ^  -  K,  af/ati  -  o 

(42) 

(28) 

at  If  «  0,  2i|  af/an  «  p({). 

(43) 

The  similarity  law  is: 

(21)  ,  5-^  _  K  (44) 


The  pressure  and  drag  coefficients  are: 


(33) 

^^[(l 

(46) 

(36) 

“  '®[(l-Mo]' 

(46) 

Slightly  supersonic  flow.  As  has  been  mentioned,  negative  values  of  tlie 
quantity  K,  £q.  (21),  correspond  to  supersonic  free  stream  conditions.  Now 
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several  exact  solutions  of  supersonic  flow  problems  are  known  which,  in  the  limit 
of  small  disturbance  of  a  slightly  supersonic  free  stream  flow,  can  serve  to  check 
the  present  theory. 

Consider  first  the  supersonic  flow  against  a  two-dimensional  wedge.  For  a 
given  wedge  vertex  angle  0,  there  is  a  well-known  least  value  of  the  supersonic 
free  stream  Mach  number  Mu  at  which  an  oblique  shock  attached  to  the  nose 
suffices  to  deflect  the  flow  along  the  wedge  surface.  At  smaller  supersonic 
Mach  numbers  the  flow  pattern  is  altered  radically  with  detachment  of  the  shock 
and  the  existence  of  a  local  subsonic  region  near  the  nose.  The  Mach  number 
Mu  is  a  function  of  the  wedge  angle  0.  Inasmuch  as  Mu  separates  two  flow 
regimes  of  different  character,  it  is  to  be  expected  that  if  similar  flow  patterns 
can  exist  near  the  nose  of  a  wedge  for  different  wedge  angles  0,  the  corresponding 
free  stream  Mach  numbers  Mu  for  the  limiting  shock  would  be  related  to  0 
by  the  similarity  law.  This  expectation  is  indeed  correct.  The  relation  be¬ 
tween  Mu  and  0  for  small  0  can  be  written’ 


=  l(2)»  =  0.946  (47) 

This  relation  is  of  the  form  required  by  the  similarity  law  (21),  with,  moreover, 
a  value  of  the  constant  K  of  —0.945.  An  additional  verification  is  given  by 
the  expression  for  the  pressure  on  a  wedge  under  conditions  of  small  0  and 
slightly  supersonic  free  stream  Mach  number  Mi ,  where  Mi  >  Mu  .  It  is’ 

Ap  20  r0« 

This  expression  can  be  obtained  from  Eq.  (33)  with  a  function  9{K)  of  the  form 


W 


*  +  ‘ 


V[K\^  AK'' 


(49) 


The  similarity  law  (44)  in  the  axially  symmetric  case  can  be  checked  in  a 
similar  manner  from  the  results  of  Taylor  and  Maccoll*  on  the  limiting  Mach 
number  for  attached  shock  on  cones. 

Another  known  exact  supersonic  flow  pattern  is  the  well-known  Prandtl- 
Meyer  flow  over  a  curved  surface.  It  can  be  shown  without  difficiilty  that  in 
expanding  a  flow  from  Mach  number  1  to  Mach  number  M  by  means  of  a 
Pnmdtl-Meyer  deflection  0,  we  have 


M  -  1 

(r0)» 


T-'  -  i  w 


(50) 


*von  Kannan,  Th.:  The  Problem  of  Resistance  in  Compressible  Fluids,  Pros.  Volta 
Congress,  Rome,  1936,  p.  239,  Eq.  (8.9). 

*Loc.  eit.  Eq.  (8.11). 

*  Maccoll,  J.  W.:  The  Conical  Shock  Wave  formed  by  a  Cone  Moving  at  High  Speed, 
Proc.  Roy.  Soc.,  vol.  160,  pp.  460-472,  1937. 
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with  a  corresponding  relation  for  the  pressure  coefficient 

c,  =  -3'p.  (61) 

These  results  agree  respectively  with  the  similarity  law  (21)  and  with  Eq.  (33) 
with  a  constant  value  for  the  function 

(Received  July  17,  1947.) 


TABLES  FOR  FACILITATING  THE  USE  OF  CHEBYSHEVS 
QUADRATURE  FORMULA 

Bt  Hzrbebt  E.  Salzeb 

In  a  previous  paper  by  the  author',  coefficients  for  finding  the  (n  —  l)th 
divided  difference,  were  given  for  partial  checking  of  the  integrand  in  the  n-point 
Gaussian  quadrature  formula.  One  of  the  drawbacks  happened  to  be  the  very 
efficiency  of  the  Gaussian  formula,  which  precluded  the  possibility  of  applying 
to  the  limit  any  check  equivalent  to  a  differencing  check.  In  the  present  case 
we  consider  the  Chebyshev  quadrature  formula,* 


r'f(z)dz  =  -Zf(^^  +Ro, 

J-i  n  i-i 


{T+T)l^  ^ 


and  where  (  (which  »  {(2)  under  the  integral  sign)  satisfies  0  <  {  <  z,  and 
0  <  “  1, 2,  •  •  •  ,  n,  and  the  z*  are  the  zeros  of  r,(z)  *  polynomial  part 

of  z"  exp  1^2. 3!*;^  “  ~  6‘7~i*  ~  1 '  the^advantage  lies  in  that 

the  weight  coefficients  are  all  equal,  but  for  n  p<wt8,  Chebyshev ’s  formula  is 
exact  for  a  polynomial  of  degree  n  (instead  of  2n  —  1) .  Now  even  though  Cheby¬ 
shev ’s  quadrature  formula  does  not  possess  the  high  efficiency  of  Gauss’s  formula, 
the  integrand  can  be  checked  more  thoroughly  by  a  test  equivalent  to  a  differ¬ 
encing  check,  i.e.  by  taking  the  (n  —  l)th  divided  difference. 

For  a  discussion  of  the  meaning  and  value  of  the  divided  difference  check,  see 
the  previous  paper;'  but  for  the  sake  of  convenience  the  following  is  repeated 
here:  1)  The  divided  difference  is  a  linear  function  of  the  entries  /(z«*’),  and 
since  the  integrand  is  taken  at  the  same  irregularly  separated  points,  the  co¬ 
efficients  of  the  entries /(z(”')  are  fixed  quantities.  2)  The  analc^e  of  the  mth 
difference  in  the  case  of  an  irregularly  spaced  function  is  the  mth  divided  difference 
X  m!  X  some  “average  value”  of  h"",  3)  A  small  (n  —  l)th  divided  difference 
of  n  entries  represented  by  a  polynomial  of  degree  n  —  2  is  in  itself  no  guarantee 
as  to  their  correctness;  but  an  unduly  large  divided  difference  would  indicate  an 


of  z**  exp 


*  “Coefficient*  for  Facilitating  the  Use  of  the  Gauasian  Quadrature  Formula,”  Jour,  of 
Math,  and  Phy*.,  1946,  pp.  244-246. 

*  This  Chebyshev  quadrature  formula  is  not  to  be  confused  with  another  formula  6f 
the  same  name,  also  involving  equally  weighted  coefficients,  namely, 


■■■  +4 

which  is  exact  for/(s)  a  polynomial  of  degree  2n  —  1. 
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Even  in  this  Chebyshev  formula,  the  (n  —  l)th  divided  difference  of  n  values 
of  the  integrand  would  be  negligible  only  if  the  function  behaved  as  a  p<^ynomial 
of  degree  n  —  2;  whereas  the  use  of  n  points  in  (1)  applies  with  full  accuracy  to  a 
polynomial  up  to  degree  n.  This  shows  that  a  complete  differencing  check  is  not 
possible  in  the  Chebyshev  case;  but  this  divided  difference  check  will  be  more 
complete  than  in  the  Gaussian  case.  (Of  course,  in  order  to  guarantee  the  cor¬ 
rectness  of  an  int^rand  as  a  polynomial  of  degree  n,  one  might  use  the  (n  +  2)- 
point  Chebyshev  formula,  where  the  (n  +  l)th  divided  difference  will  be  small 
if  the  integrand  is  correctly  given  as  a  polynomial  of  degree  n.) 

Chebyshev’s  formula  is  of  practical  use  only  when  the  roots  of  !’»(«)  =  0  are 
all  real.  In  other  papere  which  give  the  roots  as  far  as  n  =  9,  the  exceptional 
character  of  n  =8,  which  had  complex  roots,  was  always  conspicuous;  further¬ 
more  the  statement  was  made  by  Ch.  Jordan  in  his  “Calculus  of  Finite  Differ¬ 
ences”,  p.  523,  that  n  =  10  also  had  complex  roots.  Thus  it  was  a  question  of 
great  interest  to  determine  whether  there  exists  any  n  >  9  for  which  TJiz) 
would  have  all  real  zeros.  This  question  was  settled  completely  by  S.  Bernstein' 
who  proved  that  for  n  other  than  1-7  and  9,  there  is  no  equally  weighted  quadra¬ 
ture  formula  where  the  points  Zj"'  are  all  real  and  within  the  interval  (—1,  1], 
and  which  is  exact  for  any  nth  degree  polynomial.  Because  of  their  general 
interests,  the  exa^t  expressions  for  Tn{z)  for  n  «  1  to  12  are  given  below: 

FIRST,  TWELVE  POLYNOMIALS  Tn{z) 

T,{z)  =  z,  3r,(z)  =  3z*  -  1,  2r,(z)  =  z(2z’  -  1), 

45r«(z)  =  45z'  -  30z*  +  1,  72n(z)  =  z(72z*  -  60z*  +  7), 
lOST.Cz)  =  105z‘  -  105z'  -f  21z*  -  1 
64807’7(*)  =  z(6480z*  -  7560z'  +  2142z*  -  149) 

42525T,(z)  =  42625Z*  -  56700z*  +  20790z'  -  2220z'  -  43 
22400r,(z)  =  z(22400z*  -  33600z'  +  15120z'  -  2280z'  -|-  53) 

561337’io(z)  »  56133z‘®  -  93555z*  +  4989(iz*  -  9900z'  +  561z*  -  43 
326592007’u(z)  =  z(32659200z‘“  -  59875200z"  +  369  23(M0z‘  -  91  63440z' 
+  817674z’  -  33889) 

78S2S75Ta{z)  =  7882875z‘*  -  15765750z‘'’  +  11036025z’' 

-3303300z‘  +  405405z'  -  191  lOz*  -  2161 

The  main  featiu^  of  the  table  below  is  the  checking  coefficients  D/*’,  so  that 
in  the  n-point  formula,  after  obtaining  the  integrand  at  the  irr^ularly  spaced 

points  z<"’,  one  can  obtain  the  (n  —  l)th  divided  difference  as  ^ 

i^\ 

The  quantities  are  tabulated  for  n  =  3(1)7,  9  and  t  =  1,  2,  •  •  •  ,  n,  mostly 
to  9S;  but  specifically,  for  n  =  3,  exactly,  for  n  =  4,  to  8D,  for  n  =  5,  6,  7,  to 
7D,  and  for  n  >=  9,  to  6D.  The  quantities  D/”’  are  correct  to  about  a  unit  in 
the  last  place  that  is  given.  Because  the  quantities  z<”’,  the  roots  of  T,(z)  »  0, 
are  of  fundamental  importance,  and  since  previous  computations  for  the  range 
[— 1,  -|-  1]  gave  either  8  decimal  places  only  as  far  as  n  »  5,  or  only  5  decimals 

*  “Sur  les  Formules  de  Quadrature  de  Cotee  et  Tchebycheff”  Comptea  Rendus(Doklady) 
de  I'Acad^mie  dea  Sciencea  de  I’URSS.  Nouvelle  Serie,  vol.  XIV  (1937),  no.  6,  pp.323-326. 
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TABLE  OF  ROOTS  Z4<»>  AND  CHECKING  COEFFICIENTS 
n  «  8  '  n  *  7 


i 

.<<•) 

DiW 

1 

-.70710  67812 

1. 

2 

1 II  iH 

-2. 

3 

1'  .70710  67812 

1. 

n  -  4 


DtU> 

1 

-.79466  44723 

-1.06620  767 

2 

-.18769  24741 

4.46993  141 

3 

.18769  24741 

-4.46993  141 

4 

.79466  44723 

1.06620  767 

n  —  5 


i 

D,U) 

1 

-.83249  74870 

1.30614  69 

-.37464  14096 

-6.44800  30 

^KTmHi:i:i:i « 

10.28671  43 

.37464  14096 

-6.44800  30 

6 

.83249  74870 

1.30614  69 

n  “  6 


i 

gjU) 

1 

-.86624  68181 

-1.48687  68 

2 

-.42261  86638 

19.26271  31 

3 

-.26663  64016 

-26.69696  10 

4 

.26663  64016 

26.69696  10 

6 

.42261  86638 

-19.26271  31 

6 

.86624  68181 

1.48687  68 

i 

«<») 

DtM 

1 

-.88386  17008 

1.80021  26 

2 

-.62966  67763 

-20.27016  18 

3 

-.32391  18106 

40.12491  68 

4 

^HnTriiiEiiiiiiiHE 

-43.48903  29 

6 

.32391  18106 

40.12491  68 

6 

.52966  67753 

-20.27016  18 

7 

.88386  17008 

1.88021  25 

n  ■■  9 


i 

„(.)  i 

Di^*> 

1 

-.91168  93077 

2.80337  3 

2 

-.60101  86664 

-108.38009  1 

3 

-.62876  17831 

158.03230  2 

4 

-.16790  61842 

-263.86633  9 

6 

^HnTri:iMi:i:i:i:iE 

422.64151  0 

6 

.16790  61842 

-263.86633  9 

7 

.52876  17831 

168.03230  2 

8 

.60101  86664 

-108.38009  1 

9 

.91168  93077 

2.89337  3 

for  n  =  2(1)7,  9,  the  present  table  also  includes  the  roots  for  n  ■*  3(1)7,  9 
and  t  1,  2,  •  •  •  ,  n.  The  roots  zj”’  are  given  to  10  decimal  places,  correct  to 
within  a  unit  in  the  last  place,  thus  superseding  all  previous  calculations.  (The 
case  n  «  2  is  omitted,  because  there  a  divided  difference  check  would  be  mean¬ 
ingless;  for  the  sake  of  completeness  one  may  note  here  the  obvious  fact  that 
-  -z?’  =  -y/T/S  =  -.57735  02692.) 

For  n  odd,  Dj"’  «=  ,  and  for  n  even,  .  These  rela¬ 

tions  were  employed  as  a  check  upon  the  quantities  all  of  which  were  com¬ 
puted  independently.  The  middle  coefficient  for  odd  n  was  the  only  one  that 
could  not  checked  that  way.  As  an  additional  overall  check  upon  the  quan¬ 
tities  they  were  employed  to  calculate  the  (n  —  l)th  divided  difference  <rf 
for  n  even,  and  of  zj*”*  for  n  odd  and  >3,  which,  of  course,  must  be  lero. 
The  roots  zj**’.  were  checked  by  substituting  in  the  equation  Ti,(z)  »  0. 
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It  is  important  to  notice  that  even  though  the  Chebyshev  quadrature  formula 
is  one  where  the  errors  are  equally  weighted,  the  checking  process  which  uses 
the  coefficient  ,  when  applied  to  an  integrand,  say  for  n  =  9,  is  much  more 
likely  to  cause  an  error  nearer  to  the  center  to  stand  out,  because  the  coefficients 
nearer  to  the  center  are  nearly  100  times  larger. 

COkfFXTTATION  LaBOBATOBT 
National  Bubkau  or  Standabds 

(Received  November  13,  1946) 


DETERMINATION  OF  A  COMPRESSIBLE  FLUID  FLOW  PAST 
AN  OVAL-SHAPED  OBSTACLE* 

Bt  SrarAN  Bbbqman  and  Bbbnabd  Epstbin 


1.  Introduction.  The  fact  that  the  mathematical  theory  of  steady  two- 
dimensional  flows  of  an  incompressible  fluid  (when  formulated  in  an  abstract 
manner)  is  essentially  identical  with  the  study  of  certain  aspects  of  the  theory 
of  analytic  functions  of  a  complex  variable  makes  possible  the  use  of  the  highly 
developed  methods  of  the  latter  theory. 

We  are,  in  physical  applications,  interested  not  merely  in  the  determination  of 
individual  flow  patterns  but  rather  in  the  study  of  various  properties  of  these 
flow  patterns  and  of  relations  between  these  properties,  in  particular  how  certain 
quantities  (like  lift,  drag,  etc.)  which  are  connected  with  the  flow  pattern  depend 
upon  various  parameters  (such  as  the  form  of  the  profile,  the  speed  at  infinity, 
etc.).  Indeed,  from  the  practical  point  of  view  the  question  of  the  actual  de¬ 
termination  of  an  incompressible  flow  pattern  around  a  given  body  requires  in 
many  cases  a  prohibitive  amount  of  computation,  and  only  the  recent  develop¬ 
ment  of  computational  devices  promises  to  make  possible  in  the  not  too  distant 
future  a  satisfactory  solution  to  the  practical  side  of  problems  in  conformal 
mapping  which  we  meet  in  applications.  Despite  this  situation  the  use  of  the 
theory  of  functions  is  of  extreme  importance  in  the  theory  of  flows  of  an  incom¬ 
pressible  fluid. 

Attempts  to  develop  a  mathematical  theory  of  a  compressible  fluid  along  lines 
similar  to  those  of  an  imcompressible  fluid  indicate  the  need  for  using  computa¬ 
tional  devices  to  an  even  greater  extent  than  in  the  case  of  an  incompressible 
fluid.  As  is  well  known,  the  partial  differential  equation  governing  the  stream- 
function  ^  of  a  compressible  fluid,  considered  as  a  function  of  the  coordinates 
2,  y  of  the  physical  plane  (i.e.,  the  plane  in  which  the  motion  actually  occurs), 
is  non-linear.  If,  however,  one  considers  ^  as  a  fimction  of  the  components  of 
the  vdocity  vector  or  of  certain  related  quantities  (hodograph  method),  then  the 
equation  becomes  linear  and  homogeneous.  Naturally  the  investigation  of  a 
linear  equation  is  considerably  simpler  than  that  of  a  non-linear  one;  in  this  case 
the  superposition  principle  holds,  and  recent  developments  in  the  theory  of  linear 
partial  differential  equations  make  it  possible  to  generalise  many  methods  of  the 
theory  of  analytic  functions.  On  the  other  hand  the  use  of  the  hodograph 
method  requires  (even  in  the  incompressible  case)  a  considerable  amoimt  of  com¬ 
putational  work. 

This  situation  makes  it  desirable  to  prepare  once  and  for  all  certain  tables 
which  will  enable  one  to  determine  in  a  comparatively  short  time  flow  patterns 
(in  the  physical  plane)  which  are  of  interest,  and  in  a  form  in  which  one  can  see, 

*  RMSBreh  paper  done  under  Navy  Contract  NOrd  8SSS-Task  F  at  Harvard  University. 
The  ideas  expressed  in  this  paper  represent  the  personal  views  of  the  authors  and  are  not 
necessarily  those  of  the  Bureau  of  Ordnance. 
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at  least  to  a  certain  extent,  the  dependence  of  the  quantities  characteristic  of  the 
flow  pattern  on  the  form  of  the  body,  the  speed  at  infinity,  etc.  Such  tables  can 
be  prepared  conveniently  by  the  use  of  modern  computational  machinery.  As 
a  guide  for  the  preparation  of  such  tables  it  is  useful  to  have  some  illustrative 
examples  for  the  determination  of  flow  patterns. 

The  essential  part  of  such  tables  in  the  case  of  integral  operator  method  will 
consist  of  tables  of  certain  auxiliary  functions  k  =  1,  2,  n  =  1,  2,  •  •  • 

which  are  described  in  detail  in  [2,  §11 ;  6,  §1 ;  8,  §§6, 7].* 

In  the  present  paper  the  first  six  have  been  tabulated  but  in  order  to  ob¬ 
tain  greater  accuracy  in  computing  the  st reamf unction  in  a  reasonably  extended 
domain  of  the  hodograph  plane  a  larger  number  of  the  and  the  «  =  1,2, 
are  needed.  Since  the  aim  of  the  present  paper  is  an  illustration  of  the  integral 
operator  method,  we  have  restricted  ourselves  to  an  example  with  a  compara¬ 
tively  small  Mach  number  and  to  a  flow  pattern  obtained  by  applying  the  oper¬ 
ator  to  a  comparatively  simple  analytic  function.  In  the  case  of  higher  speeds, 
the  procedure  is  exactly,  the  same,  but  requires  a  knowledge  of  more  as  well 
as  We  defer  this  treatment,  therefore,  until  a  larger  number  of  them  is 

available.  Then  we  will  be  able  to  compute,  with  the  same  amount  of  work* 
various  flow  patterns  with  a  sufficient  degree  of  accuracy. 

In  [3],  [4]  a  computation  has  been  carried  out  for  a  body  of  nearly  circular 
shape,  and  in  the  present  paper  in  §2-§4  we  consider  an  obstacle  of  nearly  ellip¬ 
tical  form.  In  §5  we  make  some  additional  remarks.  The  authors  wish  to 
express  their  gratitude  to  R.  von  Mises  and  M.  Schiffer  for  their  helpful  advice 
n  connection  with  this  paper. 

2.  The  principle  of  the  tables  to  be  prepared.’  As  had  been  showm  in  [1]  and 
[2],  a  “general  formula”  for  the  streamfunction  of  a  compressible  fluid  flow  can 
be  written  in  an  implicit  form,  as  follows: 

(2.1)  ^  =  x  =  y^EA,VA,e). 

Here  x,  y  are  cartesian  coordinates  of  the  plane  in  which  the  flow  occurs  (physical 
plane),  the  A,  are  arbitrary  constants,  X,  0  are  certain  parametric  variables  (see 

*  Numbers  in  brackets  refer  to  the  bibliography.  The  present  paper  does  not  presuppose 
the  knowledge  of  previous  publications. 

*  These  functions  can  be  used  for  the  determination  of  partially  supersonic  flows  as  well. 

It  seems  that  the  difficulties  encountered  ip  applying  the  hodograph  method,  are  only 

partially  of  purely  mathematical  nature.  An  essential  bar  in  this  procedure  is  that  every 
step  requires  very  long  computations.  In  particular,  after  the  streamfunction  is  already 
defined  in  the  hodograph  plane,  the  transition  to  the  physical  plane  is  exceedingly  time 
consuming.  It  should  be  therefore  very  useful  to  develop  certain  methods  so  that  operators 
of  special  computational  devices  could  carry  out  this  work  in  the  most  economical  manner. 

*  The  understanding  of  the  present  section  requires  the  knowledge  of  the  mathematical 

thwry  of  the  hodograph  method  and  the  method  of  integral  operators.  In  particular  we 
make  use  here  of  the  fact  that  hodographs  of  flow  patterns  are  situated  on  Riemann’s 
surfaces.  See  for  details  [6].  The  contents  of  this  section  arc  not  essential  for  understand¬ 
ing  of  the  remainder  of  the  paper.  ' 


TABLE  I 

The  vaiuea  of  T,  M,  X,  H  and  dH/dk,  (Jb  «■  1.405) 


r 

M 

X 

a 

iB/iX 

T 

M 

X 

a 

ia/4x 

.10 

.9950 

-.00028 

2.5236 

1487.1 

.11 

.9939 

-.00037 

2.4074 

1061.3 

.51 

.8602 

-.04509 

1.1786 

2.9245 

.13 

.9927 

-.00048 

2.3059 

779.39 

.52 

.8542 

-.04823 

1.1609 

2.6628 

.13 

.9915 

-.00062 

2.2165 

586.26 

.53 

.8480 

-.05154 

1.1614 

2.4254 

.14 

.9902 

-.00077 

2.1372 

450.12 

.54 

.8417 

-.05505 

1.1532 

2.2098 

.15 

.9887 

-.00006 

2.0660 

351.67 

.55 

.8352 

-.05875 

1.1455 

2.0140 

.16 

.9871 

-.00116 

2.0017 

278.98 

.56 

.8285 

-.06265 

1.1380 

1.8357 

.17 

.9854 

-.00139 

1.9433 

224.28 

.67 

.8216 

-.06678 

1.1307 

1.6731 

.18 

.9837 

-.00165 

1.8899 

182.42 

.58 

.8146 

-.07113 

1.1230 

1.5252 

.19 

.0818 

-.00195 

1.8408 

149.67 

.50 

.8074 

-  .07572 

1.1171 

1.3898 

.20 

.9798 

-.00229 

1.7957 

124.38 

.60 

.8000 

-.08056 

1.1107 

1.2664 

.21 

.9777 

-.00265 

1.7639 

104.05 

.61 

.7924 

-.08567 

1.1045 

1.1534 

.22 

.9755 

-.00306 

1.7152 

87.702 

.62 

.7846 

-.09108 

1.0085 

1.0502 

.23 

.9732 

-.00350 

1.6790 

74.425 

.63 

.7766 

-.09678 

1.0929 

.95582 

.24 

.9708 

-.00400 

1.6454 

63.557 

.64 

.7684 

-.10282 

1.0873 

.86927 

.25 

.9682 

-.00453 

1.6138 

54.579 

.65 

.7509 

-.10919 

1.0621 

.79010 

.26 

.9656 

-.00512 

1.5841 

47.110 

.66 

.7613 

-.11593 

1.0770 

.71749 

.27 

.9629 

-.00676 

1.5563 

40.862 

.67 

.7424 

-.12305 

1.0621 

.65091 

.28 

.9600 

-.00644 

1.5300 

35.592 

.68 

.7332 

-.13050 

1.0674 

.58989 

.20 

.9570 

-.00719 

1.5051 

31.126 

.60 

.7238 

-.13858 

1.0620 

.53395 

.30 

.9539 

-.00799 

1.4817 

27.324 

.70 

.7141 

-.14703 

1.0586 

.48266 

.31 

.9507 

-.00887 

1.4505 

24.066 

.71 

.7042 

-.15600 

1.0546 

.43568 

.32 

.9474 

-.00978 

1.4383 

21.264 

.72 

.6940 

-.16553 

1.0506 

.39253 

.33 

.9440 

-.01080 

1.4185 

18.845 

.73 

.6834 

-.17564 

1.0460 

.35303 

.34 

.9404 

-.01186 

1.3094 

16.744 

.74 

.6726 

-.18638 

1.0435 

.31689 

.35 

.9367 

-.01301 

1.3812, 

14.914 

.75 

.6614 

-.19783 

1.0398 

.28365 

.36 

.9330 

-.01424 

1.3639’ 

13.316 

.76 

.6499 

-.21004 

1.0366 

.25332 

.37 

.9290 

-.01555 

1.3475 

11.915 

.77 

.6380 

-.22305 

1.0835 

.22557 

.38 

.9250 

-.01693 

1.3317 

10.682 

.78 

.6258 

-.23697 

1.0305 

.20022 

.39 

.9208 

-.01843 

1.3171 

9.5078 

.79 

.6131 

-.25188 

1.0277 

.17709 

.40 

.9165 

-.02000 

1.3024 

8.6333 

.80 

.6000 

-.26785 

1.0250 

.15509 

.41 

.9121 

-.02168 

1.2886 

7.7794 

.81 

.5864 

-.28506 

1.0225 

.13682 

.42 

.9075 

-.02346 

1.2755 

7.0214 

.82 

.5724 

-.30358 

1.0202 

.11938 

.43 

.0028 

-.02535 

1.2628 

6.3447 

.83 

.5578 

-.32362 

1.0179 

.10350 

.44 

.8080 

-.02736 

1.2508 

5.7409 

.84 

.5426 

-.34531 

1.0158 

.08031 

.45 

.8930 

-.02949 

1.2391 

5.1998 

.85 

.5268 

-.36892 

1.0139 

.07645 

.46 

.8879 

-  .03174 

1.2280 

4.7149 

.86 

.5103 

-.39472 

1.0121 

.06488 

.47 

.8827 

-.03411 

1.2173 

4.2791 

.87 

.4931 

-.52301 

1.0104 

.05452 

.48 

.8773 

-.03663 

1.2071 

3.8869 

.88 

.4750 

-.45422 

1.0088 

.04530 

.49 

.8717 

-.03930 

1.1972 

3.6820 

.89 

.4560 

-.48885 

1.0074 

.03713 

.50 

.8660 

-.04212 

1.1877 

3.2134 

.90 

.4359 

-.52759 

1.0061 

.02905 

.91 

.4146 

-.57130 

1.0049 

.02370 

.92 

.3919 

-  .62116 

1.0039 

.01829 

.93 

.3676 

-.67883 

1.0029 

.01368 

.94 

.3412 

-.74677 

1.0022 

.00083 

.96 

.3122 

-.82872 

1.0015 

.00668 

.06 

.2800 

-.93105 

1.0009 

.00418 

.97 

.2431 

-1.06557 

1.0005 

.00230 

.98 

.1990 

-1.25893 

1.0003 

.00100 

.99 

.1411 

-1.50606 

1.0001 

.00025 

1.00 

.0000 

—  00 

1.0000 

0 

TABLE  11.  1 

Values  of  n  -  1,  2,  3,  4,  5,  6  (ib  -  1.405) 
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1. 

1.0662565  06 
1.0404369  06 
9.9661480  05 
9.5470071  05 
9.1460962  05 
8.7625695  05 
8.3956739  05 
8.0146427  05 
7.7087823  05 
7.3873994  05 
7.0798641  05 
6.7855497  05 
6.5038735  05 
6.2342685  06 
5.9762076  06 
5.7291736  05 
5.4926815  05 
5.2662656  05 
5.0494880  05 
4.8419151  05 
4.6431532  05 
4.4528059  06 
4.2705157  05 
4.0959207  06 
3.9286883  05 
3.7685008  05 
3.6150500  05 
3.4680432  05 
3.3272007  05 
3.1922569  05 
2.1163192  05 
1.4103421  05 
9.4448453  04 
6.3541051  04 
4.2931511  04 
2.9123026  04 
1.9829571  04 

o 

-8.5261009  04 
-8.2247676  04 
-7.9345131  04 
-7.6549156  04 
-7.3855744  04 
-7.1260819  04 
-6.8760788  04 
-6.6351910  04 
-6.4030833  04 
-6.1794116  04 
-5.9638682  04 
-5.7561367  04 
-5.5559284  04 
-5.3629551  04 
-5.1769484  04 
-4.9976442  04 
-4.8247921  04 
-4.6581492  04 
-4.4974886  04 
-4.3425791  04 
-4.1932142  04 
-4.0491817  04 
-3.9102891  04 
-3.7763387  04 
-3.6471528  04 
-3.5225545  04 
-3.4023741  04 
-3.2864488  04 
-3.1746225  04 
-3.0667438  04 
-2.1751981  04 
-1.5494599  04 
-1.1081706  04 
-7.9554578  03 
-5.7312283  03 
-4.1423786  03 
-3.0030924  03 

O' 

6.1562582  03 
5.9812412  03 
5.8114481  03 
5.6467176  03 
5.4868927  03 
5.3318109  03 
5.1813341  03 
5.0353103  03 
4.8936074  03 
4.7560842  03 
4.6226191  03 
4.4930788  03 
4.3673471  03 
4.2453031  03 
4.1268349  03 
4.0118319  03 
3.9001861  03 
3.7917962  03 
3.6865640  03 
3.5843883  03 
3.4851807  03 
3.3888471  03 
3.2953027  03 
3.2044599  03 
3.1162388  03 
3.0305596  03 
2.9473451  03 
2.8665215  03 
2.7880163  03 
2.7117598  03 
2.0590006  03 
1.5686776  03 
1.1989175  03 
9.1903574  02 
7.0643999  02 
5.4441896  02 
4.2055489  02 

I 

-4.5861801  02 
-4.4878780  02 
-4.3918229  02 
-4.2979592  02 
-4.2062367  02 
-4.1165971  02 
-4.0289955  02 
-3.9433776  02 
-3.8596998  02 
-3.7779101  02 
-3.6979679  02 
-3.6198250  02 
-3.5434403  02 
-3.4687698  02 
-3.3957738  02 
-3.3244115  02 
-3.2546429  02 
-3.1864308  02 
-3.1197397  02 
-3.0545299  02 
-2.9907699  02 
-2.9284223  02 
-2.8674562  02 
-2.8078367  02 
-2.7495330  02 
-2.6925142  02 
-2.6367499  02 
-2.5822115  02 
-2.5288688  02 
-2.4766949  02 
-2.0135316  02 
-1.6410729  02 
-1.3406307  02 
-1.0975710  02 
-9.0038907  01 
-7.4000837  01 
-6.0923795  01 

1. 

3.9160015  01 
3.8582768  01 

3.8014747  01 

3.7455796  01 

3.6905763  01 

3.6364462  01 

3.5831776  01 

3.5307523  01 

3.4791580  01 

3.4283778  01 

3.3784003  01 

3.3292005  01 

3.2807927  01 

3.2331362  01 

3.1862270  01 

3.1400523  01 

3.0945089  01 

3.0498550  01 

3.0058089  01 

2.0624470  01 

2.9197600  01 

2.8777339  01 

2.8363597  01 

2.7956243  01 

2.7555180  01 

2.7160303  01 

2.6771502  01 

2.6388681  01 

2.6011731  01 

2.5640558  01 

2.2226057  01 

1.9293023  01 

1 .6768238  01 

1.4590529  01 

1.2708651  01 

1.1079548  01 

9.6669147  00 

1 

-3.2384701  00 
-3.2109562  00 
-3.1836919  00 
-3.1566747  00 
-3.1299030  00 
-3.1033720  00 
-3.0770811  00 
-3.0510267  00 
-3.0252072  00 
-2.9996187  00 
-2.9742603  00 
-2.9491286  00 
-2.9242219  00 
-2.8995371  00 
-2.8750727  00 
-2.8508250  00 
-2.8267941  00 
-2.8029758  00 
-2.7793688  00 
-2.7559704  00 
-2.7327788  00 
-2.7007914  00 
-2.6870073  00 
-2.6644231  00 
-2.6420370  00 
-2.6198474  00 
-2.5978523  00 
-2.5760495  00 
-2.5544375  00 
-2.5330136  00 
-2.3287347  00 
-2.1413499  00 
-1.9692741  00 
-1.8110959  00 
-1.6655556  00 
-1.5315294  00 
-1.4080066  00 

8821 

8816 

8811 

8805 

8800 

8794 

8789 

8784 

8778 

8773 

8767 

8762 

8756 

8751 

8745 

8740 

8734 

8728 

8723 

8717 

8711 

8706 

8700 

8695 

8689 

8683 

8678 

8672 

8666 

8660 

8602 

8542 

8480 

8417 

aou 

560 

570 
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1. 

8. 1859411  09 
7.7398348  09 
7.3068602  09 
6.9028830  09 
6.5230623  09 
6.1648601  09 
5.8269716  09 
5.5082366  09 
5.2075202  09 
4.9237740  09 
4.6560058  09 
4.4032871  09 
4.1647481  09 
3.9395692  09 
3.7269625  09 
3.5262039  09 
3.3366269  09 
3.1675766  09 
2.9884664  09 
2.8286919  09 
2.6777533  09 
2.5361321  09 
2.4003572  09 
2.2729844  09 
2.1525024  09 
2.0387849  09 
1.9311904  09 
1.8294622  09 
1.7332654  09 
1.6422015  09 
1.5562488  09 
1.4748599  09 
1.3978655  00 
1.3260202  09 
1.2560949  09 
1.1908697  09 

i 

1  1  1  1  1  1  M  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  1  t 

1 

1 

1 

1 

1.0868103  07 
1.0434178  07 
1.0018404  07 
9.6199839  06 
9.2381503  06 
8.8722008  06 
8.5214416  06 
8.1861963  06 
7.8628411  06 
7.5537800  06 
7.2574351  06 
6.9732604  06 
6.7007362  06 
6.4393564  06 
6.1886466  06 
5.9481562  06 
5.7174417  06 
5.4960869  06 
5.2837019  06 
5.0799001  06 
4.8843246  06 
4.6966206  06 
4.5164613  06 
4.3435310  06 
4.1775240  06 
4.0181486  06 
3.8651293  06 
3.7182046  06 
3.5771150  06 
3.4416204  06 
3.3114911  06 
•  3.1865029  06 
3.0664440.06 
2.9511102  06 
2.8403105  06 
2.7338540  06 

1 

-3.7528268  05 
-3.6323050  05 
-3.5158843  05 
-3.4034162  05 
-3.2947595  05 
-3.1897779  05 
-3.0883384  05 
-2.9903160  05 
-2.8955870  05 
-2.8040358  05 
-2.7155484  05 
-2.6300168  05 
-2.5473373  05 
-2.4674077  05 
-2.3901323  05 
-2.3154183  05 
-2.2431745  05 
-2.1733139  05 
-2.1057560  05 
-2.0404182  05 
-1.9772254  05 
-1.9161006  05 
-1.8569738  05 
-1.7997763  05 
-1.7444409  05 
-1.6909030  05 
-1.6391007  05 
-1.5889768  05 
-1.5404711  05 
-1.4935295  05 
-1.4480992  05 
-1.4041280  05 
-1.3615669  05 
-1.3203676  05 
-1.2804851  05 
-1.2418734  05 

1 

1.1482342  04 
1.1204621  04 
1.0934154  04 
1.0670735  04 
1.0414167  04 
1.0164259  04 
9.9208224  03 
9.6836778  03 
9.4526471  03 
9.2275621  03 
9.0082590  03 
8.7945742  03 
8.5863584  03 
8.3834537  03 
8.1857180  03 
7.9930112  03 
7.8051915  03 
7.6221231  03 
7.4436836  03 
7.2697414  03 
7.1001798  03 
6.9348736  03 
6.7737099  03 
6.6165805  03 
6.4633729  03 
6.3139616  03 
6.1683037  a3 
6.0262445  03 
5.8877018  03 
5.7525840  03 
5.6208017  03 
5.4922630  03 
5.3668847  03 
5.2445805  03 
5.1252741  03 
5.0088804  03 

1 

1 

-3.3004604  02 
-3.3349352  02 
-3.2804208  02 
-3.2268080  02 
-3.1743460  02 
-3.1227456  02 
-3.0720772  02 
-3.0223217  02 
-2.9734618  02 
-2.9254787  02 
-2.8783551  02 
-2.8320738  02 
-2.7866184  02 
-2.7419717  02 
-2.6081181  02 
-2.6560426  02 
-2.6127286  02 
-2.5711609  02 
-2.5303263  02 
-2.4902092  02 
-2.4507968  02 
-2.4120737  02 
-2.3740272  02 
-2.3366450  02 
-2.2909132  02 
-2.2638192  02 
-2.2283505  02 
-2.1934963  02 
-2.1502433  02 
-2.1255807  02 
-2.0924074  02 
-2.0500816  02 
-2.0280232  02 
-1.9066108  02 
-1.9667353  02 
-1.9353850  02 

ill 

9066 

9061 

9057 

9052 

9047 

9043 

9038 

9033 

9028 

9019 

9014 

9009 

9004 
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TABLE  IV.  0 
Th4  value  of  g  1*1 


.0016K 

.000761 


TABLE  IV,  1 
The  value  of  g  PI 


TABLE  IV.  2 
The  value  of  g  PJ 
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§3),  the  ^r(X,  0)  are  a  set  of  solutions  of  equation  (3.5),  and  X(X,  0)  and  Fr(X,  0) 
are  certain  fimctions,  given  by  (3.7),  which  are  connected  with  the  ^,(X,  0). 
The  first  question  which  arises  is  that  of  deciding  which  set  of  functions 

TABLE  V 


The  valuee  oS  H  (2X)  and  Q  <*>  (2X)  for  valuee  of  X  needed  for  the  example  under  eoneideraiion 


X  — « 

T 

u 

B 

Q<1> 

Q(l) 

Q<l) 

Q(4> 

.08 

.768 

.862 

1.0372 

.7330 

-1.6661 

■HB 

.774 

-.2067 

.6770 

2.7074 

.787 

.817 

-.1766 

.4720 

-.0246 

1.9439 

-.1606 

-.6064 

1.3804 

.811 

.586 

-.1308 

.3201 

-.6614 

1.0486 

-.04 

.822 

.560 

1.0107 

-.1130 

-.4360 

.7788 

-.08 

.832 

.566 

1.0176 

-.3483 

.5023 

-.08 

.841 

.641 

1.0166 

.1896 

.4614 

-.10 

-.0749 

.1500 

-.2201 

.3676 

-.16 

.888 

AVI 

-.0667 

.1121 

-.1482 

.2148 

-.20 

.884 

.467 

-.0416 

■si 

-.0081 

.1331 
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a  rather  large  class  of  symmetric  flows  around  a  closed  obstacle  can  be  obtained 
(see  §3)  choosing  for  the  set  }  the  real  and  imaginary  parts  of  the  functions: 

(2.2)  ^L(X\  9)  +  9)  =  (exp  -  exp  a)*'*,  *  =  -  1, 0, 1, 2,  •  •  • 


rt 


=  X^  —  i9,  *  log  q,  a  ■:  arbitrary  constant,  exp  Z 

Here  q  exp  (td)  is  the  velocity  vector,  q  being  the  speed  and  9  the  angle  which 
the  velocity  vector  makes  with  the  positive  direction  of  the  x-axis. 


The  etreamline 


TABLE  VII.  1 

0  (obetack)  in  the  phyaical  plane  of  the  compreeeibU  flaw  pattern 


« 

e 

0 

T* 

*e 

S 

y 

.4571 

.348 

.899 

.782 

-.077 

-.036 

0 

0 

.335 

.886 

.753 

-.106 

.0104 

.00354 

.6127 

.321 

.874 

.722 

-.132 

-.082 

.0216 

.00750 

.5256 

.312 

.867 

.707 

-.152 

-.119 

.0278 

.5384 

.302 

.860 

.692 

-.173 

-.161 

.0351 

.00189 

.5513 

.288 

.855 

.676 

-.194 

-.215 

.0439 

.01456 

.5657 

.273 

.848 

.658 

-.222 

-.295 

.0661 

.01805 

.5792 

.255 

.841 

-.264 

-.449 

.0724 

.5945 

.229 

.832 

.619 

-.314 

-.691 

.1011 

TABLE  VII.  2 

The  etreamline  ft  «  .01  in  the  phyeieal  plan*  of  the  compreeeibU  flow  pattern 


1 

« 

* 

0 

r* 

s 

y 

.4571 

.237 

.899 

.782 

-.100 

.239 

-.0942 

.0679 

.263 

.886 

.753 

-.154 

.144 

.0742 

.5127 

.268 

.874 

.722 

.036 

.5256 

.261 

.867 

.707 

-.228 

-.124 

.5384 

.254 

.860 

.692 

-.275 

-.150 

.0846 

.5513 

.246 

.855 

.676 

-.287 

-.178 

-.0198 

.0874 

.5667 

.235 

.848 

.658 

-.305 

.5792 

.223 

.841 

.640 

-.396 

-.352 

.0196 

.5945 

.202 

.832 

,  .619 

-.486 

-.667 

.0479 

.177 

.825 

.599 

-.544 

-.864 

.0814 

.6256 

.132 

.816 

.575 

-.708 

-1.967 

.1204 

In  analogy  to  the  above  set  we  may  choose  in  the  compressible  case  the  class 
of  functions  ^,(X,  9)  given  by*: 

(2.3)  ^(X,  9)  +  t^,.+i(X,  9)  =  P[(exp  Z  -  exp  a)‘'*J, .  =  -  1, 0, 1,  2,  •  •  • 

*  Let  us  note  that  exp  a  is  the  speed  at  infinity.  A  closer  mathematical  investigation 
shows  that  in  the  X^,  S-plane  the  complex  potential  of  the  flows  to  which  we  refer  have  a 
branchpoint  at  the  point  ■>  a,  which  point  corresponds  to  infinity  in  the  physical  plane. 

The  integral  operator  to  which  we  refer  in  the  present  paper  is  an  operator  which  gene¬ 
rates  f^m  anal3rtic  fimctions  of  a  complex  variable  (complex)  solutions  of  equation  (3.5), 
where  4>  is  considered  as  a  function  of  X  and  9.  Here,  as  in  the  incompressible  case,  ^signifies 
the  angle  which  the  velocity  vector  makes  with  some  fixed  direction,  while  X  is  a'  certain 
function  of  the  speed  (corresponding  to  X^  —  Ig  9  in  the  incompressible  case),  see  (3.4). 
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where  P  is  the  “integral  operator  of  the  second  kind”  (see  [1]  —  [5]),  which  gener¬ 
ates  solutions  of  the  compressibility  equation  having  many  properties  similar 
to  those  of  the  analytic  functions  to  which  the  operator  is  applied. 

For  each  fixed  value  of  the  parameter  a  it  is  possible,  by  applying  the  operator 
P,  to  generate  a  set  (2.3)  of  solutions  of  the  compressibility  equation.  From  this 
set  of  solutions  it  is  then  possible  to  determine,  by  the  use  of  (3.7),  the  corre¬ 
sponding  functions  X,(\,  6)  and  Y,{\,  0),  so  that  by  the  use  of  (2.1)  it  would  be 
possible  to  construct  a  broad  class  of  compressible  flow  patterns.  A  slight  modi¬ 
fication  of  this  procedure,  which  may  be  more  suitable  in  practical  applications, 
is  the  following: 

Suppose  that  we  are  interested  in  determining  flows  past  certain  types  of  pro¬ 
files,  say  Joukowski  profiles  or  those  of  elliptical  shape.  By  solving  the  cor¬ 
responding  incompressible  flow  problems,  determining  the  complex  potentials  in 
the  logarithmic  plane  (Z^  =  —  id),  and  applying  the  P-operator  to  these  func¬ 

tions,  (with  replaced  by  X)  there  are  obtained  complex  solutions  of  the  com¬ 
pressibility  equation  whose  imaginary  parts  give  the  streamf unctions  (in  the 
Z  =  X  —  t0  plane)  of  a  compressible  fluid  flow  past  an  obstacle  bearing  a  certain 
resemblance  to  that  appearing  in  the  corresponding  incompressible  flow.  By 
adding  to  this  streamfunction,  which  we  may  designate  as  a  “basic  soltUion," 
the  streamfunctions  ,  ^,+i  corresponding  to*  k  =  0, 1, 2,  •  •  •  in  (2.3)  one  can, 
by  taking  various  choices  of  the  coefficients  A,  in  (2.1),  construct  a  class  of  com¬ 
pressible  fluid  flows  which  may  be  looked  upon  as  modifications  of  that  given  by 
the  "basic  solution”. 

It  may  be  noted  that  for  even  values  of  x  the  functions  to  which  the  P-operator 
is  applied  become  polynomials  in  exp  Z,  so  that  it  suffices  to  determine  the 
functions  P(exp  nZ),  n  =  0,  1,  2,  •  •  •  .  For  odd  values  of  k  this  simplification  is 
not  possible. 

Thus  we  obtain  three  sets  of  solutions: 

A.  Basic  solutions. 

B.  Functions  obtained  by  applying  the  P-operator  to  integral  powers  of 
(exp  Z  —  exp  a)*^*,  K  —  1,  3,  5,  7,  •  •  •  and  for  a  assuming  a  sufficiently  dense 
(discrete)  set  of  values.  (A  tvw  parameter  family  of  functions.) 

C.  Functions  obtained  from  exp  (nZ)  in  the  same  manner  as  described  in  B. 
(A  one  parameter  family  of  functions.) 

In  §3  and  $4  we  shall  describe  in  more  detail  how  to  determine  a  basic  solution, 
namely  a  flow  pattern  past  an  obstacle  of  oval  shape. 

3.  Hodograph  method  in  the  case  of  incompressible  and  compressible  fluid. 
Integral  operators,  generating  streamfunctions  of  flows  of  a  compressible  fluid. 

In  this  section  we  wish  to  sketch  the  procedure  used  in  the  hodograph  method  in 
both  the  incompressible  and  compressible  cases. 

*  The  case  «  ~  —1  is  omitted,  for  the  “basic  solution”  will  contain  such  a  singularity. 
Cf.  §4. 

We  note  that  in  order  to  avoid  the  necessity  of  adding  to  many  terms  of  solutions  listed 
under  B  and  C,  it  is  useful  to  prepare  not  one  basic  flow  pattern,  but  for  each  type  of  obstacle 
a  number  of  “basic  solutions”  corresponding  to  different  values  of  any  parameter,  e.g.  for 
an  ellipse  for  a  number  of  values  of  the  eccentricity. 
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In  the  case  of  a  steady  two-dimensional  flow,  at  every  point  (e,  y)  of  the  flow 
the  velocity  vector  q  «  is  defined.  Here  g  is  the  speed  and  0  the  angle  which 
the  vdocity  vector  makes  with  some  fixed  direction,  say  the  positive  direction 
of  the  E-axis. 

In  the  hodograph  method  one  considers  the  potential  (^)  and  the  streamfunc- 
tion  i'f)  as  functions  of  q  and  0,  or,  what  is  for  some  purposes  more  convenient 
(in  the  incompressible  fluid  case),  as  functions  oH  —  Ig  q  and  0.  ^  is  (in  the 
incompressible  case)  a  harmonic  function  of  and  0;  i.e.,  it  satisfies  the  equation 

(3.1)  aV/dtf*  +  aV/dx^  =  0 


Fio.  1.  A  streamline  in  the  physical  plane,  and  the  velocity  veetor 

Taking  the  imaginary  (or  real)  part  of 
(3.2)  q(Z^),  =  X^  -  i0 

where  g  is  any  analytic  function  of  the  complex  variable  z\  one  obtains  a  pos¬ 
sible*  streamfunction  of  ad  incompressible  fluid  flow  (defined  in  the  logarithmic 
plane). 

In  the  incompressible  fluid  case  it  is  not  difficult  to  determine  functions  g 
which  yield  (in  the  physical  plane)  flows  around  profiles  of  certain  types.  For 
example,  the  function  q(Z)  corresponding  to  the  flow  past  an  ellipse  is  given  in  §4. 

As  we  mentioned  in  the  introduction,  the  idea  sketched  above  can  be  gener- 

’  The  plane  whose  cartesian  coordinates  are  and  $  is  often  denoted  as  the  logarithmic 
plane. 

*  In  general,  the  imaginary  part  of  ^(Z)  may  yield,  upon  transition  to  the  physical  plane, 
a  flow  in  which  the  velocity  distribution  is  not  single-valued.  Such  flows,  of  course,  are 
physically  meaningless.  For  this  reason,  we  speak  of  poeaible  streamfunctions.  However, 
it  should  be  remarked  that  by  considering  the  streamfunction  in  only  a  part  of  its  domain 
of  definition  we  may  obtain  ph3r8ically  acceptable  flows. 
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allied  to  the  case  of  a  compressible  fluid.  We  assume  that  the  flow  is  adiabatic, 
the  pressure  p  and  density  p  being  related  by  the  equation 

(3.3)  p  —  A  op 


where  A,  k  and  o  are  constants.  In  the  case  of  subsonic  flows  one  has  to  work  in 
the  so-called  pseudo-hogarilhmxc  plane,  instead  of  in  the  logarithmic  plane,  i.e., 
the  plane  whose  cartesian  coordinates  are 


(3.4)  x-i[ig(;-^)-iig(^5:)]. 

and  0,  where  h  »  (Hfl  ,  r  =  (1  —  Af*)*  and  M,  the  so-called  Mach  number, 

is  equal  to  -  Fl  —  —  1)  ^ T  ,  k  being  the  constant  appearing  in(3.3)  and 

ooL 

a«  B  [(dp/dp)^^  the  velocity  of  sound  at  a  stagnation  point.  (Note  that  as 
M  varies  between  0  and  1,  X  ranges  between  —  co  and  0.) 

In  taUe  I  in  the  first  three  columns  the  corresponding  values  of  T,  M  and  X 
are  listed,  for  k  =  1.405.  In  the  following  the  functions  H(2\)  « 

(1  —  [1  +  §(fc  —  and  are  needed.  In  columns  4 

oA 

and  5  of  Table  I  these  values  are  given. 

In  the  pseudo-logarithmic  plane  the  streamfunction  f  satisfies  the  equation: 


<»•«  U  + 


jb  +  1  M* 

8  ’  (1  -  M*)»« 


(Since  X  is  a  function  of  M  alone  the  quantity  N  may  be  considered  as  a  known, 
although  rather  complicated,  function  of  X.) 

While  equation  (3.5)  is  much  simpler  than  the  non-linear  one  which  holds  in 
the  physical  plane,  its  investigation  stfll  constitutes  a  considerable  task.  The 
theory  of  integral  operators  has  been  very  useful  in  the  study  of  (3.5).  By  em¬ 
ploying  the  method  of  integral  operators  it  is  possible  to  transform  any  analytic 
function  g(Z)  into  a  complex  solution  of  (3.5),  so  that  the  imaginary  (or  real) 
part  of  the  latter  is  a  possible  streamfimction  of  a  compressible  fluid  flow.  Thus, 
the  method  of  integral  operators  makes  it  possible  to  generalize  to  compressible 
flows  the  much  simpler  operation,  applicable  in  the  case  of  incompressible  flows, 
of  taking  the  imaginary  (or  real)  part  of  an  analytic  function. 

The  application  of  the  method  of  integral  operators  to  the  problem  of  de¬ 
termining  solutions  of  (3.5)  may  be  described  briefly  as  follows:  There  exist  a 
set  of  functions  Q‘”’(2X),  n  »  1, 2,  •  •  •  such  that  the  series: 

P[0'*'l  -  (1  -  +  \{k  -  l)Af‘r‘"*'*~“  X 


(3.6) 


-4-  y 


converges  in  a  certain  portion  of  the  half-plane  X  <  0  and  constitutes  a  (complex) 
solution  of  (3.5),  so  that  the  imaginary  part  of  Vig)  is  a  possible  streamfunction 
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of  a  compressible  flow.  In  (3.6)  ^***(Z)  is  any  analytic  function  of  Z  —  X  —  ttf 

and  g^*\z)  =  j  g*"“‘'(Z0dZ',  where  a  is  any  fixed  value  of  Z,  Re  a  ^0.  (The 

domain  of  convergence  depends  on  the  choice  of  a.  In  particular,  if  a  <=  0, 
then  the  series  converges  in  the  interior  of  the  wedge-shaped  region  |  9  |  ^  3^|  X  |.) 

In  tables  II. 1  and  II.2  the  values  of  the  Q^"’’s  for  n  =  1, 2, 3, 4, 5, 6  are  listed. 
Since  in  further  applications  =  dQ'^^^/dk  are  needed,  the  values  of  this  func¬ 
tion  are  given  in  tables  III.l  and  III.2.'  We  use  in  these  tables  T  as  argument. 
Since  the  values  of  the  and  are  very  large,  each  value  is  represented  by 
two  numbers,  the  number  in  the  second  column  indicating  the  power  of  10  by 
which  the  number  in  the  first  column  is  to  be  multiplied  in  order  to  obtain  the 
value  of  the  corresponding  or  For  instance 

1.32456  01  means  1.32456  X  10  13.2456. 

The  values  of  M  and  X  as  functions  of  T  are  given  in  Table  I.  In  particular, 
for  small  values  of  M  the  streamfunction  reduces  essentially  to  the  imaginary 
part  of  g{Z),  so  that  the  operator  ^{g)  may  be  considered  as  a  transformation  of 
an  incompressible  flow  into  a  corresponding  compressible  flow. 

In  general,  a  part  of  the  flow  will  be  outside  the  domain  of  convergence  of  the 
series  (3.6),  so  that  it  is  necessary  to  extend  the  region  of  definition  of  4>-  This 
question  will  be  discussed  briefly  in  §5. 

After  a  streamfunction  has  been  determined  in  the  X,  9-plane  by  means  of  the 
operator  (3.6),  the  task  still  remains  of  determining  the  flow  in  the  physical 
plane — i.e.,  to  express  ^  as  a  function  of  x  and  y.  The  transition  is  almost  im-  , 
mediate,  for  the  mapping  of  the  X,  9-plane  upon  the  x,  y-plane  is  given  by 
the  following  formulas: 

J  1 _  (1  —  M*)*  cos  9  ^  __  sin  9 

+ [g  -jQ'cos*  _  !i^ 

^  |~(1  -  ^ 


'^J 


dX 


4.  Illustrative  Example  of  the  Determination  of  a  Compressible  Fluid  Flow 
by  the  Hodogiaph  Method.  Let  us  first  consider  the  flow  of  an  incompretgible 
fluid  (whose  density  we  may  take  equal  to  one).  As  is  well  known,  the  use  of 
analytic  functions  is  very  convenient  in  the  study  of  such  flows. 

Let  there  be  given  a  circle  \  z\  ^  R,  and  suppose  that  it  is  desired  to  deter- 

*  The  authora  take  this  opportunity  of  expreaaing  their  gratitude  to  Mias  H.  L.  Basset  of 
the  Center  of  Analysis,  Massachusetts  Institute  of  Technology,  for  supervising  the  compu¬ 
tation  of  the  and 
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mine  the  (symmetric)  flow  past  this  obstacle  having  velocity  ^  1/  at  infinity, 
where  17  is  a  positive  real  number.  Then  it  is  eaaoly  proven  that  the  so-called 
^'complex  potential”  is  »  ^  of  the  flow  is  given  by: 

(4.1)  tc  »  ^  -t- i  I7(*  -J-  I^/z) 

where,  as  usual,  ^  and  ^  are  the  potential  and  streiunfunctions  respectively, 
and  dw/dz  is  tbe  conjugate  of  the  velocity  vector  {rwt  the  velocity  vector  itself) . 
See  Fig.  2.  ^ 

Now  consider  the  mapping: 

(4.2)  f  -  §(2  +  *-*). 


Fig.  2.  An  incomprcMible  fluid  flow  pattern  past  a  circle  in  the  phyncal  plane 


Fig.  3.  An  incompressiblo  fluid  flow  pattern  past  an  ellipse  in  the  physical  plane 

If,  as  we  rHaII  assume,  R  >  1,  this  mapping  transforms  the  exterior  of  the 
aforementioned  circle  into  the  exterior  of  the  ellipse  indicated  in  Fig.  3. 

We  note  that  the  thickness  ratio  of  the  ellipse  b  equal  to  (72*  —  l)/(/2*  +  1). 
It  b  easy  to  show  that  if  (4.2)  b  solved  for  z  as  function  of  f,  and  if  thb  substitu¬ 
tion  is  performed  in  (4.1),  then  ir  =  0  -|-  tV'  yidds  a  symmetric  flow  past  the 
ellipse  with  velocity  U  (not  §  17,  as  previously)  at  infinity.  Fiuthermore, 

setting  dw/dC  “  ^  ^  “  5  (i.e.,  the  conjugate  of  the  velocity  vector),  we  can 

easily  show  that  w  may  be  expressed  as  a  function  of  q  in  the  following  manner: 

(4.3a)  .-iU  [(V^')‘  +  «*  (5^)'} 

Finally,  if  we  set  q  =  exp  Z^  —  tfl,  we  obtain  the  following  expression 
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equal  to  a  ^  log  (.7660)  =  —.26785,  corresponding  to  Mach  number  0.6. 
With  these  values  of  the  parameters  the  image  of  the  incompressiUe  flow  in  the 
Z^-{^ane  is  as  indicated  in  Fig.  4.  It  should  be  stressed  that  the  flow  is  situated 
on  a  two-sheeted  Riemann  surface  whose  two  sheets  (corresponding  to  the  upper 
and  lower  halves  of  the  ph)rsical  plane,  respectively)  are  connected  along  the 
interval  —  <»  <  <  a,  9  «  0.  The  point  >>  a  is  seen  to  be  a  branch  point 

of  y"(Z). 

The  function  9'*'(Z)  was  evaluated  for  a  number  of  values  of  Z  lying  within 
and  slightly  outside  the  streamline  ^  »  0  (See  Table  IV.O.)  Then  the  function 
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which  can  also  be  expressed  in  terms  of  elementary  functions/*  was  evaluated  for 
the  same  set  of  values  of  Z.  (See  TaWe  IV.l)  The  functions  g**’(Z),  g***(Z), 
p*  Hz),  which  are  defined  by  the  recursion  formula: 

(4.5)  '  (/'-'‘’(Z)  =  f‘  (?'"’(Z')  dZ' 

were  also  evaluated  for  the  same  set  of  values  of  Z.  However,  since  it  was  not 
possible  to  express  the  functions  in  closed  form  a  graphical  method  was  employed 
to  evaluate  them.  The  values  of  fif‘"‘'‘'*(Z)  w’ere  determined  in  the  following 
manner:  The  point  Z  was  joined  to  the  point  o  by  a  polygonal  path  consisting  of 
a  vertical  segment  from  Z  to  the  X-axis  and  a  horizontal  segment  to  the  point  a. 
The  complex  integration  (4.5)  was  thus  reduced  to  two  real  integrations,  for  on 
the  vertical  portion  dZ'  =  ids',  while  on  the  horizontal  portion  dZ'  =«  dX'.  The 


b“ 

Fig.  5.  A  eomprcasible  fluid  flow  pattern  past  an  oval-shaped  obstacle 
in  the  physical  plane 


integrals  were  estimated  by  plotting  curves  on  graph-paper  and  counting  squares. 
In  this  manner  the  functions  g'**,  y’*',  successively  were  determined.  (See 
Tables  IV.2-IV.4.) 

For  each  of  the  values  of  Z  under  consideration  the  corresponding  values  of 
A/(2X),  Q‘"^(2X),  n  ■=  1,  2,  3,  4  were  determined.  These  values  are  listed  in 
Table  V. 

Then  the  imaginary  part  of  the  series  (3.6)  which  yields  the  streamfunction  of 
a  compressible  flow”  (at  least  in  a  certain  domain  of  convergence)  was  approxi¬ 
mated  by  taking  the  first  four  terms  of  the  indicated  summation.  In  this  manner 

>•  We  have  namely: 

a«*l(Z)  -  J  1/(1  -I-  IP)  Ifi  [1  -}-  «*  -  2  exp  (Z  -  «)  -  251/l«*  -  Ijj 

1/  J?  If  { [2  5  -f-  2  «»  -  (1  +  iP)  exp  (Z  -  «))/lJJ*  -!)}-«  l/(Z  -  a) 

where 

S*  -  exp  I2(Z  -  «))  -  (1  -I-  JJ»)  exp  (Z  -  «)  -h 
u  The  ■ireamfunction  given  by  (8.fl)  does  not  3rMld  a  flow  past  the  eame  obstacle  as  in  the 
incompressible  ease,  but  rather  past  a  more  or  leas  distorted  obstacle. 

**  The  portion  of  the  flow  in  the  plane  in  Fig.  fla  is  shown  enlarged  in  Fig.  5b. 
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the  approximate  values  for  the  streamfunction  listed  in  Table  VI  were  obtained. 
Finally,  by  using  formulas  (3.7)‘*  for  the  transition  to  the  physical  plane,  the 
form  of  the  obstacle  and  one  of  the  streamlines  =  .01)  were  determined 
approximately.  The  results  obtained  are  indicated  in  Tables  VII,  1,  VII,  2  and 
Fig.  5.“ 

5.  Additional  remarks  concerning  the  evaluation  of  the  steamfimction.  As  we 
mentioned  before,  the  integral  operator  in  the  form  (3.6)  converges  only  in  a 
certain  portion  of  the  subsonic  region  (i.e.  of  the  half  plane  X  <  0).  Since  on  the 
other  hand  flow  patterns  may  be  defined  partially  outside  the  domains  of  con¬ 
vergence,  the  question  arises  of  extending  our  procedure  so  as  to  yield  in  their 
entirety  (subsonic)  flow  patterns.** 

As  has  been  discussed  in  various  papers  ([1],  [6]),  in  addition  to  the  integral 
operator  considered  in  the  present  paper,  there  exists  (among  others)  an  operator, 
different  from  that  considered  in  the  present  paper,  namely  the  so-called  integral 
operator  of  the  first  kind,  which  possesses  the  advantage  of  converging  in  the 
whole  subsonic  region,  but  which  on  the  other  hand  does  not  appear  to  l)e  suit¬ 
able  for  actual  numerical  computation.  However,  by  suitably  combining  the 
ideas  underlying  the  two  aforementioned  operators,  we  may  obtain  a  modified 
integral  operator  which  converges  in  the  whole  half-plane  and  remains  to  a  large 
extent  suitable  for  munerical  computations. 

An  alternative  procedure  for  the  continuation  of  the  streamfunction  outside 
the  domain  of  convergence  of  the  operator  may  be  based  on  the  fact  that  if  the 
function  exists  outside  the  domain  of  convergence  of  (3.6),  then  the  values  of 
4'  can  be  obtained  by  use  of  various  summation  methods,  e.g.  that  of  Borel  or  that 
of  Lindelof.  See  [2,  §18]  and  [11]. 

A  second  problem  important  in  applications  is  that  of  treating  mixed  flows, 
i.e.,  flows  which  are  partially  supersonic.  If  we  work  in  the  hodograph  plane, 
or  any  of  the  related  planes,  we  have  the  problem  of  considering  solutions  of  a 
linear  partial  differential  equation  which  is  elliptic  in  one  domain  (subsonic 
region)  and  hyperbolic  (supersonic  region)  in  the  remaining  portion  of  the 
domain  of  definition  of  the  streamfunction  under  consideration. 

^  The  point  corresponding  to  9  —  .4571,  0  —  .348  (on  the  sero  streamline)  was  arbitrarily 
chosen  as  the  origin  of  the  physical  plane.  The  position  of  the  image  of  the  point  q  —  .4571, 
9  >  .237  (on  the  streamline  <!>  »  .01)  was  then  determined  by  using  formula  (3.7)  along  the 
line  q  .4571 .  Then  the  images  of  the  other  points  on  the  streamline  ^  ■■  .01  were  deter¬ 
mined  by  performing  the  integrations  indicated  in  (3.7)  along  the  streamline. 

In  order  to  diminish  the  extent  of  the  tables  we  give  here  only  a  portion  of  the  numeri¬ 
cal  tabulation,  so  that  the  values  in  Table  VII  represent  data  yielding  only  a  portion 
(indicated  in  the  frame  in  Fig.  5)  of  the  flow  pattern.  The  determination  of  the  remainder 
of  the  flow  pattern  involves  no  difficulties. 

**  As  it  has  been  indicated  in  [6,  $1  and  8,  §6  and  $71,  in  order  to  determine  flow  patterns 
near  the  transonic  line  and  partially  supersonic  flows,  we  need  the  function  in  addi¬ 
tion  to  the  Q*”*.  Since  at  present  only  the  Q*"’  are  available,  in  the  following  we  shall 
discuss  methods  of  getting  subsonic  flows  near  the  transonic  line  and  mixbd  flow  patterns 
iritkoiU  using  the  f*"-**. 
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By  introducing  integral  operators  into  the  theory  of  partial  differential  equa¬ 
tions  of  hyperbolic  type  or  by  some  other  means,  we  can  easily  obtain  stream- 
functions  of  supersonic  flow,  the  other  one  for  a  supersonic  flow  along  the  line 
Af  =  1,  so  that  the  resulting  function  defines  a  mixed  flow,  which  satisfies  regu¬ 
larity  requirements  in  the  physical  plane. 

In  [2,  §17],  Bergman  has  indicated  a  method  of  continuing  a  subsonic  flow  p>at- 
tem  across  the  transonic  line  which  consists  in  considering  the  compressibility 
equation  in  the  M,  d-plane  and  (following  Chaplygin  [9])  introducing  a  com¬ 
plete  set  of  solutions  x»(A/,  9)  which  are  defined  for  both  the  subsonic  and  super¬ 
sonic  region.  Naturally,  in  order  to  be  complete  in  the  neighborhood  of  the 
transonic  line  {xr}  must  (in  contrast  to  the  set  used  by  Chaplygin)  include  solu¬ 
tions  which  are  infinite  at  M  =  0.  For  details  see  [2,  §17,  in  particular  formulae 
(176),  (177);  5,  §4].  The  procedure  of  continuation  consists  in  determining  a 
linear  combination  2  9)  so  that  along  a  line  M  —  Mt  <  \  this  latter 

function  and  its  derivative  with  respect  to  M  coincide  with  the  corresponding 
quantities  obtained  for  the  streamfunction  of  the  subsonic  flow  pattern  which  is 
to  be  continued. 

Another  possible  method  of  continuation  is  to  determine  the  limit  values  of  the 
subsonic  streamfunction  and  of  its  derivatives  with  respect  to  M  on  the  line  M  =  1 
and  then  to  consider  the  initial  value  problem  for  the  compressibility  equation 
in  the  supersonic  portion  of  the  flow’.  A/  >  1.  This  latter  method  has  been 
studied  for  the  simplified  equation  of  state  in  [7,  8],  to  which  we  refer  the  reader 
for  details.  See  also  (10,  12). 

A  subsequent  publication  will  be  devoted  to  a  discussion  of  a  numerical  ex¬ 
ample  of  a  mixed  flow  pattern,  determined  along  the  lines  mentioned  above. 
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ON  THE  DISTRIBUTION  OF  PLANE  STRESS  IN  A  SEMI¬ 
INFINITE  PLATE  WITH  PARTIALLY  STIFFENED  EDGE 


Bt  E.  L.  Bcbll 


1.  Introduction.  The  problem  of  determining  the  state  of  stress  in  a  thin 
semi-infinite  plate  subjected  to  a  concentrated  load  at  some  point  of  its  unstif¬ 
fened  straight  edge  was  solved  by  J.  Boussinesq  in  1892.  [1]‘  More  recently 
E.  Melan  [3]  has  given  the  solution  of  a  similar  problem  for  a  semi-infinite  plate 
to  which  a  stiffening  rod  is  attached  along  its  entire  straight  edge.  In  the 
present  paper  we  shall  consider  the  case  where  the  stiffener  is  semi-infinite,  i.e., 
it  extends  to  infinity  in  one  direction  only  from  some  point  of  the  straight  edge 
at  which  an  axial  load  is  applied  to  the  stiffener. 

By  means  of  the  theory  of  conformal  mapping  the  non-uniform  boundary 
problem  for  the  given  plate  is  transformed  into  a  corresponding  boundary  value 
problem  for  the  unit  circle.  For  this  latter  domain  a  solution  is  obtained  in  the 
form  of  a  Fourier  series  whose  coefficients  satisfy  an  infinite  system  of  linear  equa¬ 
tions  in  an  infinite  number  of  unknowns.  This  system  is  solved  approximately 
and  the  values  of  the  first  few  Fourier  coefficients  thus  obtained  are  used  to  cal¬ 
culate  the  stresses  at  the  edge  of  the  plate.  The  results  are  then  compared  with 
those  of  Boussinesq  and  Melan  to  show  the  effects  of  the  stiffener  and  to  derive 
an  “effective  length”  for  it. 

f 

2.  Formulation  of  the  problem.  W'e  treat  the  problem  as  one  in  “plane  stress’ 
with  the  cross  sectional  area  A  of  the  stiffener  assumed  concentrated  along  a 
line.  Fig.  1  shows  the  semi-infinite  sheet  with  the  stiffener  attached  along  its 
straight  edge  from  the  origin  to  infinity  in  the  positive  x  direction.  Also  shown 
are  the  stresses  a,  ,  Oy ,  and  r  acting  on  an  element  of  the  sheet.  The  stresses 
are  functions  of  the  point  coordinates  (x  and  y)  and  are  produced  by  the  con¬ 
stant  load  P  applied  to  the  end  of  the  stiffener  in  a  direction  parallel  to  the  posi¬ 
tive  X  axis.  They  must  satisfy  the  following  boundary  conditions: 

Since  it  is  assumed  that  there  is  no  force  acting  normal  to  the  edge  of  the  plate, 

Oy{x,  0)  =  0  for  all  x.  (1) 

Since  there  is  no  force  acting  parallel  to  the  edge  of  the  plate  along  its  un¬ 
stiffened  part, 

t(x,  0)  =  0  for  X  <  0.  (2) 


The  boundary  condition  along  the  stiffened  part  of  the  edge  is  obtained  by 
considering  the  equilibrium  of  the  forces  acting  on  any  portion  of  the  stiffener. 
Assuming  that  Hooke’s  law  applies  and  that  there  is  no  slipping  between  the 
stiffener  and  the  plate,  the  following  equation  can  be  established: 


<r,(x,  0) 


-{E,/AE,t){p  +  t  T(t,  0)  d^y 


(x>0)  (3) 


>  The  numbers  in  brncketa  refer  to  the  bibliography. 
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Here  E,  and  E,i  are  the  Young’s  moduli  for  the  plate  and  stiffener,  respectively, 
t  is  the  (constant,  small)  thickness  of  the  plate,  and  {  is  a  running  coordinate  in 
the  X  direction. 

Equations  (1),  (2),  and  (3),  together  with  (7),  form  the  complete  boundary 
conditions  along  the  straight  edge  of  the  plate.  The  requirements  at  infinity 
are  that  all  the  stresses  must  approach  sero. 

In  terms  of  the  Airy  stress  function  ♦(x,  y)  the  stresses  are  given  by* 

<r,(x,  y)  =  4»„(x,  y),  riXyy)  =  -^^{x,y).  (4) 


1 

STIFFENER  \  J 

-OO  J  ^ \  - 

P  ^  ^ — A 

Fia.  1 


From  the  stress-strain  relations  it  follows  that  must  be  a  solution  of  the  bi- 
Laplace  equation  V*V**  =  0  at  all  points  of  the  plate.  The  most  convenient  form 
of  its  general  solution  for  the  present  purpose  is  [4] 

♦  +  v't  (5) 

where  ip  and  <p'  are  potential  functions,  since  the  first  term  drops  out  along  the 
edge  of  the  plate  (y  >»  0).  The  problem  is  now  reduced  to  finding  the  functions 
<p  and  )p'  which  satisfy  the  boimdary  conditions  stated  above. 

From  (4)  and  (5),  a,  =  ytpsx  +  Vms  ,  and  hence,  by  (1),  ^«(x,  0)  »  0.  Integra¬ 
tion  gives  ^'(x,  0)  *  Cix  +  ct ,  but  since  the  addition  of  a  linear  function  to 
will  not  affect  the  stresses,  it  is  permissible  to  set  Ci  ^  Ci  =  0.  Hence  the 
boundary  condition  (1)  is  satisfied  by  taking  m  0. 

Also  from  (4)  and  (5)  it  follows  that  t  =  —  (y^»*  +  +  <Pm),  so  that 

t(x,  0)  «  -v>.(x,  0),  (6) 

*  See  for  example  12],  Subscripts  on  *  indicate  partial  derivatives. 
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which  is  lero  for  negative  x  by  (2).  A  further  condition  on  t  results  from  the 
equilibrium  requirement  between  the  external  load  and  the  total  shear  applied 
to  the  stiffener  along  the  edge  of  the  plate.  This  condition  is 

P  =  t(x,  0)<  dx  =  —t  j  t(x,  0)  dx.  (7) 

The  lower  limit  is  written  0_  to  allow  for  the  possibility  that  t  may  be  infinite 
at  X  0.  However,  the  integral  must  exist,  which  shows  that  the  order  of  the 
singularity  in  t(x,  0)  at  the  origin  must  be  less  than  one  and  that,  as  x  becomes 
infinite,  t(x,  0)  approaches  zero  more  rapidly  than  x“‘. 

Integration  of  (6)  gives 

v>(x,  0)  =  C  =  0  for  X  <  0,  (8) 


where  the  constant  of  integration  may  be  set  equal  to  zero  since  the  stresses  will 
not  be  affected  by  the  addition  of  a  constant  to 
Using  (6),  (7)  becomes 


P  t  f  ^,(x,  0)  dx, 

Jt- 

(9) 

or 

lim  ipih,  0)  -  vj(0_  ,  0)  =  P, 

(10) 

where  P  =  P/t.  In  view  of  (8),  (10)  reduces  to 

.  lim  <pih,  0)  =“  P. 

(11) 

Finally,  from  (4)  and  (5), 

o*  “  y<f>n  +  2^»  +  V’w  (12),  and  <r,(x,  0)  =  2^(x, 

0).  (13) 

Substituting  (6)  and  (13)  in  (3)  and  integrating,  we  obtain 

V»(x,  0)  -  2L^(x,  0)  =  P, 

(x>0)  (14) 

where  L  =  AE,t/tE, .  The  problem  has  thus  been  reduced  to  the  determination 
of  the  function  ^(x,  y)  which  satisfies  the  Laplace  equation  (vV  =  0)  for  the  up¬ 
per  half  plane  (y  >  0)  and  the  boundary  conditions  (8),  (11),  and  (14)  along  the 
line  y  »  0.  It  should  be  noted  that  ^(0+  ,0)  =0,  which  follows  from  (3)  and 
(14)  when  x  — ♦  0.  Hence  ^(x,  0)  will  be  continuous  at  the  origin  if  its  value  there 
is  defined  to  be  zero. 

.  3.  Solution  of  the  boundary  value  problem.  Let  the  plane  of  the  plate  be 
taken  as  the  complex  z  plane,  where 

2  =  X  -b  tp  =  re'*. 

(15) 

This  entire  plane  is  mapped  conformally  into  the  interior  of  the  unit  circle  with 
center  at  the  origin  of  a  complex  f  plane  by  means  of  the  analytic  function 

f  =  [t  -  (z/L)*l/li  -1-  (z/L)*]. 


(16) 
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By  this  transformation  the  “upper  half”  {y  >  0)  of  the  2  plane  maps  into  the 
“upper  half  circle”*  of  the  f  plane,  and  the  “lower  half”  (y  <  0)  into  the  “lower 
half  circle.”  It  is  convenient  to  imagine  the  2  plane  as  slit  along  its  positive 
X  axis,  the  “upper  edge”  ($  0)  of  which  maps  into  the  “upper  semicircle” 

(p  *  1, 0  <  ^  <  t)  of  the  f  i^ane  (f  =  and  the  “lower  edge”  (0  *  2r)  into 
the  “lower  semicircle”  (p  =  1,  x  <  ^  <  2  t).  The  negative  x  axis  maps  into 
the  segment  —  1  <  Ae{f(  <  1  of  the  real  axis  in  the  f  plane. 

Next  the  boundary  conditions  must  be  mapped  onto  the  f  plane.  To  that  end 
consider  the  analytic  function 


in  terms  of  which 


f(z)  =  <p(x,  y)  +  tx(x,  y), 


=  ke\df/dz\  and  ^  *  —Im\dJldz\. 


(17) 

(18) 


Writing  df/dz  =■  idf/d()id(/dz)  and  treating  each  factor  separately,  a  straight- 
forB'ard  calculation  yields 


cos* 
L  sin 


and 


cos*  di/>i 
L  sin  ^  dp  ’ 


(19) 


where  ^(p,  ^)  is  the  potential  function  into  which  ip{x,  y)  is  transformed  by  (16) 
and  where  the  bar  indicates  values  on  the  boundary  (x  >  0,  y  =  0  in  the  2  plane; 
p  =  1  in  the  f  plane).  That  is, 


¥>(x,  y)  =  ipiip,  and  for  x  >  0,  ip  ^  ip{x,  0)  =  ^(1,  ^)  =  .  (20) 


These  results  show  that  the  boundary  conditions  (8),  (11),  (14)  become,  when 
transformed  to  the  f  plane, 

^(p,  ^)  =  0  for  -1  <  Re  {f}  <  1,  (21) 

lim  ^(1,  ^)  =  lim  ^  —  P,  (22) 

#-»r.  #-•»- 

+  (0<^<r)  (23) 

,  sin  ^  dp 

It  should  be  noted  that  equations  (21),  (22),  and  (23)  apply  to  the  upper  semi¬ 
circle  of  the  {’  pdane.  Since  the  behavior  of  ^i(p,  ^)  outside  this  domain  is  ar¬ 
bitrary,  we  shall,  for  convenience,  define  it  for  the  lower  half  circle  by  means  of 
the  relation 

¥>i(p,  *  -¥>i(p,  -^).  (24) 

In  thus  making  ^  an  odd  function  of  rp,  equation  (21)  is  satisfied  and  may  be 
expanded  in  a  Fourier  series  of  sine  terms  only.  The  boundary  conditions  on 
the  lower  semicircle  are  obtained  from  (22)  and  (23)  by  replacing  ^  by  — ^  and 

*  By  a  “half  circle”  U  meant  the  area  bounded  by  a  eemi-circlc  and  the  diameter  through 
ita  ends. 
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by  —<p\  and  will  be  satisfied  by  the  which  satisfies  (22),  (23),  and  (24). 
Applied  to  (22)  this  process  yields 

lim  ^(1,  ^)  *  lim  ^  »  -P,  (26) 

which  with  (22)  shows  that  ^i(p,  yf)  has  a  discontinuity  of  magnitude  2P  at 

(1,  t). 

Instead  of  expanding  <pi  directly  in  a  Fourier  sine  series,  better  convergence 
may  be  expected  if  this  known  discontinuity  is  first  removed.  To  this  end  let 

^(p,  'Id  =  v^(p,  Id  +  ypiip,  Id  (26) 

where 

iO 

•Piiptid  -  ^  bn  p"  sin  nl/  (27) 


and  the  simplest  choice  for  ^  on  the  boundary  is 

v>j(l.  Id  ^  <h  =  ^I'/ir,  i  —  T  <  l>  <  w)  (28) 

which  is  odd  and  has  the  same  discontinuity  as  .  If  ^  is  expressed  as  a  Fourier 
sine  series  and  the  latter  summed,  it  turns  out  that 

^(p,  ^)  =  (2P/t)  /m{In(l  -H  pe^)\,  (29) 

from  which  it  follows  that 

dipt/ dp  =  (P/t)  tan  (30) 

Substituting  (27),  (28),  and  (30)  in  (23),  the  boundary  equation  becomes 

m 

53  (1  +  2n  cos*  CSC  ^Idbn  sin  =  (P/ir)(ir  —  ^  —  2  cos*  ^).  (31) 


Multiplying  both  sides  by  sin  sin  nt^,  where  m  is  a  positive  integer,  and 
integrating  over  (0,  t),  we  obtain  an  infinite  number  of  equations  in  the  infinite 
number  of  unknowns  6,  of  the  form 

to 

Z  (m  =  1,  2,  3,  •  •  •)  (32) 

where 

i24n(-l)"^l4(m*  +  n*)  -5]  -  [4(m  +  n)*  -9)[4(m  -  n)*  -9l\ 

”  \l4(m  +  n)*  -l](4(m  -  n)*  -l][4(m  +  n)*  -9]l4(m  -  n)»  -9]/  ^  ^ 


and 


0m 


' _ 8P 

T(4m*  —  l)*(4m*  —  9) 

2P(4m*  -  5) 

,ir(4m*  —  l)*(4m*  —  9) 


if  m  is  even 
if  m  is  odd. 


(34) 
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Analysis  of  these  results  shows  that  the  are  approximately  0(n~*)  aa  n  —*  <x) 
and  that  the  signs  alternate,  so  that  the  conveigence  is  very  rapid.  In  passing 
it  may  be  noted  that  if  ipi  is  expanded  in  a  Fourier  sine  series  without  removing 
the  discontinuity,  the  coefficients  are  found  to  be  only  about  0(n“*),  thus  verify-  • 
ing  the  advantage  of  taking  out  the  discontinuity  first. 

Since  |  \  decreases  rapidly  along  any  row  or  column  with  increasing 

distance  from  the  principal  diagonal,  an  approximate  solution  of  the  system 
(32)  may  be  effected  by  replacing  it  by  the  finite  system 

i  Omnbn  “  (wi  =  1,  2,  3,  •  •  •  ,  p)  (35) 

for  p  =  1,  2,  3,  •  •  •  .  The  results  of  this  procedure*  up  to  p  =■  6  are  shown  in 
table  1.  Although  the  convergence  of  this  process  of  successive  approximations 


TABLE  1 
Values  of  (t/P)6, 


p-  1 

p  -  2 

■n 

p  -  4 

p  *  6 

p  -  6 

n  —  1 

.311111 

.365874 

.375729 

.376277 

.376186 

.376141 

n  =  2 

-.094782 

-.121326 

-.1245S0 

-.125028 

-.125031 

n  =  3 

.044485 

.052465 

.054284 

.054454 

n  =  4 

-.012464 

-  .016478 

-.017024 

n  =  5 

.005922 

.007033 

n  =  6 

-  .001567 

has  not  been  established  analytically,  it  is  evident  physically  and  is  suggested 
by  a  comparison  of  the  values  of  (t/P)&»  tabulated  in  successive  columns  of 
table  1 .  A  further  approximate  check  can  be  obtained  by  satisfying  (31)  exactly 
at  k  equally  spaced  values  of  ^  inside  (0,  r),  terminating  the  series  at  n  »  A;, 
and  solving  the  resulting  simultaneous  linear  equations  in  &i ,  &j ,  *  *  ■  ,  bt .  For 
k  —  5  this  process  yields  values  differing  numerically  from  those  found  above  by 
less  than  0.0016,  thereby  indicating  sufficient  accuracy  for  numerical  calcula¬ 
tions. 

Having  thus  determined  the  6rst  few  bn  ,  we  may  regard  ^  and  ipi  as  suffi¬ 
ciently  established.  There  remains  the  problem  of  calculating  the  desired 
stresses  at  the  edge  of  the  plate  in  terms  of  <pi  and  thence  as  functions  of  x  by 
reversing  the  mapping. 

*  The  solution  of  the  systems  of  simultaneous  linear  equations  was  greatly  facilitated  by 
Grout’s  method  (51,  which  is  particularly  well  suited  for  use  with  an  ordinary  computing 
machine.  It  was  especially  convenient  here,  since  the  so-called  auxiliary  matrix  computed 
for  the  case  p  ~  t  carried  over  to  form  all  but  one  row  and  one  column  of  the  auxiliary  matrix 
needed  for  the  next  case,  vis.,  p  -»  t  -H  1. 
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4.  Calculation  of  the  edge  stresses.  The  desired  stresses  at  the  edge  of  the 
plate  are  Vsix,  0)  for  all  x  and  r(x,  0)  for  x  >  0,  all  others  being  zero  as  stated  in 
(1)  and  (2). 

Consider  first  ff,(x,  0)  for  x  >  0.  From  (13),  (14),  and  (20)  We  have 

L<r,(x,  0)  =  ^  -  P,  (36) 


which  becomes,  using  (2()),  (27),  and  (28), 

(L/P)ff,(x,  0)  =  [I/t)^^  —  f  +  ]C  (ir6,/P)  sin 


(37) 


From  the  mapping  function  (16)  it  can  be  shown  that,  for  t/  —  0  and  x  >  0, 


^  =»  arctan  {2(x/L)V(l  —  x/L)\,  (38) 

sin  =  (  —  1  —  x/L)“"/m{[t  —  (x/L)*]*"},  (39) 

tan  =  (x/L)\  (40) 

cosn^  =  (-1  -  x/L)""«e{[t  -  (x/L)*]*").  (41) 


Equations  (40)  and  (41)  will  be  needed  shortly,  while  (38)  and  (39)  may  be  sub¬ 
stituted  in  (37)  to  give,  for  x  >  0, 

(L/P)ff,(x,  0)  =  (l/T]^arctan{2(x/L)V(l  -  x/L)}  -  » 

•*  “I  (42) 

-h  E  (-1  -  x/L)-(T&»/P)/m{lt-  -  (x/L)*]‘-|  J. 

An  alternative  expression  for  <r,(x,  0)  can  be  obtained  from  (13),  using  (19), 
(26),  (27),  (30),  (39),  and  (40).  The  result  is 

(L/P)a,(x,  0)  -  -l2/irir(l  x/L)'*  -  (x/L)"*  £(-1  -  x/L)— * 

(43) 

■(nTbn/P)/mUi  -  (x/L)*]*-j  J.  (x  >  0) 

The  convergence  of  the  series  in  (42)  would  be  expected  to  be  better  than  that 
in  (43)  owing  to  the  factor  n  in  the  latter.' 

An  expression  for  r(x,  0)  when  x  >  0  may  be  found  in  a  similar  fashion  from 
(6),  (19),  (26),  (27),  (28),  and  (41).  The  result  is 

(L/P)r(x,0)  -  -[»(x/L)*(l  +  x/L)r'  fl  -I-  E  (-1  -  x/L)-(n»6./P) 

^  (44) 

•Relit -(x/L)‘rjJ.  (x>0) 

*  It  can  be  shown  that  all  series  appearing  in  (42),  (43),  (44),  (45),  and  (46)eonverge 
absolutely  and  uniformly  if  the  ha  — »  0  faster  than  0(a-*).  Since  the  discussion  following 
(34)  shows  this  condition  to  be  satisfied,  the  use  of  the  series  and  the  operations  performed 
upon  them  are  justified. 
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Since  differentiation  of  (3)  yields 

t(x,  0)  =  —Ldotldx,  (x  >  0)  (45) 

r(x,  0)  is  proportional  to  the  slope  of  the  <r,(x,  0)  curve  and  two  alternative  for¬ 
mulas  for  r(x,  0)  may  be  obtained  by  differentiating  (42)  and  (43),  but  again  the 
convergence  of  the  latter  would  presumably  be  slower  than  that  of  (44). 

To  obtain  0)  for  x  <  0,  it  is  necessary  to  map  (13)  onto  the  f  plane,  i.e., 
to  transform  ^(x,  0)  for  x  <  0  in  a  manner  analogous  to  that  used  for  x  >  0 
in  deriving  (19),  recalling  that  y  «  0,  x  <  0  implies  0  <  p  <  1  and  ^  »  0  or  r 


The  resulting  expression  is 


(L/P)a.(x,  0)  =  (2/r)(-x/L)-*[l  +  (-x/L)*rh  +Z[nir6,/P] 


•fl  -  (-x/L)*l"-‘[l  +  (-x/L)‘r}.  ix  <  0) 


(46) 


By  using  only  the  first  five  terms  of  the  series  in  (42),  (44),  and  (46),  together 
with  the  values  of  the  first  five  ir/P)bn  in  the  last  column  of  table  1  rounded 
to  the  nearest  four  decimal  places,  the  values  of  ff,(x,  0)  and  t(x,  0)  correspond¬ 
ing  to  assigned  values  of  x/L  can  be  computed.  These  results  are  shown  graph¬ 
ically  in  figs.  2, 3,  and  4  by  the  curves  labelled  “//”  (for  “half  stiffener”). 


6.  Analysis  and  comparison  of  results.  The  behavior  of  the  edge  stresses  near 
X  =  0  and  x  =  ±  »  is  of  special  interest  and  may  be  determined  from  the 
formulas  given  above.  From  (42)  we  have 

<T,(x,  0)  — »  —  P/L  =  —PE,IAE,t  as  X  — >  0+  , 


(47) 
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which  agrees  with  (3).  From  (43)  we  also  have 

Vxix,  0)  — »  —2Tfwx  as  X  — »  -f-  00 . 


-•4  -It  -»  -•  -•  -♦  -t  0 

Fio.  4 

Similarly  the  behavior  of  t(x,  0)  is  found  from  (44)  and  (45)  to  be 
t(x,  0)  *  0(x~*)  as  X  — ►  0+  , 

t(x,  0)  -2PL/irx*  =  -2APE,tlTE/x\  as X  00, 

which  makes  precise  the  bounds  stated  in  the  discussion  following  (7) 
Similar  analysis  of  (46)  shows  that 

ff,(x,  0)  =  0[(— x)“*]  as  X  — >  0_  , 
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and 

er,ix,  0)  — »  —2Pfwx  as  X  — »  —  « .  (52) 

It  is  to  be  noted  that  (52)  is  identical  with  (48)  but  that  (51)  is  quite  different 
from  (47). 

For  purposes  of  comparison  the  graphs  of  the  edge  stresses  for  a  plate  with 
no  stiffener  (N  curves)  and  with  a/ull  stiffener  {F  curves)  as  given  by  Boussinesq 
and  Melan,*  respectively,  are  also  plotted  in  figs.  2,  3,  and  4.^  These  graphs, 
together  with  an  analysis  of  their  equations  near  x  =  0  and  ±  oo ,  clearly  indi¬ 
cate  the  effect  of  the  semi-infinite  and  infinite  stiffening  rods  in  reducing  the 
concentration  of  edge  stresses  in  the  plate  near  the  point  of  application  of  an 
axial  load  and  demonstrate  the  unimportance  of  either  type  of  stiffener  at  large 
distances  from  this  point.  In  fact  the  asymptotic  behavior  of  the  stresses  for 
numerically  large  values  of  x/L,  as  given  in  (48),  (50),  and  (52),  is  the  same  for 
all  three  cases.  From  hgs.  2  and  4  it  is  seen  that  the  stresses  for  the  H  case 
are  practically  those  of  the  N  case  when  |  x/L  |  is  greater  than  about  5.  Hence 
we  may  take  x  *  5L  =  5AE,i/tE,  as  the  approximate  “effective  length”  of  the 
semi-infinite  stiffener.  For  numerically  larger  values  of  x  the  stresses  might  as 
well  be  calculated,  for  practical  purposes,  from  the  simple  solution  for  an  un¬ 
stiffened  plate.  However,  this  does  not  mean  that  the  stiffener  has  no  effect 
beyond  this  point,  since  at  the  point  where  a  finite  stiffener  terminates  there  are 
singularities  of  unknown  order  in  the  stresses. 

As  mentioned  above,  the  presence  of  a  stiffener  reduces  the  stress  concentra¬ 
tion  materially  near  the  point  of  load  application.  For  the  N  curves  the  normal 
stresses  behave  like  —  x~‘,  whereas  for  the  H  case  they  are  finite  on  the  stiffened 
side  and  0(x~*)  on  the  unstiffened  side  of  this  point.  With  a  full  stiffener  (F 
case)  they  are  finite  on  both  sides  and  only  half  as  large  as  on  the  stiffened  side 
of  the  H  case.  The  shear  stresses  become  infinite  at  the  point  of  load  application 
even  with  a  full  stiffener,  but  with  F  they  are  0(fn  x)  whereas  with  H  they  are 
0(x~*).  These  results  agree  with  intuition  in  that  the  more  the  plate  is  stiffened 
the  more  the  stress  concentration  is  reduced. 
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COMPLETE  ELLIPTIC  INTEGRALS  OF  COMPLEX  LEGENDRIAN 

MODULUS! 

Bt  Enzo  Cams  I 


1.  Complete  elliptic  integrals  (as  well  as  some  elliptic  functions)  are  some¬ 
times  of  interest  for  complex  values  of  the  Legendrian  modulus  k.  In  the 
following,  it  is  preferred  to  regard  them  as  functions  of  the  square  of  the  modulus, 
z  =  k*,  by  writing 

/•»/*  fjU  f''*  _ _ 

A'(z)  =  /  /  .==  ;  E(z)  “  /  V 1  —  a  sin*  ip  dip. 

Js  V 1  —  *  sm*^ 

We  denote  as  usual  by  K*  and  £'  the  integrals  of  the  complemmtary  modulus 
k’  (jk'*  -H  A*  -  1): 

K\z)  -  K(1  -  z);  E\z)  -  E{1  -  z). 


In  terms  of  the  (complex)  variable  z,  the  integrals  K  and  K'  (which  are  the 
most  important  for  applications)  satisfy  the  hypei^eometric  equation* 

(1)  ■  z(l  —  z)  d*j//dz*  +  (1  —  2z)  dy/dz  —  iy  —  0. 


Similarly 


,,  ,  ,  ,,  .dE,l„ 

z(l-z)--t.(l-z)^.t--^ 

,  d*£'  dE'  ,  1  p, 

dz*  dz  4 


0; 

0. 


Rather  than  in  problems  of  actual  quadrature,  integrals  of  complex  modulus 
are  likely  to  occur  in  connection  with  the  solution  of  linear  differential  equations, 
of  types  allied  to  the  above.  We  are  led  to  equations  of  this  kind,  for  instance, 
when  transforming  into  algebraic  form  differential  equations,  having  rational 
functions  of  sin  x  and  co«  x  as  coefficients,  under  the  assmnption  of  a  rational 
function  of  e**  as  a  new  independent  variable:  a  substitution  that  may  be  of 
interest  when,  owing  to  the  presence  of  real  singularities,  the  solution  of  the 
periodic  equation  in  Floquet’s  form  is  not  practicable. 

2.  The  singularities  of  a  differential  equation  having  periodic  coefficients  are 
obviously  situated  (owing  to  the  periodicity  itself)  on  straight  lines  parallel  to 
the  real  axis.  Hence,  the  periodic  fimction  P(x)  appearing  in  Floquet’s  ex¬ 
pression  of  the  integrals,  y  =  c"  P(x),  when  expressed  as  a  Fourier  series,  will 
converge  in  the  strip  bounded  by  the  two  parallels  to  the  real  axis,  passing 

*  For  general  reference,  aee,  for  instance,  E.  T.  Whittaker — G.  N.  Watson— Afodera 
Analysis — Cambridge  1935,  Chapters  XX  (Elliptic  Functions),  and  XIX  (for  periodic 
differential  equations). 

*  Whittaker-Watson,  page  499.  For  a  complete  discussion  of  the  equation,  see  J.  Tan¬ 
nery — J.  Molk — Fonetions  EUiptiques — Paris  1898 — III  vol. — page  188  et  ssq. 
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through  the  singularities  whose  imaginary  parts,  respectively  negative  and 
positive,  are  the  smallest  in  absolute  value. 

If  the  equation  (after  reduction  of  the  coefficient  of  the  highest  differential 
quotient  to  unity)  has  integral  coefficients,  the  solutions  are  also  integral  func¬ 
tions,  and  the  Fourier  series  in  Floquet’s  solutions  converge  in  the  whole  plane. 
Considering,  for  instance,  the  second  order  equations,  this  is  the  case  for  Hill’s 
(including  Mathieu’s)  equation.  In  such  a  case,  the  transformation  of  the 
coefficients  into  algebraic  form  is  not  convenient,  since  the  Floquet’s  solutions 
are  then  valid  for  any  value  of  x. 

When  the  equation  has  real  singularities,  on  the  contrary,  Hill’s  method  of 
solution  is  not  applicable  (unless  the  singular  coefficients  are  bounded  in  their 
singularities;  but  the  convergence  of  the  method  is  very  slow  in  any  case); 
the  same  is  true,  whenever  the  singularities  are  finite,  outside  the  strip  of  con¬ 
vergence.  The  simplest  second  order  equation  having  finite  singularities  can 
be  assumed  as* 

(2)  (a  +  b  cos  x)  <fy/dx*  -j-  y  =  0.  (a,  6  real) 

The  equation  has,  or  has  not,  real  singularities,  according  as  j  b  |  ^  |  a  |.  The 
limiting  case  is  |  b  1  =  [  a  |,  where  the  equation  has  a  single  real  singularity  in 
every  period. 

The  case  a  =  b  8  has  a  peculiar  interest.  When  this  is  the  case,  the  equa¬ 
tion 

8(1  -}-  cos  x)  d^yldx'  -H  y  =  0 
which  can  also  be  written 

4  cos*  u  ^y/du*  -|-  y  =  0  [u  =  §x], 

is  readily  transformed,  by  the  substitution  —  e**  =  f,  into  the  Legendre  equation 

(3)  Kl  -  0*  (fy/d^  +  (1  -  0*  dy/dt  +  i  y  =  0. 

The  equation  is,  substantially,  the  same  as  (1),  to  which  it  can  be  reduced 
by  either  assuming  y(l  —  t)~*  as  a  new  unknown  function,  or  by  transforming 
the  independent  variable  t  through  the  involutory  substitution  I  ^  —  1) ; 

{z  =  t/iX  —  1)).  Two  independent  integrals  of  (3)  may  hence  be  written  as 
m)  and  y/r^l  K'{t),  or  as  K{t/it  -  1)),  K\t/(t  -  1)). 

When  a  »  b  ^  8,  the  same  substitution  still  leads  to  a  hypergeometric  equa¬ 
tion  that  can  be  solved  in  terms  of  complete  integrals  involving  elliptic  functions 
of  complex  modulus.  In  view  of  the  greater  simplicity  of  the  conclusions,  how¬ 
ever,  the  equation  o  =  b  =  8  is  of  more  immediate  interest. 

3.  The  substitution  t  =  dt  e*"  (or,  generally,  t  equal  to  a  rational  fimction  of 
e**)  estaUishes  a  (1,  «)  correspondence  between  t  and  x.  Consequently,  the 
x-plane  cannot  be  put  in  correspondence  with  a  single  f-plane,  but  has  to  be 
referred  to  a  Riemann  surface  constituted  by  an  infinite  number  of  f-sheets, 

*  An  account  of  the  solution  of  equation  (2)  is  given  in  two  papers  by  the  author,  in  AUi 
dell’Aee.  Nos.  dei  Lineei  Nos.  10-11, 1946,  p.  1036  and  1181. 
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connected  with  <Mie  another  along  the  edges  of  cuts,  joining  the  introduced 
singularities  f  »  0  and  t  ^  eo  and  the  actuai  singularities  of  the  considered 
fxinction  of  x,  if  any.  Each  sheet  of  such  Riemann  surface,  covering  the  whole 
^plane,  can  be  put  in  (1, 1)  correspondence  with  a  strip  of  the  x-plane  having  a 
width  2r  in  the  direction  of  the  real  axis. 

The  substitution  transforms  the  real  z-axis  into  a  line  of  the  t-plane  encircling 
both  the  introduced  singularities.  In  the  case  of  the  substitution  t  ^ 
which  leads  from  equation  (2)  to  the  hypergeometric  equation  (3),  the  real  x- 
axis  corresponds  to  the  circle  of  radius  unity,  having  its  center  in  the  origin 
(unit  circle  0).  The  standard  homographic  substitutions  of  the  hypergeometric 
equation  (t  »  1  —  z,  or  1/z,  or  z/(z  —  1),  or  1/(1  —  z))  in  turn,  either  trans¬ 
form  this  line  into  itself,  or  into  one  of  the  following:  circle  of  radius  unity, 
center  in  z  =>:  1  (unit  circle  1);  straight  line  ‘real  part  of  z  »  §*  (A(z)  »  |). 

4.  In  a  complex  z-plane,  the  above  defined  lines  are  of  particular  interest. 
They  bound  the  regions  of  convergence  of  the  hypergeometric  series  giving  the 
solutions  of  the  hypergeometric  equation  around  the  singular  points  0,  1,  and 
eo .  The  three  lines  intersect  each  other  in  the  common  points  z  =  i  rb  ii\/3. 

In  coimection  with  the  solution  of  linear  differential  equations  of  the  t3rpes 
considered  above,  we  can  then  be  led  to  the  evaluation  of  the  elliptic  integrals, 
or  of  more  complicated  functions  of  the  modulus,  along  either  of  these  lines. 
The  present  paper  deals  summarily  with  such  computations;  munerical  values 
of  the  most  important  functions  are  given  in  skeleton  tables. 

5.  When  k  (i.e.,  z)  is  real,  a  very  elegant  and  convenient  method  of  computa¬ 
tion  of  the  complete  elliptic  integrals  is  that  of  Gauss’  arithmetico-geometrical 
mean  (a.g.m.)\  The  method  owes  its  high  practical  value  to  the  following 
features:  i)  its  convergence  is  exceptionally  rapid;  ii)  the  method  is,  to  some  ex¬ 
tent,  self-checking,  in  the  imderstanding  that  trivial  errors  are  almost  impossible 
in  the  computation  of  the  a.g.m. 

Starting  with  two  numbers  Oo  and  ,  and  computing 

Oi  =  §(oo  +  W;  i>i  “  \/ootof 

and  so  on,  we  construct  tw^  successions  of  numbers  a«  and  6.  ,  which  converge, 
with  extraordinary  rapidity,  to  a  common  limit  o.  =  &«, ,  which  is  the  arith¬ 
metico-geometrical  mean  between  Oo  and  bo .  _ 

If  the  initial  values  are  Oo  =  1,  and  bt  ^  k'  =  y/l  —  the  a.g.m.  is  simply 
connected  with  the  elliptic  integral  K  through 

K(k*)  -  t/(2oJ. 

*  A  very  complete  discussion  of  the  methods  of  computation  of  the  elliptic  functions 
based  on  the  a.g.m.  scale  is  given  in:  L.  V.  King — On  the  direct  numerical  calculation  of  ellip¬ 
tic  functione  and  inteffrale — Cambridge  1924.  In  the  following,  this  work  is  simply  referred 
to  as  ‘King’.  W.  Bartky  (Reviews  of  Modern  Physics — 10,  p.  264, 1938)  discusses  a  remark¬ 
able  extension  of  the  method  to  the  computation  of  ‘complete’  integrals  of  a  very  general 
class,  including  Legendre’s  complete  integrals  of  the  first,  second,  and  third  kind  as  par¬ 
ticular  cases. 
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Other  elliptic  integrab,  complete  or  incomplete,  as  well  as  other  fimctions  of 
the  modulus  k,  are  also  computed  in  terms  of  the  (a,  ,  &«)  scale,  which  is  con¬ 
veniently  completed  by  computing  the  terms  c,=  i(o»_i  —  6,,_i)[ci  =»  oi  —  h\]. 

6.  When  z  =  k*  ia  generally  complex,  the  elliptic  integrals  of  the  first  kind  K 
and  K'  can  be  defined,  as  solutions  of  the  hypergeometric  equation  (1),  by  the 
series  • 

m  -  |F|i,  };  1 ;  .1  -  |{l  +  Q)’,  +  (^)V  +  -  } 

K'W  -  -  jKW  log  i  -  2/(iy(l  -  i)!  +  (^\l  -  J  +  I  -  i)2‘  +  •  •  •  }, 

which  converge  in  the  inside  of  the  unit  circle  0.  By  replacing  z  by  1  —  z* 
we  obtain  the  series  /C  (1  —  z)  =  K'(z)  and  /C'Cl  —  z)  =  K(z)  converging  in 
the  unit  circle  1;  similarly,  by  means  of  the  other  substitutions  which  do  not 
change  the  hypergeometric  equation,  the  functions  can  be  continuated  in  any 
region  of  the  z-plane  bounded  by  either  of  the  three  lines  described  above. 

Owing  to  the  simple  relations  existing  between  points  z  belonging  to  these 
lines,  the  behaviour  of  the  elliptic  functions  for  k'  lying  on  either  of  them  is 
known,  as  soon  as  it  has  been  determined,  for  instance,  on  the  unit  circle  0. 

When  I  z  I  =  1,  we  write  z  =  —  c“  =  e”**  (x  real,  y  =  x  —  x).  The  evalua¬ 
tion  of  K(z)  could  then  be  performed  by  computing  the  a.g.m.  scale  Oo  =  1, 
bo  »  (1  -h  e^*,  whose  terms  are  complex.  The  computation  of  a  complex 
a.g.m.  scale  is  actually  somewhat  longer  than  in  the  case  of  real  terms,  since 
each  term  has  now  to  be  computed  both  in  binomial  and  exponential  form; 
each  of  the  forms  being  required  for  the  evaluation  of  the  next  arithmetical,  or 
geometrical  mean,  respectively.  The  attainable  accuracy  is  obviously  limited 
by  that  of  the  trigonometrical  table  employed  in  the  computation  of  the  square 
roots.  The  rapidity  of  convergence  of  the  scale,  however,  is  so  satisfactory, 
that  the  a.g.m.  can  even  be  used  conveniently  in  the  case  of  comfdex  terms': 
in  the  computation  of  the  mean  (1,  \/l  -|-  e”),  for  instance,  so  long  as  |  x  |  < 
X,  Oi  and  bi  already  agree  with  one  another,  in  modulus  and  phase,  to  within 
seven  places. 

The  evaluation  of  complex  terms  can  be  avoided,  however,  in  the  computa¬ 
tion  of  K'  and  K.  When  computing  K',  i.e.,  the  a.g.m.  oo  =  1,  6#  *=  k  * 
we  note  that  all  of  the  terms  of  the  scale  which  follow  the  first  ones,  have  the 
same  phase.  Actually,  when  bo  =  e~**'*,  both  Oi  =■  ^(o*  -1-  bo)  and  bi  ^  y/bo 
have  the  phase  —  y/4,  which  remains  unchanged  when  evaluating  the  succes¬ 
sive  terms;  these  can  then  be  computed  by  simply  operating  on  their  moduli. 

Since  K'(k*)  =  x/(2a„),  the  phaiK  of  is  -H  y/4.  Further,  since  ]  bt  [  =  1, 

*  Of  course,  in  order  that  the  procedure  may  converge,  the  square  roots  defining  every 
h-terra  are  to  be  so  determined  that  their  representative  point  may  belong  to  the  same 
half-plane  as  the  corresponding  term  a. 
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and  I  ai  I  co8(v/4),  the  a.gjn.  (1,  &•)  is  equal  in  modulus  to  that  (1,  cos  \y): 


TABLE  I 

K'  for  A:*  =  -e<*  ^  er'f  ;  or  K  for  k*  ^  !  -  «-« 


X 

y 

MODULUS 

S* 

1* 

PHASE 

0 

2^ 

1.85407  46773 

+286  25285 

+4  00042 

+  19620 

+  .5^ 

.I*- 

1.82219  31420 

262  40651 

3  31172 

14623 

.475 

.2 

1.8 

1.79293  56718 

241  87189 

2  76925 

11094 

.45 

.3 

1.7 

1.76609  69205 

224  10652 

2  33772 

8489 

.425 

.4 

1.6 

1.74149  92344 

208  678S7 

1  99108 

6616 

.4 

.5 

1.71898  83370 

195  24230 

1  71060 

5133 

.375 

.6 

H 

1.69842  98626 

183  51633 

1  48145 

4190 

.35 

.7 

mm 

1.67970  65515 

173  27181 

1  29420 

3239 

.325 

.8 

1.2 

1.66271  59585 

164  32149 

1  13934 

2706 

.3 

.9 

1.1 

1.64736  85804 

156  51051 

1  01154 

2173 

.275 

1.0 

1.63358  63074 

149  71107 

90547 

1837 

.25 

1.1 

.9 

1.62130  11451 

143  81710 

81777 

1496 

.225 

1.2 

.8 

1.61045  41538 

138  74090 

74503 

1292 

.2 

1.3 

.7 

1.60099  45715 

134  40973 

68521 

1100 

.175 

1.4 

.6 

1.59287  90865 

130  76377 

63639 

970 

.15 

1.5 

.5 

1.58607  12392 

127  754^ 

59727 

832 

.125 

1.6 

.4 

1.58054  09339 

125  34190 

56647 

767 

.1 

1.7 

.3 

1.57626  40476 

123  49607 

54334 

714 

.075 

1.8 

.2 

1.57322  21220 

122  19358 

52735 

642 

.05 

1.9 

.1 

1.57140  21322 

121  41844 

51778 

651 

.025 

2 

0 

1.57079  a32^ 

=  ir/2 

121  16108 

51472 

612 

0 

Angular  quantities  are  given  in  fractions  of  right  angle. 

The  computation  of  the  differences  up  to  i*  requires  the  knowledge  of  three 
extra  values  (belonging  to  the  second  sheet  of  the  Riemann  surface),  which  are: 


X 

y 

MODULUS 

PHASE 

-.3 

2.3 

1.96805  71778 

+  .575 

-.2 

2.2 

1.92670  38010 

.55 

-.1 

2.1 

1.88881  87411 

.525 

Some  numerical  values,  inherent  to  this  case,  are  given  in  Table  I,  together  with 
the  first  even  horizontal  differences. 

7.  The  use  of  complex  quantities  can  also  be  avoided  in  the  computation  of  K, 
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using  the  formula,  due  to  Gauss',  which  expresses  K!  in  terms  of  the  scale  (1,  It) 
[or  K  in  terms  of  the' scale  (1,  A)].  We  write  preferably  the  formula  in  the  form 

s  =  log  +  i  log  ^  -  i  log  i  log  ^  • 

^  A  Co  Oi  at  04 

the  terms  being  those  of  the  scale  (1,  k).  Since  the  phase  angle  of  Ot  is  — y/4, 
and  that  of  Ct  —  k'  is  x/4  =  (t  —  y)/4,  the  imaginary  part  of  log  (4ai/c*)  is 
constantly  —  ir/i  (if  x  is  positive): 

4ai/co  =  2c~"'‘[tan  \yY^. 

The  other  fractions  in  (4)  are  all  real,  and,  if  the  formula  is  written  as  above, 
all  the  logarithms  are  positive.  The  convergence  of  the  series  is  extremely 
rapid:  if  [  x  |  <  x,  the  terms  of  the  series  explicitly  written  in  (4)  are  sufficient 
for  a  computation  to  ten  decimal  figures. 

The  results  of  some  computations,  for  the  usual  interval  of  x,  are  given  in  the 
column  RiK/K')  of  table  IV.  Knowing  that  the  imaginary  part  of  the  ratio 
K/K'  is  constantly  ±  the  modulus  of  the  ratio  is  determined  at  once;  the 
phase  is  deduced  from  the  knowledge  of  the  imaginary  and  real  parts. 

The  corresponding  values  of  K  are  given  in  table  II,  with  some  even  differ¬ 
ences.  Since  K  has  a  point  of  logarithmic  infinity  at  &  =  1  (x  =  x,  y  =  0) 
and  its  derivatives  have  poles  of  increasing  order  at  this  point,  interpolation 
to  a  high  number  of  places  is  not  practical,  unless  x  is  small,  and  no  interpolation 
is  possible  in  the  last  interval.^  A  small  subtabulation  of  the  last  interval,  by 
direct  computation,  is  given  in  table  III.  The  values  of  K',  also  given  in  the 
table,  were  obtained  as  intermediate  results. 

8.  The  knowledge  of  the  functions  K  and  K'  on  the  unit  circle  0  automatically 
leads  to  the  knowledge  of  the  same  functions  on  the  imit  circle  1,  where  they  are 
simply  interchanged.  The  determination  of  K  on  the  line  /2(z)  =  J  is  imme¬ 
diately  possible  by  noting  that 

-  D)  =  vr^t  Kit)  =  k'Kit) 

and  that,  when  |  f  |  =  1,  the  real  part  of  z  =  t/it  —  1)  is  J.  Further,  since 
1  —  z  is  conjugate  to  z  on  this  line,  the  values  of  K'  are  simply  conjugate  to 
those  of  K. 

The  values  of  K  are  given  in  Table  V,  with  the  usual  subtabulation  for  the 
last  interval  of  x.  As  stated  above,  K(z)  and  K'iz)  satisfy  equation  (2)  if  z  = 
t/it  —  1),  so  that,  when  f  =  —  c",  the  real  and  imaginary  parts  of  Kiz)  = 
k'Ki—  c’*)  give  two  independent  periodic  solutions  of 

8(1  +  cos  x)  ^y/dx^  +  y  =  0, 

being  respectively  even  and  odd.  Although  the  functions  have  singularities 
in  the  points  x  =  ±  x,  they  vanish  in  these  points,  where  their  first  derivatives 

*KinK,  page  13,  form.  (61). 

’  For  the  same  reason,  differencing  does  not  afford  a  satisfactory  check  of  the  accuracy 
of  the  higher  decimals.  All  the  computed  figures  are  given,  so  that  the  last  digit  must 
usually  be  regarded  as  uncertain. 
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have  points  of  Ic^arithmic  infinity.  The  Fourier  series  in  terms  of  x  hence  con¬ 
verge  on  the  whole  real  axis,  but  cannot  be  differentiated  term  by  term. 

TABLE  II 

K  for  k*  *  — c‘*  —  «-<*'  ;  or  K'  for  k'  •  1  +  ^  1  —  tr*" 


1.31102  87772  -1-244  69S80 


1.31225  22702  246  55214 
1.31594  12S46  252  2054S 
1.32215  23538  261  91659 
1.33098  28929  276  29298 
1.34257  63618  296  04552 


1.35713  02a5G  322  40509 
1.37490  82809  357  10834 
1.39625  73193  402  74278 
1.42163  38055  463  16782 
1.45164  19699  544  34280 


1.48709  35603  655  79534 
1.52910  31041  813  49635 
1.57924  76114  1045  86261 
1.63985  07448  1407  53175 
1.71452  91957  2015  01504 


1.80935  80970  3156  2S8.30 
1.93574  98813  5751  2S573 
2.11965  452»  13888  81986 
.l|  2.44244  76632i  oo 


replaced,  to  some  extent,  by  that  of  the  nome  q: 


g  »  e 


rX'/X 
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or  of  the  complementary  name 

q'  =  e-'*''*. 

q  and  q'  are  obviously  connected  by  the  simple  relation 

log  9  «  irVOog  <f). 

According  to  (4),  the  natural  logarithm  of  for  fc*  *  —  e“,  (i.e.,  the  log¬ 
arithm  of  9,  for  1;*  =  1  -|-  has  the  imaginary  part  db  *v/2;  that  is,  is  purely 
imaginary.  Its  absolute  value  can  be  computed  by  using  decimal  logarithms 


TABLE  III 

k*  —  — e*“  =«  «“**  ;  K  and  K'  in  the  vicinity  ofk*  —  1 


X 

y 

K  j 

K' 

Modulus 

Phase 

Modulus 

Phase 

l.O*- 

.1*- 

2.44244  76632 

-.183  4990'- 

1.57140  21323 

-I-.025'- 

1.91 

.09 

2.49223  36486 

.181  6678 

1.57128  69964 

.0225 

1.92 

.08 

2.54805  09501 

.179  5273 

1.57118  39930 

.02 

1.93 

.07 

2.61151  92118 

.177  0078 

1.57109  31179 

.0175 

1.94 

.06 

2.68501  23477 

.174  0093 

1.57101  43674 

.015 

1.95 

.05 

2.77221  44086 

.170  3837 

1.57094  77380 

.0125 

1.96 

.04 

2.87930  35219 

.165  8931 

1.57089  32269 

.01 

1.97 

.03 

3.01787  57239 

.160  1150 

1.57085  08318 

.0075 

1.98 

.02 

3.21400  30414 

.152  0520 

1.57082  05509 

.0050 

1.99 

.01 

3.55104  52306 

.136  0733 

1.57080  23827 

.0025 

2 

0 

00 

0 

1.57079  63268 

0 

only;  since,  if  the  left  side  of  (4)  is  written  —  i  log  g',  all  terms  of  the  formula  are 
logarithmic.  If  Af  «  logio  e,  we  simply  have: 

-  logio  1  ?'  I  =  MicR{K/K>). 

q  is  immediately  deduced  from 

logio  g  *  mV/ (logio  g'). 

The  period-ratio  of  the  epilitic  functions,  related  to  the  same  values  of  the 
modulus:  t  =  iKtK\  is  deduced  at  once  from  Table  IV.  It  has  the  real  part 
±i. 

10.  The  integrals  of  the  second  kind  can  also  be  expressed  in  terms  of  the 
a.g.m.  scale,  by  means  of  the  relation* 

(X  -  m/K  -=  i{co*-t-2cJ-|-4cJ-l-  ...  }. 


f! 


'  King,  page  8,  form.  (27). 


TABLE  IV 

Functions  of  the  modulus,  given  A-*  —  —  e** 

The  coefficient  of  i  in  K/K'  is  according  to  the  sign  of  x,  and  to  the  as¬ 
sumed  determination  for  k’  =  V/  —  Ar*.  Writing  as  usual  q  **  q'  » 

g'  is  the  function  q  relative  to  a  A:*  *  i  -t-  e**.  q'  is  purely  imaginary; 
for  a  given  k*,  we  have  log  q  ^  ir' /log  q’  (natural  logarithms).  Also  log^  \  q'  | 
=  -MicR{.K/K'),  with  M  ^  logue. 


X 

k' 

n 

-  togv,W\ 

Modulus 

Phase 

1.41421 

35624 

0 

.5 

.70710  67812 

.68218  81769 

.1" 

1.41203 

21056 

-1-.025' 

.51828  17061 

.72014  99336 

.70713  13045 

.2 

1.40548 

09430 

.05 

.53730  42187 

.73395  90066 

.73308  51708 

.3 

1.39453 

92934 

.075 

.55717  70023 

.74862  95562 

.76019  91275 

.4 

1.37917 

11397 

.1 

.57802  68305 

.76427  41763 

.78864  61391 

.5 

1.35932 

30171 

.125 

.60000  20895 

.78102  70337 

.81862  94817 

1.33492 

06150 

.15 

.62328  22895 

.79904  99136 

.85039  16175 

.7 

1.30586 

38247 

.175 

.64808  09825 

•.81854  07503 

.88422  63679 

.8 

1.27201 

90495 

.2 

.67466  4042^ 

.83974  49139 

.92049  56669 

.9 

1.23321 

20382 

.225 

.70336  44575 

.86297  25141 

.95965  38340 

1 . 18920 

71150 

.25 

.73460  90158 

.88862  27580 

1.00228  31705 

1.1 

1.13969 

12286 

.275 

.76895  82186 

.91722  22969 

1.04914  84105 

1.2 

1.08423 

72916 

.3 

.80716  97423 

.94948  56169 

1.10128  33106 

1.3 

1.02225 

10109 

.325 

.85030  44725 

.98641  65935 

1.16013  53159 

1.4 

.95288 

03700 

.35 

.89991  47891 

1.02948  85272 

1.22782  24587 

1.5 

.87485 

24817 

.375 

.95840  00570 

1.08099  12805 

1.30762  65615 

1.6 

.78615 

13777 

.4 

1.02980  65911 

1.14477  14248 

1.40504  37619 

1.7 

.68329 

40273 

.425 

1 . 12166  66723 

1.22806  19381 

1.53037  54846 

1.8 

.55918 

26861 

.45 

1.25112  22839 

1.34733  32807 

1.70700  16599 

1.9 

!  .39612 

90085 

.475 

1.47169  38441 

1.55431  10277 

2.00794  42811 

1.91 

.37583 

76934 

.4775 

1.50523  89136 

1.58610  97651 

2.05371  23805 

1.92 

.35437 

41511 

.48 

1.M273  73747 

1.62173  93771 

2.10487  43941 

1.93 

.33151 

22167 

.4825 

1.58524  78978 

1.66223  06992 

2.16287  47466 

1.94 

.30694 

12019 

.485 

1.63432  C5787 

1.70909  47120 

2.22982  87614 

1.95 

.28021 

35464 

.4875 

1.69236  01327 

1.76467  64063 

2.30901  61472 

1.96 

.25064 

22115 

.49 

1.76339  26132 

1.83290  84834 

2.40593  11839 

1.97 

.21707 

03333 

.  4325 

1.85496  75251 

1.92117  26937 

2.53087  38282 

1.98 

.17724 

17406 

.495 

1.98403  3122G 

2.04606  63312 

2.70696  78776 

.12533 

07695 

.4975 

2.20466)  99478 

2.26065  68910 

3.00799  95446 

2 

0 

.5 

00  i 

1 

00 

00 

00 


00 
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TABLE  V 


The  function  k'K  for  k*  *=  — «**,  or  K(z)  for  z*  i  +  tan  Jx) 


X 

V 

MODULUS 

PHASE 

REAL  PAST 

IMAQ. PABT 

0 

0 

1.85407  46773 

0 

1.854  0747 

0 

.1" 

.039  3509 

1.85294  23362 

.011  4286*’ 

1.852  6436 

.033  2614 

.2 

.079  1922 

1.84953  03976 

.022  8847 

1.848  3356 

.066  4710 

.3 

.120  0394 

1.84379  34092 

.034  3978 

1.841  1026 

.097  7314 

.4 

.162  4598 

1.83565  31933 

.045  9979 

1.830  8637 

.132  5167 

.5 

.207  1068 

1.82499  49508 

.057  7174 

1.817  4995 

.165  2318 

.6 

.254  7627 

1.81166  11959 

.069  5918 

1.800  8476 

.197  6448 

.7 

.306  4004 

1.79544  29602 

.081  6612 

1.780  6921 

.229  6761 

.8  ‘ 

.363  2713 

1.77606  67459 

.093  9723 

1.756  7524 

.261  2166 

.9 

.427  0403 

1.75317  59229 

.106  5796 

1.728  6630 

.292  1385 

1.0 

1 

.5 

1.72630  29590 

.119  5496 

1.695  9539 

.322  2771 

1.1 

.585  4248 

1.69482  74868 

.132  9650 

1.657  9950 

.351  4152 

1.2 

.688  1910 

1.65791  06082 

.146  9324 

1.613  9486 

.379  2592 

1.3 

.815  9258 

1.61438  74672 

.161  5936 

1.562  6587 

.405  3946 

1.4 

.981  3053 

1.56258  15844 

.177  1455 

1.502  4767 

.429  2138 

1.5 

1.207  1068 

1.49996  01218 

.193  8774 

1.430  9386 

.449  7725 

l.f, 

1.538  8418 

1.42242  93607 

.212  2458 

1.344  1058 

.465  4943 

1.7 

2.082  6499 

1.32268  63322 

.233  0483 

1.235  0461 

.473  4556 

1.8 

3.156  8758 

1 . 18527  41097 

.257  9423 

1.089  6646 

.467  2115 

1.9 

6.353  1024 

.96752  43711 

.291  5010 

.867  8576 

.427  6993 

1.91 

7.061  7681 

.93667  53459 

.295  8322 

.837  3499 

.419  7688 

1.92 

7.947  2963 

.90296  33929 

.300  4727 

.804  2417 

‘  .410  5340 

1.93 

9.085  4034 

.86575  05622 

.305  4922 

.768  4122 

.399  6827 

1.94 

10.602  4744 

.82414  09171 

.310  9907 

.727  7464 

.386  7730 

1.95 

12.725  8498 

.77681  20303 

.317  1163 

.682  4137 

.371  1448 

1.96 

15.910  2580 

.72167  50017 

.324  1069 

.630  1526 

.351  7420 

1.97 

21.216  7320 

.65509  22402 

.332  3850 

.567  8138 

.326  7007 

1.98 

31 .828  3706 

.55965  54934 

.342  9480 

.488  9784 

.292  2457 

1.99 

68.660  6681 

.44505  52316 

.361  4267 

.375  2372 

.239  3140 

2 

00 

0 

.5 

0 

0 

If  the  terms  are  those  relative  to  the  mean  (1,  k),  the  formula  defines  E'  in 
terms  of  K'.  In  the  formula,  cj  =  Ar'*  =  1  +  e**  has  the  phase  =  J(t  —  y) ; 
the  terms  ci  =  o*  —  h\  (n  >  1)  all  have  the  phase  —\y.  In  the  expression 
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e^\K'  -  E')/K'  -  i  +  2cJ  +  4^;  +  •  •  •  ) 

the  right  side  is,  therefore,  a  complex  number  having  |  |  »  cos  §  x  as  coefficient 

of  t,  and  the  series 

-  |c?|  +  2lc;i  +  4|(5H-  ... 

TABLE  VI  ■ 


Rtai  and  imaginary  parts  of  the  expression  e**'*  { 1  —  E' IK' \  fork^  ^  —  e**  — 


X 

y 

RBAL 

ntAOINABT 

0 

2 

-.45694  65815 

1. 

.1-^ 

1.9+ 

-.42537  34309 

.99691  73337 

.2 

1.8 

-.39301  30347 

.98768  83406 

.3 

1.7 

-.36019  09513. 

.97236  99204 

.4 

1.6 

-  .32722  86982 

.95105  65163 

.5 

1.5 

-.29444  19428 

.92387  95325 

.6 

1.4 

-.26213  86775 

.89100  65242 

.7 

1.3 

-.23061  73614 

.85264  01644 

.8 

1.2 

-.20016  51138 

.80901  69944 

.9 

1.1 

-.17105  59141 

.76040  59656 

1.0 

1.0 

- . 14354  88792 

.70710  67812 

1.1 

.9 

-.11788  66192 

.64944  80483 

1.2 

.8 

-  .09429  36760 

.58778  52523 

1.3 

.7 

-.07297  50811 

.52249  85647 

1.4 

.6 

-.05411  50177 

.45399  04997 

1.5 

.5 

-  .03787  56290 

.38268  34324 

1.6 

-.02439  59532 

.30901  69944 

1.7 

.3 

-.01379  10165 

.23344  53639 

1.8 

.2 

-.00615  1078() 

.15&13  44650 

1.9 

.1 

-.00154  13332 

.07845  90957 

2 

0 

0 

0 

as  real  part.*  In  spite  of  the  increase  of  the  values  of  the  numerical  coefficients, 
the  series  converges  with  the  usual  rapidity:  the  written  terms  already  suffice 
for  a  computation  to  nine  decimals  in  the  whole  range  0  <  |  x  |  <  x. 

As  soon  as  E'  has  been  determined,  E  is  also  deduced  immediately  from 

*  Since  cj  ■■  al  —  6*  is  negative,  and  much  larger  in  modulus  than  the  remainder  of  the 
scries,  the  series  itself  is  negative. 


KLUPTIC  INTEGRALS  OT  COMPLEX  LEOENDRIAN  MODULUS  245 

Legendre’s  relation 

E'K  +  EK'  -  KK'  -  r/2 

The  values  of  the  ratio  —  E'/K']  for  the  usual  values  of  A:*  are  given  in 
table  VI.  The  deduction  of  the  explicit  values  of  E'  (and  E)  from  the  given 
values  is  a  matter  of  elementary  computation.^** 

Rome,  Italy 

(Received  April  14, 1947) 


>*  All  the  computed  figures  are  given,  so  that  the  last  oiw  is  sometimes  unsafe. 


CONTRIBUTION  TO  THE  HEREDITY  THEORY  OF  MULTIVALENTS* 

Bt  Hilda  Geirinokb 

Introduction.  It  is  generally  agreed  today  that  Mendel’s  theory  of  Heredity 
presents  one  of  the  really  great  contributions  to  Science.  Based  on  observations, 
it  is  a  highly  original,  constructive  theory  by  which  great  domains  of  previously 
more  or  less  unintelligible  experience  is  unified  and  clarified.  These  ideas  mark 
the  beginning  of  mathematical  biolc^,  of  genetics  as  a  science.  Mathematically 
the  theory  belongs  to  probability  theory;  it  is  one  aim  of  the  present  paper  (and 
of  other  related  ones)  to  understand  and  describe  in  terms  of  probability  theory 
certain  genetical  situations  which  may  be  considered  as  generalizations  of 
Mendel’s  original  problems. 

Mendel  observed  that  certain  hereditary  attributes,  called  now  (Mendelian) 
characters  are  distributed  according  to  a  specific  law  of  probability.  The  color 
of  the  flower  of  peas  is  such  an  attribute.  That  means,  mathematically  speaking, 
it  is  to  be  considered  as  a  random  variable  which,  in  this  case,  may  take  on  r  =  2 
possible  “values”,  red  or  white  (“1”  or  “2”).  In  case  of  r  ^  2  “aUeles”  (e.g.  r 
different  colors)  the  random  variable,  x,  takes  on  the  values  1,  2,  •  •  •  r.  The 
genetic  constitution  of  the  organism,  the  plant  in  our  example,  is  specified  not 
by  one  but  by  two  values  x  and  y  of  this  random  variable,  by  two  genes,  which 
represent  the  plants  maternal  and  paternal  heritage  respectively,  with  respiect 
to  this  color.  Assuming  distinguishable  and  non  overlapping  generations  there 
exists  in  the  n***  generation  a  S3unmetric  distribution  of  genotypes  w^*\x,  y) 

(x  =  1,  •  •  •  r,  j/  =  1,  •  •  •  r),  (n  =  0,  1,  2,  •  •  •)  and  y)  =  w’'*\y,  x). 

(We  assume  that  this  distribution  be  the  same  for  males  and  females.)  In  the 
process  of  procreation  the  parent,  of  constitution  (x,  y),  transmits  to  the  offspring 
one  of  its  two  genes,  the  gamete,  (sperm  or  egg)  the  other  gene  coming  from  the 
other  parent.  This  happens  again  according  to  a  probability  distribution  and 
it  is  assumed  that  there  is  equal  probability  for  the  transmittance  of  a  parent’s 
two  genes.  Thus  this  probability  distribution  which  we  shall  name  segregation 
distribution  (s.d.)  is  here  a  simple  “alternative”  with  the  probabilities  p  =  q  =  \ 
for  the  transmittance  of  tlje  maternal  or  paternal  gene  respectively.  This  s.d. 
will  not  be  so  simple  in  more  general  situations  but  we  shall  hold  to  three  of  the 
assumptions  made  here,  that  the  s.d.  does  not  depend  on  n  (is  the  same  through 
the  generations),  is  the  same  for  males  and  for  females  and  is  independent  of  the 
parent’s  genotype. 

If  we  consider  random  breeding  (panmixia),  (i.e.  no  selection  whatsoever,  no 
difference  in  vitality  between  the  different  types,  etc.  but  simple  multiplication 
of  the  probabilities  of  the  available  types,)  the  third  important  distribution,  the 
distribution  of  gametes  can  easily  be  found  in  terms  of  the  two  others.  Denote  by 
p‘"\a:)  the  probability  of  the  gamete  x  in  the  n***  generation,  where  x  =  1,  •  •  •  r,  ' 

*  Research  under  a  grant  of  the  American  Philosophical  Society. 
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and  ^  p^*\x)  =  1.  We  have  e,g.: 

« 

-  u;‘"'(l,  l)(p  +  g)  +  2)p  +  ^<“'(2,  l)g  +  •  •  • 

and  since  p  =  g  *  i  and  y)  =  x)  this  gives  simply: 

p‘">(x)  =  Z  y). 

» 

(Here  the  s.d.  does  not  appear  since  it  contains  no  recognizable  parameters.) 
As  a  new  genotype  is  formed  by  the  fusion  of  the  two  gametes  the  distribution 
of  genotypes  in  the  following  generation  is  simply:  y)  =  p'"\x)-p^"^(y), 

and  that  finishes  the  cycle.  From  these  simple  formulae  we  deduce  at  once 
G.  H.  Hardy’s  [6]  now  classical  result.  In  fact  computing  p^"'*‘*^(x),  we  see, — 
in  one  line — that: 

-'E  (I,  »)  -'Ep“(*)-p'"’to)  -  p“(*)  (n-o.1.2,---). 

y  y 

In  words:  In  case  of  a  “diploid”  organism  and  one  character  the  distribution  of 
gametes  remains  constant  throughout  under  random  breeding,  while  the  dis¬ 
tribution  of  genotypes  remains  constant  from  the  first  filial  generation  on: 

p‘"’(x)  =  p‘®’(x),  ti>'*’(x,  y)  =  uj‘”(x,  y),  (n  =  1,  2  •  •  •)• 

We  see  that  in  this  simplest  case  no  “recurrence  problem”  arises  since,  after 
one  good  mixing,  the  characteristic  distributions  do  not  change  any  more.  This 
is  not  a  typical  result.  Equilibrium  is  reached,  in  general,  as  n  — »  <»  only. 
However  the  main  ideas  and ‘concepts  introduced  in  the  simplest  case  remain 
valid  in  much  more  general  situations:  The  genetic  constitution  of  the  organism 
is  defined  by  the  genetic  constitution  of  the  two  gametes,  which  represent  mater¬ 
nal  and  paternal  heritage;  each  gamete  is  however  in  general  no  longer  a  single 
gene  but  a  more  or  less  complicated  set  of  genes.  In  the  notation  w^*\x,  y)  for 
the  d.  of  genotypes,  x  and  y  now  stand  each  for  a  gamete.  The  kinds  of  gametes 
which  such  an  organism  may,  in  turn,  produce  correspond  to  the  combinations 
of  the  total  genetic  material  it  has  inherited.  This  segregation  happens  again 
according  to  a  probability  law  which  we  call  again  the  s.d.  It  is  one  of  the 
primary  tasks  of  the  theory  to  define  this  s.d.  under  general  conditions,  as  e.g. 
stated  in  a  recent  paper  of  R.  A.  Fisher  [2b]:  “The  laws  of  inheritance  obtained 
by  genetic  studies  are  the  rules  whereby  given  the  constitution  of  an  organism 
the  kinds  of  gametes  it  can  produce  and  their  relative  frequencies  can  be  pre¬ 
dicted.”  By  means  of  this  s.d.  the  d.  of  gametes,  follows,  in  principle, 

from  the  d.  of  genotypes  io^"^(x,  y)  and  y)  is  then  determined  by 

A  complete  cycle  of  inheritance  is  thus  described.  It  seems  easy  to 
enumerate  a  few  problems  which  present  themselves  to  the  mathematician  in 
this  connection: 

a)  The  possible  genotyi>es  corresponding  to  a  certain  biological  situation  are 
to  be  completely  and  simply  enumerated  under  consideration  of  particular 
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biological  conditions  which  may  influence  the  number  of  possible  types,  b)  The 
s.d.  adapted  to  the  biological  problem  is  to  be  defined. — ^Theoretically  minded 
geneticists  have  of  course  always  been  concerned  with  these  problems  although 
the  problems  and  answers  may  sound  very  differently  in  a  different  “language”. 
While  the  basic  facts  and  suggestions  must  necessarily  come  from  the  biologist, 
from  his  interpretation  of  observations  and  his  creative  imagination,  the  mathe¬ 
matician  can  help  to  clarify  and  simplify  the  concepts,  c)  The  d.  of  gametes 
is  to  be  derived  from  the  d.  of  genotypes  y)  by  means  of  the  s.d. 

Then  y)  follows.  Recurrence  relatione  are  desired  between 

and  p^"'*‘‘’(z).  d)  It  is  desirable  to  integrate  these  recurrence  equations  (in 
general  a  system  of  quadratic  difference  equations),  i.e.  to  determine  in 

terms  of  “n”  and  of  the  initial  values  y), .  .  (and  of  course  of  parameters 

introduced  in  the  definition  of  the  s.d.  or  otherwise),  e)  We  want  to  know 
whether  and  if  so  under  what  conditions  an  equilibrium  status  is  reached  for 
p^"’(z),and  consequently  for  ii;^"^(x,p).  In  connection  with  this  question  we  have 
to  derive  from  the  recurrence  formulae  the  limit  behaviour  of  these  distributions 
aan—*» . — ^The  last  problems,  c),  d),  e)  seem  to  be  of  a  fairly  theoretical  charac¬ 
ter.  They  are  however  of  practical  interest  as  well,  as  their  results  may  be 
checked  by  means  of  appropriate  observations  and  thus  furnish  a  check  for  the 
basic  biological  assumptions  of  the  genetic  theory. 

Let  us  return  to  the  consideration  of  the  historical  development.  A  first 
generalization  consists  in  the  study  of  several  characters,  e.g.  the  color  of  the 
flower  and  the  form  of  the  seeds  of  a  plant.  Mendel  assumed  that  independent 
assortment  prevailed,  i.e.  that  all  possible  combinations  of  gametes  are  equally 
probable.  This,  of  course  implies  a  very  special  assumption  regarding  the  s.d. 
This  problem  of  m  mutually  independent  characters  has  been  completely  solved 
by  H.  Tietse  [13]  in  a  very  interesting  paper.  Under  these  assumptions  the  s.d. 
does  still  not  contain  a  single  parameter. 

This  conception  of  the  problem  was  shaken  through  the  observation  of  “link¬ 
age”  in  the  famous  investigations  with  drosophyla  melanogaster,  connected 
with  the  names  of  Morgan  and  his  collaborators.  Obviously  not  all  possible 
gametes  appear  with  equal  frequency.  If  m  »  2  one  parameter  is  to  be  intro¬ 
duced,  the  crossover  valqe.  The  theoretical  study  of  this  case  was  accom¬ 
plished  by  H.  S.  Jennings  [7],  R.  B.  Robbins  [11],  W.  Weinberg  [14].  In  the 
general  case  there  are  m(m  —  l)/2  crossover  values  and  it  is  easily  seen  that  a 
priori,  i.e.,  without  the  use  of  additional  biological  hypotheses  this  number  of 
parameters  is  not  sufficient  for  the  description  of  general  linkage.  In  fact,  in 
case  of  m  factors  a  genotype  is  characterized  by  two  m-dimensional  “vectors”, 
Xt  and  (»  =  1 ,  •  •  •  m) .  In  the  formation  of  the  gamete  a  new  set  of  m  elements 
is  composed  in  such  a  way  that  for  each  of  the  m  subscripts  either  the  x-value 
or  the  y- value  is  chosen;  hence  2”*  possibilities.  For  obvious  symmetry  reasons 
the  niunber  of  parameters  that  may  enter  the  s.d.  reduces  to  Af  *  2"“‘  —  1  a 
number  which  is  greater  than  m(m  —  l)/2  as  m  ^  4.  Under  the  assumption  of 
general  linkage  between  m  characters  this  author  has  formulated  and  solved  the 
aforementioned  problems  [4c],  [4d].  (What  I  name  now  segregation  distribution 
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was  called  “linkage  distribution”  in  these  papers.)  The  problem  belongs 
mathematically  to  the  probability  theory  of  “arbitrarily  linked  events”  [4a], 
[4b]  which  has  been  studied  particularly  in  France. 

A  second  extensimi  of  Mendel’s  original  problem  has  come  with  the  discovery 
of  polytomic  inheritance.  This  is  the  problem  that  will  be  dealt  with  in  the 
present  paper. 

Poljrsomic  inheritance,  as  observed  and  interpreted  by  Gregory,  Muller  [10], 
Haldane  [5],  R.  A.  Fisher  [2],  Mather  [8]  and  others  presents  new  problems  to 
the  geneticist.  In  a  basic  paper,  [5],  Haldane  has  studied  the  theoretical  genetics 
of  so  called  aulopolyploids  and  has  found  remarkable  results  that  will  be  quoted 
in  detail.  To  K.  Mather  and  R.  A.  Fisher  [2a],  [2b],  [3],  [8]  other  important 
theoretical  investigations  are  due.  They  deal  however,  particularly,  with  the 
consequences  of  “double  reduction”,  a  problem  which  we  shall  study  in  a  sep¬ 
arate  paper,  dealing  with  “chromatid  s^pegation”,  in  contrast  to  “chromosome 
segregation”  considered  in  the  present  paper.  We  also  shall  restrict  ourselves 
here  to  the  consideration  of  one  character,  the  problem  of  linkage  oi  polyploids 
being  reserved  to  another  publication.  Random  mating  will  be  assumed 
throughout  and  “orthopolyploids”  (see  sec.  1). 

The  main  feature  of  a  polyploid  organism  is,  in  case  of  one  character,  that  each 
of  the  two  gametes  consists  not  of  one  but  of  s  ^  1  genes.  We  thus  consider 
2e-valent  oi^anisms  instead  of  the  bivalents  discussed  so  far.  A  genotype  is  then 
described  as  follows:  The  2s-valent  organism  possesses  two  sets  of  s  genes,  each 
gene  being  given  by  one  of  r  niunbers  oi ,  •  •  •  o, ,  the  r  “alleles”  (e.g.  r  geno¬ 
typically  different  colors) ;  r  may  be  less  than,  greater  than  or  equal  to  s.  These 
two  sets  of  numbers,  each  number  equal  to  one  of  the  a<  describe  the  genotype 
of  the  organism.  The  distribution  of  genotypes  is  a  discrete  probability  distribu¬ 
tion  in  2s  variables.  There  are  however  less  than  distinct  genotypes,  because 
of  characteristic  biologically  determined  restrictions. 

The  results  of  observations  suggest  (in  analogy  to  the  theory  of  diploids),  as 
the  next  step  the  following  formulation:  In  the  formation  of  a  new  individual 
each  parent  transmits  to  the  offspring  one  set  of  s  genes.  The  selection  of  these  s 
transmitted  genes  happens  according  to  a  probability  law  which  we  assume  to  be 
the  same  for  males  and  females  and  the  same  through  the  generations.  Out  of  2s 
(2«)! 


numbers  S 


«!  s! 


sets  can  be  selected  (compare  however  later  remarks 


about  “chromatid  segregation”).  These  S  cases  are  more  or  less  tacitly  as¬ 
sumed  as  equally  probable  by  Muller,  who  was  the  first  to  advance  this,  Haldane, 
and  others,  i.e.  “random  chromosome  segr^ation”  is  considered.  This  assump¬ 
tion  will  not  be  made  here.  We  introduce  a  s.d.  where  the  S  probabilities  are 
not  a  priori  equal  to  each  other.  While  attempting  to  keep  this  distribution 
sufficiently  general  we  must  avoid  to  introduce  too  many,  biologically  not 
meaningful  parameters.  The  s.d.  plays  an  essential  role  in  our  proofs,  its  values 
acting  as  “separators”  between  groups  of  expressions.  At  the  same  time  the 
results  become  more  general.  Certain  observational  facts  make  us  believe  that 
our  s.d.  yields  an  adequate  representation  of  the  biological  situation. 
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An  individual  has  received  s  genes  from  its  mother,  «  from  its  father.  It  is 
basic  in  the  author's  conception  to  characterise  a  t3rpe  mathematically  not  by 
2«  numbers  but  by  s  “maternal”  and  a  “paternal”  values,  i.e.  by  two  sets  of  a 
numbers  each.  Studying  the  results  of  observations  one  is  lead  to  think  that 
the  proportion  of  maternal  and  paternal  genes  within  the  a  transmitted  genes 
(i.e.  within  the  gamete)  is  of  biological  importance.  We  thus  make  the  following 


definition:  Call  la 


Xa ,  (a  =  0, 1,  •  •  •  s),  the  probability  that  a  specified  set 


of  a  maternal  genes  be  transmitted.  Assume  1,  ^  /.-«  (symmetry  of  paternal 
and  maternal  heritage).  Since  a  set  of  a  specified  maternal  genes  may  be  com¬ 
bined  in  the  gamete  with  any  (a  —  a)  paternal  genes  we  have 


» 

z 


=  1. 


Thus  if  s  =  2m  or  2m  +  1  respectively  just  m  parameters  are  introduced  which 
may,  in  particular  cases,  be  assumed  to  be  in  part  or  all  equal  to  each  other. 
For  Xa  =  1/<S  we  have  random  chromosome  s^regation  (Haldane,  Muller). 

In  sections  2  and  3  a  general  recurrence  formula  is  derived  which  permits  to 
compute  the  d.  of  genotypes  from  generation  to  generation.  This  law  is  of  a 
remarkably  clear  and  simple  structure  thanks  to  the  above  concepts  and  to  the 
use  of  a  certain  type  of  “marginal  distributions”  (sec.  2),  a  concept  well  known 
in  probability  calculus.  (Explicit  computation  of  recurrence  relations  by 
enumerating  all  possibilities,  (as  tried  by  some  authors)  seems  hopeless,  (see 
page,  260)).  (In  our  recurrence  relations  (19),  (64)  the  values  of  the  s.d.  play  a 
decisive  role.  Since  the  recurrence  relations  formulate  biological  facts  we 
conclude  once  more  that  our  s.d.  may  be  biologically  meaningful.  From  the 
recurrence  relations,  by  means  of  auxiliary  results,  (sec.  4)  the  limit  theorem, 
is  derived  as,  n,  the  number  of  distinct  generations,  increases  without  limit. 
Haldane  has  shown  that  a  certain  distribution,  in  general  identical  with  our  limit 
distribution,  reproduces  itself  under  random  segregation.  This  however  left 
the  biological  and  mathematical  question  open  whether,  and  if  so  under  what 
conditions,  such  an  equilibrium  is  actually  reached.  Next,  for  every  a,  a  pro¬ 
cedure  for  aobring  the  re&urrence  equationa  is  developed.  They  form  a  system 
of  quadratic  difference  equations  with  constant  coefficients,  these  coefficients 
being  the  values  of  the  s.d.  (sec.  6) .  In  particular  the  rate  of  convergence  towards 
the  solution  is  computed  for  any  a.  (Haldane  gives  the  explicit  solution  for 
s  3=  2  and  the  rate  of  approach  towards  equilibrium  for  a  =  3.) 

All  our  results  are  established  under  the  assumption  of  a  “chromosome  segr^a- 
tion”.  In  diploids  the  s^r^ation  proportions  are  the  same  no  matter  whether 
the  two  chromosomes  or  the  four  chromatids  are  considered.  The  segregation 
problem  for  polyploids  is  a  different  one  in  the  two  cases.  The  more  complex 
possibilities  of  “chromatid  segregation”  will  be  considered  in  a  separate  paper 
under  assumption  of  a  segregation  d.  general  enough  to  include  as  a  particular 
case  the  chromosome  segregation  introduced  in  the  present  paper  as  well  as  as- 
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sumptions  considered  by  Haldane,  Fisher,  and  Mather.  The  author’s  approach 
is  there  again  to  establish  recurrence  formulae  (using  the  s.d.),  to  study  their 
integration  and  the  limit  behaviour  of  the  characteristic  distributions. 

In  most  biomathematical  papers  two  alleles  only  are  considered.  (This  in¬ 
cludes  all  papers  quoted  so  far.)  The  concepts  and  results  become  however 
almost  clearer  if  multiple  alleles  are  admitted.  Nevertheless  it  was  chosen  to 
start  in  this  paper  with  the  investigation  of  two  alleles  since  this  is  easier  for  the 
biologist,  (the  two  alleles  often  corresponding  to  “dominant”  and  “recessive” 
properties)  while  for  the  mathematician  it  may  make  the  biological  situation 
more  tangible.  In  sections  7  and  8  only,  the  case  of  a  2«-pIoid  and  r  alleles  is 
considered.  The  limit  theorem  takes  the  following  elegant  form:  The  gametic 
proportions  corresponding  to  each  allele  remain  constant  through  the  generations. 
The  joint  dislribvMon  of  gametes  converges  towards  a  limit  where  these  aUeles  are 
independently  distributed  if  and  only  if  lo  <  i. 

This  limit  theorem  as  well  as  the  main  theorem  for  linkage  [4d]  appear  as 
particular  cases  of  a  general  limit  theorem  for  polyploids  with  m  characters  and 
any  number  of  alleles. 


1.  The  distribution  of  genotypes  and  the  segregation  distribution.  This 
paper  is  concerned  with  “autopolyploids”  and  among  them  with  “orthopoly¬ 
ploids.”  A  genotype  (zygote)  possesses  2s  chromosomes  («  ^  1).  We  shall  use 
the  term  zygote  in  contrast  to  gamete.  Of  these  2«  chromosomes  one  set  con¬ 
sisting  of  s  has  been  received  from  its  mother,  the  other  from  its  father.  Sep¬ 
arating  these  two  sets  by  a  semicolon  the  type  of  a  zygote  if  one  character  and  two 
alleles  A  and  a  are  considered  may  be  denoted  by 

(1)  (A'a*“*;  A*a*~^  (x  =  0, 1,  •  •  •  «;  p  =-  0,  1,  •  •  •  «). 


Here  A'o*”'  indicates  that  there  are  x  A -values  and  («  —  x)  a-values  and  that 
we  consider  no  difference  of  order,  i.e.  no  difference  between  AAaaA  and  oaAAA. 

There  are  obviously  a  priori  N'  =  2*‘  possible  typ^  since  there  are  arrange¬ 
ments  of  A*a*~*  and  ^  )  =  2*.  Among  these  there  are  however  not  more 

*-«  \^/ 

than  N  =  (s  +  1)*  different  types  since  before,  as  well  as  after  the  semicolon  each 
of  the  (s  -|-  1)  combination  A\  •  •  •  a*  can  be  written.  If  we  further 

assume  symmetry,  so  that  the  letters  before  and  after  the  semicolon  (the  paternal 
and  maternal  heritage)  play  exactly  the  same  role  (e.g.  (AV;  a*)  =  (a‘;  A*o*)) 
then  there  remain  Nt  =  (s  +  1)(«  +  2)/2  different  types  only.  Finally  if,  as 
e.g.  in  Haldane’s  work,  the  distinction  between  paternal  and  maternal  heritage  is 
not  emphasized  there  are  just  A*  =  (2«  +  1)  types  left:  A**,  A**“'o,  •  •  •  o**.  For 
the  diploid, «  *  1 ,  we  have  N  —  4  and  JVi  *  JV*  =  3.  For  the  tetraploid  («*  2) : 
N  »  9,  JVi  »  6,  Aj  =  5,  for  the  hexaploid  («  =  3);  the  three  figures  are  16,  10, 
and  7.  (To  the  type  AV  in  Haldane’s  conception  correspond  in  the  other 
conception  the  types  (A*;  Ao*)  and  (A*«;  A*o),  etc.)  We  shall  adopt  here  the 
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asaumpHon  leading  to  the  Ni  different  types.  The  idea  to  distinguish  throughout 
the  maternally  derived  genes  from  the  paternal  ones  proved  essential  in  the 
author’s  paper  on  linkage. 

If  we  call  uj(x;  y)  *  the  probability  of  a  particular  type 


{A*a*~‘\  A^oT*)  then,  for  fixed  x  and  y,  this  type  presents  itself 
Hence: 


times. 


(2) 

and  we  assume  that 


u>(x;  y) 


1 


(3)  tp(x;  y)  =  w{y\  x). 

Now  consider  the  gametes.  We  assume  that  all  gametes  containing  z  -values 
and  (s  —  z)  a-values  represent  the  same  type.  Hence  such  a  type  can  be  de¬ 
noted  by  (A*a*“*)  or  simply  by  the  number  (z).  There  are  2*  gametes,  but 
(s  +  1)  different  types  only  and  if  we  denote  by  p(A’a*~‘)  the  probability  of 
such  a  particular  type  we  have 


From  the  point  of  view  of  systematic  probability  theory  the  d.  p(A'a*~')  is  an 
’’s-dimensional  alternative”,  since  it  is  a  function  of  s  chance  variables  each  of 
which  can  have  two  values  only,  a  and  ^4 ,  or  0  and  1 .  But  there  is  a  characteristic 
symmetry-restriction  in  the  sense  that  of  the  2*  probabilities  all  these  which  have 
the  same  number  z  of  “ones”  (or  the  same  sum  z)  have  equal  values.  Next 
consider  the  segregation-distribution.  In  the  formation  of  a  new  individual  a 
sygote  transmits  s  genes  the  other  set  of  «-values  coming  from  the  other  parent. 

Such  a  set  of  s-genes  can  be  selected  from  the  28  parental  ones  in  =  (S'  ways 


if  no  restriction  is  assumed.  This  number  S  can  also  be  interpreted  in  the  fol¬ 
lowing  way:  A  gamete  may  have  received  a  paternal  and  (s  —  a)  maternal  genes 
and  since  a  =  0, 1 ,  •  •  •  8  there  are  obviously 


possibilities.  For  8  =  1,  2,  3,  4,  5,  •  •  •  these  numbers  are:  S  =  2,  6,  20,  70, 
252,  •  •  •  etc.  ■  . 

In  Haldane’s  add  Muller’s  contributions  it  is  silently  assumed  that  each  of 
these  8  pKxssibilities  has  equal  probability  l/S.  If  this  is  so  the  three  types  of 
gametes  transmitted  by  a  zygote  of  type  (A*;  a*)  should  appear  in  the  proportions 
1:4:1.  The  figures  reported  in  several  papers  do  not  show  these  proportions 
with  significant  accuracy.  From  a  theoretical  point  of  view  the  uniform  dis. 
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tribution  just  mentioned  seems  a  very  special  assumption.  It  may  seem  useful 
from  the  biological  point  of  view  to  advance  a  more  general  theory  not  based  on 
such  an  a-priori  restriction.  It  could  well  be  imagined  that  there  is  some 
'‘linkage”  which  acts  e.g.  as  a  tendency  of  the  maternal  (paternal)  genes  to  stay 
more  or  less  closely  together.  If  this  is  so  then  for  an  individual  of  type  (i4‘;  o‘) 
e.g.  the  probability  to  transmit  A*  may  be  different  from  that  of  forming  a 
“mixed”  gamete,  say  of  constitution  i4*o*,  where  two  maternal  genes  are  com¬ 
bined  with  three  paternal  ones.  The  same  holds  of  course  for  a  homozygote 
(A*;  i4‘)  where  the  only  possible  gamete  of  type  may  contain  0  to  5  maternal 
values. 

In  the  author’s  opinion  it  makes  sense,  from  a  biological  point  of  view,  not  to 


assume  a  priori  a  uniform  distribution  for  the  S 


possibilities. 


But  apart 


from  this  it  is,  mathematically,  a  most  useful  artifice  to  introduce  a  more  general 
segregation-distribution  (s.d.)  for  these  S  probabilities.  It  will  help  in  collecting 
and  separating  various  groups  of  probabilities  in  an  appropriate  way  and  thus 
enable  us  to  derive  clear  recurrence  formulae.  The  parameters  thus  introduced 
may  be  fitted  to  and  checked  with  the  observations.  Of  course,  uniform  dis¬ 
tribution  will  appear  as  the  simplest  particular  case. 


This  s.d.  contains  S 


probabilities. 


The  following  biologically  mean¬ 


ingful  and  very  simple  assumptions  will  be  made  in  order  to  achieve  sufficient 
generality  but  to  avoid  unnecessary  complications.  CaU  X«(a  =  0,  I,  a)  the 
probability  that  a  certain  fixed  jeet  of  s  genes  be  transmitted  which  contains  a  fixed 


abilities  Xa  because  a  genes  can  be  chosen  from  the  maternal  set  in  (  )  ways  and 


(«  —  o)  from  the  paternal  set  in 

probabilities  are  all  equal  to  each  other.  Furthermore  taking  into  account 

the  equivalence  of  the  paternal  and  maternal  set  in  our  heredity  assumptions 
we  state  that 


Cij-o 


ways.  We  assume  that  these  ' 


(6) 

We  then  have 

(7) 

e.g.  for  «  =  2, 3, 4, 5,  •  •  • 


(a  =  0, 1,  •  •  •  «). 


s  *  2t  X*  -f-  4Xi  =}■  Xj  *  1  or  2Xo  -f*  4Xi  =*  1 

s  =  3:  Xo  -f-  9Xi  -j-  9Xi  -b  X*  »  1  or  2Xo  -j-  18Xi  *  1 

«  =  4:  X#  +  16X,  -f  3f)X,  +  16X,  -f-  X4  -  1  of  2X,  -|-  32Xi  -f  36X,  »  1 
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5:\o  +  25Xi  4-  lOOX,  +  lOOX,  + 


1  or  2Xo  +  50Xi  +  200X,  =  1 


In  the  following  it  will  be  convenient  to  introduce  also 


the  probability  that  a  fixed  set  of  a  maternal  chromosomes  be  transmitted.  (7) 
then  takes  the  form; 


to 


which  can  be  written  symbolically  as 

(7")  (1  +  0'  =  1  with  r  *  li 

We  get  uniform  distribution  by  putting  each  X«  »  l/S  or  I, 


1/S.  For 


«  s  2  and  «  »  3  our  assumption  introduces  just  one  parameter,  /o ,  for  «  »  4  and 
5  we  have  two  parameters  and,  in  general  y  parameters  if  s  —  2i'  or  2y  +  1.  We 
may,  of  course,  consider  particular  a88umption.s  with  less  parameters,  e.g.  lo  only 
different  from  the  oth»  values. 

Always,  {k  +  1$)  is  the  probability  that  only  paternal  or  only  maternal  values 
are  transmitted  and  (/«  +  f,-«)  »  2  is  the  probability  that  among  the 
s  transmitted  values  there  are  a  from  one  and  («  —  a)  from  the  other  set. 

2.  The  distribution  of  gametes  and  its  marginal  distributions.  Recurrence 
formulae  for  8  =  2.  Let  us  consider  the  distribution  of  gametes  more  closely. 

Denote  by  p'-'(r«-)  the  probability  that  a  gamete  belonging  to  the  »“ 

generation  be  of  type  A*o*~*,  while  p'"^(A*o*  *)  is  the  probability  of  a  gamete  of 
type  A'a*~'  which  possesses  the  z  A ’s  in  a  particular  arrangement,  e.g.  at  the 
first  z  places  there  are  A ’s  only. 

We  shall  need  certain  ‘‘marginal  distributions”  of  these  p*"’  =  p.  Consider 
e.g.  for  8  =  3:  p(A*)  +  p(A*a)  where  p(A*o)  is  the  probability  that  the  first  two 
values  are  A 's,  the  third  one  an  ‘‘a”.  Then,  p(A*)  +  p{A*a)  is  the  probability 
that  the  first  two  genes  be  A ’s.  That  probability  could  be  denoted  by  pu(A*) 
or  more  briefly  by  p(A*)  since,  according  to  our  assumptions  Pm(A*)  = 
p(AAA)  +  p(oAA)  has  obviously  the  same  value  as  pi»(A*)  and  as 
p(AAA)  4-  p(AaA)  =  pu(A*).  More  generally  we  write  for  a  marginal  dis¬ 
tribution  (rf  order  (s  —  1): 

(9)  p(A‘o— )  +  p(A"-*a-'-^‘)  =  p(A-‘a-*) 


§C  X  -  *• 


HEREDITY  THEORY  OF  MULTIVALENTS 


255 


In  K^eral  we  derive  from  the  given  distribution  p(AV“*)  the  marginal  distri¬ 
butions  of  order  «r  =  »  —  1,  «  —  2,  •  •  •  2,  1.  They  may  be  denoted  in  a  sym¬ 
bolical  way  by 


(11) 

since 


(110 


p(A*a'-0=p(^V-*[A+a]-') 

p(.4*a'"0  «  g  p(A*-'+*-'o'-*+*) 


and  for  these  marginal  distributions 


(11")  §0'^'*’“"’’ “ 

As  an  example  consider  for  s  »  5: 

p(Ao)  »  p(A*o)  +  3p(A*o*)  +  3p(A*o*)  +  p(Aa*) 
*  p(A*o)  -f  2p(A*o*)  +  p(Ao*) 

=  p(A*a)  4-  p(Aa*). 


It  should  be  clearly  understood  that  by  “marginal  distributions”  we  mean  here 
the  same  as  othen^’ise  in  probability  calculus.  The  consideration  of  the  “dis¬ 
tribution  of  gametes”  as  a  function  of  «  chance  variables  is  one  of  the  essential 
points  in  our  conception  of  the  problem.  But  once  this  has  been  accepted  the 
problem  becomes  amenable  to  probability  calculus.  In  particular  the  use  of 
the  “marginal  distribution”  will  bring  out  the  simple  regularity  expressed  in 
our  recurrence  formulae  which,  in  a  certain  sense,  constitute  our  main  result, 
since  the  limit  theorem,  etc.  depends  on  them.  As  a  consequence  of  the  particu¬ 
lar  symmetry  properties  of  our  distribution  of  gametes  it  follows  that  all  Piixi) 
are  equal  to  each  other,  all  paiiiX,)  equal  to  each  other,  etc.  and  of  course,  the 
“symbolical”  rule  (11)  is  likewise  a  consequence  of  this  symmetry.  We  have 
e.g.  for  «  =  3  writing  1  and  0  for  A  and  a: 

p,(l)  =  p(lll)  +  p(llO)  +  p(lOl)  +  p(lOO) 

*  p(lll)  +  2p(110)  +  P(IOO)  =  p(A*)  +  2p(A*a)  -f  p(Ao*). 


Before  deriving  our  recurrence  formula  for  every  «  we  shall  determine  here  the 
formula  for  s  =  2  by  explicit  computation,  (a  method  which  could  not  be  gen¬ 
eralized.)  There  are,  for  s  =  2,  the  following  six  types  of  zygotes:  (A*;  A*), 
(A*;  Aa),  (A*;  o*),  (Aa;  Ao),  (Ao;  a*),  (o*;  a*).  We  then  derive  by  virtue  of  (2), 
(3),  and  (7): 

p‘"\A*)  =  ic'-’(A*;  A*)  -1  -f  2«;‘-'(A*;  Aa)(I,  -j-  /,) 

(12) 

-f  2ii;‘-’(Ao;  A’)(/,  +  k)  +  tc‘"’(A*;  a% 


1 


It 


i 
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I 


+  tr‘"’(a*;  A%  +  W*\Aa-,  Aa)li/2 

=  +  W">U*Ma)(i,  +  h) 

+  o*)f,  +  2«j‘"’Ua;  .4a)/i. 

To  understand  this  consider  any  arbitrary  term  of  (12),  e.g.  2ip‘"*(A*;  Ao)(fj  +  li). 
The  probability  of  a  aygote  to  be  of  type  (A*;  ^4a)  is  2tc‘*^(A*;  i4o)  (since  the  A 
in  the  group  after  the  ;  can  be  the  first  or  the  second  letter).  Such  a  zygote  trans¬ 
mits  i4^  either  by  transmitting  its  two  maternal  values  (with  probability  Xj  =  k) 
or  by  transmitting  the  paternal  ^ -value  and  one  of  the  two  maternal  A -values, 
the  corresponding  probability  being  2Xi  =«  h.  Next  let  us  write  the  same  formula 
for  the  (n  -j-  1)*‘  generation,  and  observe  that 

(13)  y)  =  p''\x)p'"{y). 

We  find,  using  (11): 

p(«+.)(^*)  ^  p<->(^*)p‘->(^a)(41o  +  410 

+  p‘"'(^*)p‘"^(o*).21o  +  p^'\AaY-2h 

-  21olp<*'(^*)*  +  2p<"’(g4*)p‘-'(^a)  +  p'-'(A*)p‘"^(a*)l 

+  21.[p<">(A‘)‘  -I-  2p<-’(A‘)p‘->(Aa)  +  p<*\Aa)*l 

-  21op‘"'(A*)  +  21i[p'"’(^)]‘ 

Hence 

(14)  p‘"-^"(A‘)  -  (1,  -1-  l,)p‘-’(A*)  -h  21.lp‘->(A)]* 
and  in  an  analogous  way  we  find: 

(140  p‘"'"‘'(Ao)  -(!.-{-  l,)p‘-’(Aa)  -f-  21,p‘-»(A)p‘’‘>(o) 

(14'0  '  ?'"■"'(«*)  =  (lo  +  li)p‘"’(a*)  +  2/,(p‘-’(a)l*. 

These  are  the  desired  recurrence  formulae  for  «  *  2. 

Addition  of  (14)  and  (1^0  gives,  since  lo  =  li : 

p‘-+"(A*)  +  p‘-*-"(Aa)  -  21,Ip<-’(A*)  +  p'"'(Ao)] 

-h  21,p‘"’(A)(p‘"’(A)  +  p'-'(a)l  -  p‘->(A). 

Hence 

(16)  p'-*”(d)  -  p'"U)  (n  -  0, 1,  2,  •  •  •). 

In  the  same  way  we  conclude  for  p'*i(o)  and  thus  Bnd: 

(15')  p"“(d)  -  p"(A)  (n  -  1,  2,  •  •  •) 

p'’’(o)  -p‘”(o). 

The  proportion  of  each  allele  is  preserved  through  the  generations.  This,  however, 
has  been  proved  so  far  for  s  »  2  and  two  alleles  only  . 
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3.  The  general  recurrence  formula.  It  is  obvious  that  for  general  s  it  is 
hardly  possible  to  enumerate  explicitely  all  tr^"’-terms  entering  in  the  expression 
for  a  certain  p*"'  the  way  it  was  done  in  (12).  This  is  however  not  necessary 
because  the  concepts  of  the  segregation  distribution,  of  the  distribution  of 
gametes,  and  of  the  marginal  distributions  as  explained  in  sections  1  and  2  afford 
an  easy  way  to  derive  the  recurrence  relations  for  general  «,  practically  without 
computations  and  in  a  way  that  generalizes  easily  to  the  case  of  multiple  alleles. 

(’onsider  p*"‘'’‘‘(i4*o*~*)  =  p'(A‘a‘~').  There  are  such  probabilities  and 

we  w’ant  to  express  C)  p'(A'a*  *)  in  terms  of  the  tr'"'*’*’  =  to'.  Each  tr'will  be 

multiplied  by  a  sum  of  X-values,  since  a  gamete  (.d*o*“*)  can  be  derived  from 
such  zygotes  only  which  possess  z  ^4 -values  and  (s  —  z)  a- values,  (u^-distribution) , 
and  also  transmit  them,  (X-distribution).  We  are  going  to  compute  the  coeffi¬ 
cient  of  X«  (a  »  0, 1, 2,  *  ■  •  s).  According  to  its  meaning  such  a  Xa  is  multiplied 
by  a  sum  of  such  to'(x;  y)  which  contain  before  the  semicolon  a  of  the  values 
i4*a*“*  and  after  the  semicolon  («  —  a)  of  these  values.  More  briefly  we  may 
say  each  of  the  tc'(x;  y)  which  multiply  X«  must  contain  a  “correct”  genes  before 
and  (#  —  a)  correct  ones  after  the  semicolon,  where  we  mean  by  “correct” 
values,  values  contained  in  A'a*~‘.  Hence  such  a  w'  will  be  of  the  form 

tr'CA'a—  . ;  A*^o*“*"“+*  . . .) 


where 

(16)  0  ^  X  ^  a  and  O^z  —  x^«  —  a. 

Now,  after  a  places  before  and  (s  —  a)  places  behind  the  semicolon  have  been 
occupied  there  remain  still  (s  —  a)  available  places  before  and  a  behind  the 
semicolon,  indicated  by  points;  these  places  may  be  filled  by  any  combination 
of  A ’s  and  o’s.  Consider  a  fixed  combination  of  this  sort  (e.g.  the  one  where  all 
available  («  —  o)  -f-  a  =  s  places  are  filled  by  A ’s.)  How  many  such  w'  do 
exist?  First,  the  a  “correct”  letters  before  the  semicolon  may  be  distributed 

over  the  s  places  before  the  semicolon  in  ways  and,  likewise,  the  («  —  a) 

“correct”  values  after  the  semicolon  in  =  ways.  Moreover,  these 

“correct”  values  can  be  arranged,  each  time,  arbitrarily  within  their  places; 
this  can  be  done 


‘”0 


ways  for  the  first  and 


ways  for  the  second  set. 


The  coefficient  of  any  such  w'  is  therefore  (;)(;)(:)(::;)■  Using  (13) 
we  get,  still  concentrating  on  the  coefficient  of  Xa  : 


p'(A'a-‘) 


+  X.E 


s  — 


p(A*a“ 


■  )pU 


i—f  t-M-a+x 
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We  may  now  assume,  to  fix  the  ideas,  that  the  a  occupied  places  in  the  first  p 
to  the  right  are  e.g.  the  first  a  places  and,  likewise,  the  («  —  a)  places  in  the 
second  p  are  the  first  («  —  a)  places. 

C’onsider  next  the  empty  («  —  a)  +  a  places,  marked  by  points,  in  the  preceding 
formula.  On  these  places  we  have  to  write  all  possible  combinations  of  the 
variables  A  and  a  and  we  have  to  take  the  sum  of  all  these  products.  Now 
observe  that  in  each  of  the  two  p’s  all  possible  combinations  of  the  two  letters 
have  to  be  written  on  the  empty  places.  It  follows  that  the  double  sum  of  all 
these  products  resolves  into  the  product  of  the  respective  sums  of  p's.  In  the  first 
of  these  sums  each  term  contains  A‘a“~^  on  the  first  a  places  and  on  the  other 
places  all  possible  combinations  of  the  two  letters.  Hence,  such  a  sum  is  pre¬ 
cisely  the  marginal  distribution  pu  ...  =  p{A’a“~'),  and  an  anologous 

statement  holds  for  the  second  sum.  Thus  the  coefficient  of  X.  is  simply 


Finally  it  is  easily  seen  that 


In  fact  in  the  binomial  coefficients  on  the  left  side  the  lower  number  in  each  of 
the  symbols  is  ^  0  and  ^  the  upper  number  because  of  8  ^  a  ^  0  and  (16) ; 
and  because  of  the  equally  obvious  inequality  0  ^  z  ^  8  and  (16)  the  symbols  ' 
on  the  right  of  (17)  are  correct  binomial  coefficients  too  and  the  formal  equality 
of  both  sides  of  (17)  is  seen  directly: 

8!  o!  (8  —  a)! 

ol(8  —  a)!x!(a  -  x)!  (z  —  x)!(8  —  o  —  z  -|-  x)! 

^  8l  z!  (8  —  z)! 

z!(8  —  z)lxl(z  —  x)!(o  —  x)!(8  —  z  —  a  -f-  x)!  * 

and  using  /«  =  X. 

we  get  the  eluant  result: 

(18)  p'(A-a-)  -  E  E  (’)(*  I  ’) p(A’a‘")p(A—a"-^) 
the  range  of  x  being  given  by  (16). 

This  is  the  general  recurrence  formula  which  is  of  a  remarkably  clear  structure. 

For  uniform  s.d.  we  have  to  put  l„  = 

For  a  homozygous  individual  where  8  =  z  our  formula  becomes: 

(19)  p'(A-)  -  t  u(’)p{A‘)p(A—} 

•-0  \a/ 


Hence  the  coefficient  of  X,  is  simply 
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since 


(20) 


The  biological  probability-interpretation  of  (19)  is  simple:  yj  is  the  prob¬ 
ability  that  o  maternal  and  (s  —  a)  paternal  genes  be  transmitted,  p{A“)  is 
the  probability  of  a  maternal  gamete  with  a  ^4 -chromosomes,  and  is 

the  analogous  probability  of  a  paternal  gamete  with  (s  —  a)  A -values  in  the 
generation.  The  sum,  over  all  a’s,  of  the  products  of  these  three  probabilities 
is  obviously  the  probability  of  a  gamete  of  type  A*  in  the  following  generation 
(if  random  breeding  is  assumed). 


The  coefficients 


of  la  in  the  more  general  formula  (18)  have  an 


ways 


immediate  meaning  too:  The  x  A -values  in  the  first  p-distribution  to  the 
can  be  picked  from  the  z  i4 -values  in  the  p'-distribution  to  the  left  in 

and,  similarly,  the  («  —  z)  o- values  in  p'  in  ways.  The  interpretation 


then  continues  in  the  same  way  as  for  (19).  It  may  be  remarked  that,  while 
these  recurrence  laws  are  simple  and  basic,  they  are  far  from  being  trivial.  We 
shall  see  that  e.g.  for  chromatid  segregation  the  recurrence  law  is  of  a  quite 
different  structure.  To  illustrate  this  we  mention,  without  proof,  the  simplest 
of  the  recurrence  formulae,  the  ones  for  s  =  2,  for  “random  chromatid  segrega¬ 
tion.”  It  reads: 


p(n+l,(^,)  ^  +  Ip(^)  +  ^p(^)* 

p'"+"(^a)  =  V"’(^a)  +  4p(^)p(o). 


Returning  to  our  formulae  we  write  as  examples  the  formulae  for: 


,  =  3  p'U')  =  2fop(A*)  -H  6/,p(^*)p(^) 

V'iA'a)  -  2kp{A'a)  -|-  2/i[p(.A*)p(o)  -f-  2p{,Aa)p{A)] 
and  for  s  =  4  (with  different  U  of  course) : 

p\A*)  =  2kp{A*)  -H  8Zip(^)p(^*)  -H  6f,p(A*)* 

p'(i4*o)  =  2lop(A*a)  +  2li[piA*)p{a)  -t-  3p(A*a)p{A)] 

(22)  -h  &ltp{A')piAa) 

p'(i4V)  =  2/op(^V)  -f  4/j[p(i4)p(i4a*)  -|-  p{a)p{A'a)] 

A-  2fc(p(A*)p(o’)  -h  2p{Aa)'\. 
Finally,  for  s  =  6  we  write  the  formula  for  p'(A*o*) : 

P^(AV)  =  2f„p(AV)  -H  6f,[p(A)p(AV)  -H  p(o)p(a*A*)l 
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(23)  4-  6ij[p(yl*)p(i4a*)  +  3p(i4o)p(i4V)  +  p(o*)p(il*a)] 

4  2Mp(^*)p(o*)  +  9pU*a)piAa*)].  . 

(We  may  add  that  the  coefficients  of  the  different  7>-product8,  their  weights,  can 
also  be  interpreted  in  the  following  way:  Consider  e.g.  the  /fgroup  in  (23). 

There  are  on  the  whole  =  15  terms  in  this  group  (in  (23)  6f*  stands  for 

3li  4  3I4).  These  15  terms  are  of  the  types  p(a*)p(A*a),  piAa)p(A*a*),  and 


p{A*)p{Aa*).  In  the  first  of  the  three  products  there  are 


possible  arrangements  of  the  arguments,  in  the  second  one 


=  12  and 


in  the  last  one  there  are  again  four,  and  4:12:4  =  1 :3: 1,  as  is  seen  in  (23).  In 


the  same  way  the  =  20  terms  which  multiply  1%  have  to  be  distributed  in 

the  proportions  1*1:3 -3  =  1:9,  as  the  formula  confirms.) 

By  means  of  (18)  the  gametic  proportions  in  any  generation  can  be  computed 
successively  starting  from  some  original  distribution.  The  distribution  of 
zygotes,  i.e.  of  genotypes,  follows  then  from  (13).  (It  may  be  mentioned  that 
Haldane  has  investigated  the  recurrence  problem  for  s  =  2  and  s  =  3  and  that 
there  is  a  mistake  in  his  results  for  8  =  3.  Since  his  results  may  be  used  by 
biologists  without  being  checked  it  seems  adequate  to  indicate  the  difference: 
Haldane  denotes  by  Pn  ,  ,  8„  the  probabilities  denoted  by  the  author  by 

p^"’(i4*),  p‘"’(.4*o),  •  •  •  .  With  this  notation  and  under  Haldane’s  assumption  of 
twenty  equally  likely  cases  his  formula  at  the  bottom  of  page  365,  [5]  should  read: 

=  g«  4-  A(4p«9»  -  4q'n  +  PnSn  “  QnTn  4  2rl  -  2g,8«) 

instead  of 

Qn+i  =  4  A(4pn9»  -  4g,8„  4  p»8,  -  QnTn  +  2r\  4  2g,s,). 

There  is  no  apparent  regularity  in  this  way  to  write  the  recurrence  formula  and 
thus  the  control  consisted  in  direct  computation  and  in  the  comparison  with 
the  second  formula  (21).)« 

The  structure  of  (18)  will  become  even  clearer  in  case  of  several  alleles. 

4.  Recurrence  formulae  for  the  marginal  distributions.  For  the  integration 
of  the  recurrence-system  (18)  as  well  as  for  the  limit- theorem  (section  5  and  6) 
we  need  the  s.d.  corresponding  to  the  marginal  distributions,  of  order  2,  3,  •  •  • 
(8  —  1),  which  occur  in  (18).  We  start  with  8=3:  Upon  addition  of  the  two 
formulae  (21)  we  get 

p'(A*)  =  21op(^*)  4-  6lip(A*)  4  4hp(Ay 

=  (21o  4  2/,)p(^*)  +  4/ip(^)*. 

In  the  same  way  we  add  p'(A*a)  and  p'(Aa*)  and  get  the  two  formulae 
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(24) 

where 

(26) 


«  =  3:  p'(^*)  =  CVA*)  + 

p'(Aa)  =  +  2ll“p(A)p(a)  +  /i«p(^o) 


1<‘>  =  /<«  =  4  +  /, ,  4<«  =  4  +  4  =  24 

+  2/1"  +  /I"  =  1. 

For  arbitrary  s  we  get  in  the  same  way 

p'(A*^‘)  -  /l"p(^-‘)  +  («  -  l)/l"p(A-*)p(A) 

(26) 


+  (*  2  /l”p(^*-*)p(i4‘)  +  ...  +  /iiW"‘) 


where 


(27)  /o  ^  —  /o  *r  /i  >  /i*^  —  /i  +  /» ,  /!**  =  /»  +  /i ,  ...  /li\  =  l»-i  +  /» . 

In  the  same  way  we  derive  by  a  second  summation  a  recurrence  formula  for 
p'(i4*~*)  +  p'(i4*“*o)  =  p'{A*~*),  the  marginal  distribution  of  order  («  —  2): 

p'(^-*)  =  4‘”p(^"‘)  +  («  -  2)/{*’p(^-)p(^) 

"  (*  2  0  +  •  •  •  +  /li’*p(^-*) 

where 

(29)  /o*^  =  /o  +  2/i  +  /j ,  /i**  =  /i  +  24  +  /» ,  /**'  =  4  +  2/s  +  4  ,  ... 

and,  in  general,  /or  the  marginal  distribution  of  order  (s  —  v),  found  by  r-tuple 
summation: 


P\A-^) 

(30) 


where 


li’VA")  +  ('  1  ')  lf'vl.A‘—')p{A) 
+  ('  2  ”)  l^'v^A•^p^A') 


«”  =  (.+  rfi  +  (')i.+  •••  +(')<>. 

=  il  +  •  ir-ti  t 


Hence  we  have 

(32)  /i"  =  ^Q^/.  +  (i)^-+*  (2)^*^  +  •  •  -!- 
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which  may  be  written  symbolically 

(320  =  (1+  laY  with  li.  *  la^i 

Obviously 

(33)  because  of  la  =  l,-a  , 
and 

(34)  =  i 

«-o  \  a  } 

oilows  from  (7). 

For  uniform  distribution  L  =  ^ ,  (32)  becomes 

(35) 

+  •••  + 

In  fact 

as  can  be  seen  from  the  expansion  of  the  identity 


(»■  =  0,  1,  •  •  •  v). 


«  \  /«  +  A 

a  +  v)  \a  v)  ' 


for  v  =  0  we  get 

(32'0 


(o  +  cYia  +  c)*  =  (o  +  cY^' 
=  I 

l>a  —  *-0  • 


Hence  we  have  in  (30)  a  recurrence  formula  for  p'(A*“0  which  for  x  =  0 
reduces  to  (19)  by  virtue  of  (32'0-  The  analogous  recurrence  formula  for 
non  homozygous  individuals  will  be  derived  in  section  8  when  multiple  alleles 
are  considered.  The  result,  for  two  alleles  is  the  following: 

p'iA-a-)  ~  £  7  ")(*  “  pW'o— )pU‘— 

where  the  range  of  x  is  such  that  the  symbols  ^  Z  regular 

binomial  coefficients. 


6.  The  limit  theorems.  We  shall  use  the  following  easily  proved  lemma  which 
belongs  to  general  analysis: 

A)  Let  x,+i  —  aXn  =  Vn  where  |  o  |  <  1.  7/  lim  =  j/,  then 


lim  X, 


1  - 
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Secondly  we  need  the  following  lemma: 

B)  With  the  definitions  (32)  the  equality 

=  =  i  (.  =  0,1,  ...(a -2)) 

holds,  if  and  only  if  /o'*’  =  /o  =  i.  = 

In  fact  we  get  from  (32) 

(32'")  =  lo  +  ,1.  +  Q  I,  +  . . .  + 

besides  we  have  by  definition  of  the  la 

(37)  1  =  lo  +  ‘ 

Hence,  firstly,  if  io  =  I.  =  i  we  see  from  (7)  that  h  =  It  =  •  •  •  =  l,-i  =  0,  hence 
=  lo  =  i-  On  the  other  hand  we  see  from  (32"')  that 

c  <fr*’ 

unless  all  f, ,  except  k  are  zero.  Now  we  shall  prove  presently  that  =  i- 
If  this  is  assumed  for  the  moment  it  follows  that  /o'*  <  i  (»'  =  0, 1,  •  •  •  («  —  2)) 
unless  all  /,  except  U  =  I,  vanish,  i.e.  unless  /o  =  i.  Thus  lemma  B)  will  be 
proved  if  we  can  show  that 

(38)  /r""  =  i. 

In  fact,  because  of  /<  =  /,_>  : 

/o*~**  =  /o  +  («  ~  l)/i  +  ^  2  3 

C  3  0  2  0  '*'  (*  1  0 

=  /o  +  a/i  +  ^2^  U  •  •  *  +  h'h  if  s  =  2u 

=  /o  +  ail  +  ^2^  ^  "i"  —  "i"  h  if  a  =  2/i  +  1 

but,  because  of  (7)  either  expression  equals  Thus  (38)  is  proved  and  B) 
holds  true. 

From  (38)  we  now  first  derive  the  following  limit  theorem,  (for  the  diploid 
this  is  G.  H.  Hardy’s  result  quoted  in  the  introduction). 

For  every  n  and  a  we  have 

(39)  p'"’(A)  =  p‘"*(o)  =  p‘“*(o)  (n  =  1,  2,  . .  •) 

where  p*"*(i4)  and  p^’'\a)  are  the  marginal  distributions  of  order  one  of  p^*\A*a'~') 
(z  =  0,  1,  •  •  •  a).  Hence  in  a  2s-ploid,  just  as  in  a  diploid,  the  gametic  propor¬ 
tions  of  the  dominant  and  the  recessive  gene  remain  constant  through  the  generations. 
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In  fact  for  F  =  «  —  1  we  get  from  (33)  and  (38)  m  ^  and  (39) 

follows  from  (30). 

Now  let  us  investigate  the  limit  behaviour  of  p*"’(A*a*“*).  Assume  2fo  <  1  and 
consider  for  the  given  « the  marginal  distributions  of  order  two:  p^"’(A*),  p^"’(Aa) , 
and  p*"’(o*)  for  which  we  have: 

p(»+i)(^»)  ^  2/i*"*’p‘"’(A*)  +  2/}-*’p(A)*. 


We  know  that  i  because  of  k  <  h  and  lemma  B).  Then,  by  lemma  A), 

since  2/i*“*’p(A)*  is  independent  of  n  we  get 


lim  p^"’(A*) 


2/{-*’p(^)* 
1  -  2fi-*> 


piA)' 


and  the  analc^ous  relations  hold  for  p‘"\Ao)  and  p'"'(a*).  Next,  we  have  for 
the  marginal  distributions  of  order  three,  e.g.  for  p‘"’(A*): 


p(-+i)(^i)  ^  2/i*-*’p‘"’(A*)  +  6f{*"*’p‘"’(A*)p(A) 


which  is  again  of  the  form  x,+i  =  ox,  4-  y,  .  Now,  because  of  the  immediately 
preceding  result  the  limit  of  y,  is  6fi*“*’p(A)*  and  since  by  lemma  B)  2/o*~*^  <  1, 
we  get  from  A) 

lim  p‘"’(A*)  -  p(A)* 

and  similar  results  for  p‘"’(A*o),  p'"’(Ao*),  and  p^"’(a*).  Continuing  in  this 
way  we  see  that 

(41)  lim  p‘">(A*a-*)  -  p(A)*p(o)*-‘ 

fl^« 


under  the  only  hypothesis 

(42)  Z,  +  f.  <  1. 


If,  however  /o  +  Z.  =  1,  we  have 

(43)  p‘->(A'o'-')  =  p‘*»(A*a-)  (n  =  1, 2,  •  •  •). 

Thence  we  get  the  theorem: 

Denote  by  U-\-  I,  the  probability  that  in  the  propagation  of  a  2s-ploid  every  gamete 
consist  entirely  of  paternally  derived  genes  or  entirly  of  maternally  derived  ones. 
Unless  this  probability  equals  one,  i.e.  unless  all  kinds  of  “mixed”  gametes  are 
a  priori  excluded,  the  distribution  of  gametes  lends  towards  the  limit  (41)  where  the 
genes  are  independently  distributed.  If,  however  Zo  +  Z,  =  I  the  distribution  of 
gametes  remains  constant  through  the  generations  according  to  (43). 

The  corresponding  result  for  the  distribution  of  zygotes  (of  genotypes)  is  the 
following: 

If  (42)  holds  the  distribution  of  genotypes  w‘"’(A*a*”*;  A*'o*~‘')  converges  towards 
piAy^pia)**  '  If,  however,  Zp  -b  “  I  the  distribution  of  zygotes  does  not 
change  after  the  first  filial  generation,  i.e. 

(430  =  t/>‘”  (n  =  l,2,  •••). 
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Haldane  has  proved  that,  with  random  chromosome  segregation  the  dis¬ 
tribution  to  the  right  of  (41)  is  stable,  but  not  that  this  stable  distribution  is 
ever  reached. 

Theorems  analogous  to  the  above  but  for  multiple  alleles  will  be  derived  in 
sec.  8. 

6.  Integration  of  the  recurrence  formulae.  We  wish  to  solve  the  recurrence 
formulae  (18)  so  as  to  find  explicitely  in  terms  of  “n”,  of  the  initial 

values  and,  of  course,  of  the  parameters  /«  .  It  will  be  sufficient  to 

consider  the  system  (19),  i.e.  the  homozygous  case. — These  formulae  present 
themselves  as  a  system  of  quadratic  difference  equations  with  constant  coeffi¬ 
cients.  In  fact,  each  marginal  distribution  at  the  right  in  (19)  is,  by  definition,  a 
sum  of  p-values  (e.g.  for  «  =  4:  p‘"’(i4*)  =  p‘"’(i4*)  +  p^*\A*a),  or  p‘"’(i4*)  = 
p‘"’(/l*)  A-  2p‘"’(i4*a)  -b  p'"’(i4V))  and  the  right  side  of  (19)  consists  of  a  sum 
of  products  of  two  such  marginal  distributions.  Upon  reintroduction  of  the 
original  p‘"’  the  simple  regularity  of  the  recurrence  formulae  vanishes  (see  e.g. 
Haldane’s  formula  for  s  =  3,  p.  365,  [5])  it  seems  that  in  this  way  an  integration 
procedure  is  hard  to  work  out. 

On  the  other  hand  the  situation  looks  different  if  we  use  throughout  the 
marginal  distribution  as  such,  and  our  recurrence  relations  for  these  marginal 
distributions,  as  derived  in  sec.  4.  It  is  particularly  helpful  that  these  recurrence 
formulae  are  of  exactly  the  same  structure  as  the  original  recurrence  formulae, 
the  only  difference  being  that  they  contain  other  constant  coefficients;  this 
change  of  constants  is  a  systematic  one:  It  merely  consists  in  the  fact  that  in  a 
recurrence  formula  which  corresponds  to  a  i>-tupple  summation  stands  in 
place  of  la  ;  this ’  is  given  by  (32)  in  terms  of  the  original  . 

If  these  remarks  are  used  the  problem  stands  as  follows:  As  in  the  preceding 
section  we  may  write  (19)  in  the  form 

In+\  ~  OXn  "I"  fn 

Xa  =  p‘"’(A*),  O  =  2/„ ,  /.  =  2  /.  (  *)  p'"'(A“)p‘"’(A— ). 

In  /,  there  occur  mai^inal  distributions  of  order  Si  <  s  only,  i.e.  of  orders 
1,  2,  •••,(«  —  1).  If  we  know/n  the  solution  of  (44)  is: 

(45)  =»  a"xo+  ZAa""*"'- 

r-l 

For  each  of  the  marginal  distributions  in  /»  ,  of  order  ,  again  a  difference  equa¬ 
tion  (44)  holds,  (with  a  different  “o”  and  a  different  /O  which  can  be  solved  if 
the  corresponding  fa  is  known.  This  /»  depends  on  marginal  distributions  of 
order  «*  <  «i  and  if  we  can  determine  them  explicitly  if  we  know  this  new  /,  , 
and  so  it  goes  on,  down  to  marginal  distributions  of  order  two  where  the  recur¬ 
rence  formulae  become  trivial  since  the  right  side  does  not  depend  on  n  any  more. 

It  ought  to  be  stressed  that  each  result,  i.e.  the  explicit  expression  of  p''*\A‘) 
for  some  “s”,  can  be  used  again  and  again.  As  an  illustration  assume  that  we 
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know  explicit  formulae  for  s  =  2,3,  and  4  and  that  we  want  the  solution  for 
«  =  6.  We  assume  that  each  of  the  formulae  for  s  =  2,  3,  4  contains  merely 
those  la  which  correspond  to  this  particular  “s”,  i.e.,  the  formula  for  «  =  4  is 


written  in  terms  of  those  la  for  which  ^  (  *  ]  =  1. 

a-o  \a/ 


In  order  to  find  a  solution 


for  s  =  5  we  write  (19) 


(a)  -  21op'"’(^‘)  =  l(Mip‘"’(.4*)p(A)  +  201,p'-’(A*)p<-’(^*). 

Here  2Io  +  lO/i  +  20k  =  1.  In  (a)  the  expressions  for  «  =  2, 3,  and  4 

are  known  by  hypothesis;  we  have  only  to  write  the  expression  for  p^"’(A^)  with 
constants  /* *,  that  for  p‘"*(i4*)  with  la  \  and  the  last  one  with  la\  Thus  the 
right  side  of  (a)  is  a  known  function  of  “n”  and,  using  (45)  we  determine  p^"’(/l‘) 
in  terms  of  “n”,  of  la,  (o  =  0,  ■  •  •  5),  of  ’  (o  =  0,  •  •  •  4),  of  la  \  (a  =  0,  •  •  •  3), 
and  of  la^  (a  =  0,  •  •  •  2).  Finally  we  replace  the  la\  la  \  la^  by  the  (a  = 
0,  •  •  •  5),  using  (32),  and  possess  thus,  once  and  for  ever,  a  formula  for  s  =  5. 
This  we  may  use,  in  turn,  to  determine  p^"’(i4*)  proceeding  in  the  same  way  as 
before. 

We  can  go  a  step  further  in  the  systematization  of  the  procedure.  First  from 
what  we  said  so  far  we  know  obviously  the  general  form  of  our  solution.  It  will 
be  of  the  form: 


p‘"»(^*)  =  ai"’p(^*)  +  [a::^{.ip(A-‘)p(^)  +  +  •.•] 

(46)  +  [a{l>._,p(^-*)p(^)*  +•••]  +  (a{",.’i.._ip(^"*)p(A)*  +  •  •  •] 

+  •  •  •  +  «i.".^-.-ip(.^)*- 

Here  p  stands  for  p‘®’  and  the  coefficients  depend  on  n  and  on  the  /«  . 

In  (46)  the  first  bracket  contains  all  possible  products  of  txvo  factors 
p(i4*)p(i4*~'),  the  second,  products  of  three  factors  p{A’‘)p{A*)piA*~^~*')  where 
X,  y,  and  s  —  x  —  y  are  integers  ^1,  etc.  We  have  e.g.  for  s  =  6: 

p‘-»(^‘)  =  ai"’p(^‘)  +  [aiVpiA'^piA)  +  ai,"’p(^')p(^*)  +  «i»"’p(^*)*l 

+  [a{r4V(^*)p(^)‘  +  a{,Vp(^*)p(^*)p(^)  +  «i«p(^*)*] 

(46)  ' 

+  [a{ri’.p(^*)p(A)*  +  a{iV,p(^*)*p(>l)*l 

*  +  airiisp(-4*)p(.^)*  +  airuiip(‘4.)*. 

All  we  need  are  the  coefficients  oj."!..*  .  Let  us  explain  the  procedure  by 
means  of  the  case  «  =  6.  As  an  abbreviation  put 

(47)  2la  ( =  r.  ,  2 

That  means  e.g.  for  8  =  5,  2lo  -f-  KMi  +  20k  =  1  or  vo  +  t’l  +  t>t  =  1; 
«  =  5,  r  =  1: 2/i"  +  8/^"  +  61^”  =  1  or  +  Vi"  +  =  1; 

8  =  5,  V  =  2:  2C  +  6Zr  =  1,  or  4*’  +  =  1; 

8  =  5,  y  =  3:  2/i*’  +  2/{*’  =  1  or  C  +  =  1. 
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With  this  notation  (19)  reads  for  «  =  6: 

^  ^  +  t;,p‘->(^‘)p(A) 

(48) 

+  «;,p‘"’(A")p‘">(A*)  + 

We  also  need  the  formulae  (46)  for  the  marginal  distributions  of  order  5,  4, 3, 2: 
They  are: 

p‘->(A‘)  =  a^-’p(A‘)  +  [air’pU*)p(^)  + 

+  [aiiVp(A‘)p(A)*  +  a(,Vp(A*)*p(A)l 

+  «irijp(A*)p(A)*  +  imip(-^)* 

p‘"'(A‘)  =  ai-'p(A^)  +  a{,-’p(A*)p(A)  +  ai,-’p(A*)* 

+  aiiVp(A*)p(A)*  +  a{rAp(A)* 
p‘“’(A*)  =  ai"’p(^*)  +  aiVpiA')p{A)  +  ai^ipUY 
p‘">(A*)  =a^-yA*)  +  a,rp(A)*. 

In  each  of  these  formulae  the  sum  of  all  a  is  one,  e.g. 

«4  +  «ii  +  «jj  +  am  +  ami  =  1, 


(460 

(46'0 

(46"0 

(40“') 


etc.  The  recurrence  relations  (30)  for  these  marginal  distributions  are; 

(480  p'"^"(A0  =  t;^‘>p‘"’(^‘)  +  •t;i”p‘"’(A")p(A)  +  v^“p'"'(^*)p‘"'(^*) 
(48'0  p‘"''”(A0  =  i;rp''"’(A*)  +  frp‘"’(^*)p(44)  + 


(48"0  p‘"-'"(A*)  =  i-i*V‘"’(A*)  +  t){*V‘"’(^*)p(44) 

(48*^^)  p‘"^*>(A0  =  rrp^"’(A*)  +  iv{«p(A)* . 

If  we  now  substitute  in  (48)  for  p^"’(A*)  and  for  p^"''’‘^(A*)  the  expression  (46) 
and  for  p'"’(A0,  •  •  •  p*"’(A*)  the  expressions  (460  to  (46^0  we  find  recurrence 
formulae  for  the  coefficients  a*"\  •  •  •  aunu  ;  ai"0  •  •  •  auui  ,  •  •  •  ai"’,  aiJ’,  by 
equating  coefficients  of  p(A*),  of  p(A0p(A),  etc.,  etc. 

These  recurrence  relations  for  the  aj.y.l..*  which  are  of  a  very  clear  structure 
are  all  we  need.  Let  us  consider  them.  First  we  can  indicate  immediately 
the  value  of  a<"’(i  =  2, 3,  •  •  •  6).  In  fact  we  have 


(n+I)  ..  (fi) 

a*  =  Voa,  , 


(»+«)  _  .,(1)  (») 
a»  —  Vo  a|  , 


Hence 

(49)  =  (a.)-,  4”  =  (si")’,  •••  =  lvi‘‘r. 


The  other  relations  are  of  the  form: 

(50)  =  Voajf.\.k  -b  A|".1.* 

where  Ai/,!..k  is  composed  in  the  following  way:  It  is  a  sum  of  products  of  two 
a- values  and  one  »- value:  The  a- values  are  such  that  their  subscripts  considered 
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together  contain  each  of  the  figures  t,  j,  •  “  k  which  appear  in  a<"?.  .*  just  once. 
The  subscript  of  the  v-value  is  equal  to  the  sum  of  the  subscripts  of  either  a-value. 
(It  makes  no  difference  which  of  these  sums  is  taken  because  of  the  symmetry 
property  of  the  v’b.)  In  this  rule  il  has  to  be  understood  that  ai"’  =  1.  We  have 
e.g.,  if  s  =  8: 


j  (»)  _ _  (»)  («)  1  /  (»)  (»)  _i_  (»)  (»)\ 

^iini  —  «i»j*  +  Wj(«*  “m  +  <*11  <*iji) 


I  (")  («)  I  (<•)  (•>) 

+  Vjau  am  +  V4aji  am 

(here  we  have  Vi  =  vj ,  vt  =  Vt ,  v%  =  Vj).  It  is  to  be  noted  that  if  in  a 

square  of  a’s  appears  this  term  is  multiplied  by  J.  (See  (48),  (48") >  (48*’).) 

Ek^uations  (50)  are  of  form  (44)  and  because  of  the  obvious  condition  of 
lo  =  0  they  have  the  solution 

(450  =  E/ra""*"'- 

v-O  . 

To  determine  the  A\l\.k  on  the  right  side  of  (50),  we  start  with  aj"^ 
and  an*  =  1  —  at"’.  Next  we  determine  as"*,  a^*,  and  ani*  =  1  —  as"*  —  ai?' 
making  use  of  our  result  regarding  as"*,  and  so  on.  (As  stated  before:  each 
formula  must  be  used  in  terms  of  the  corresponding  Va  ;  e.g.  if  s  =  3  we  under¬ 
stand  by  Vo  the  values  defined  by  fo  +  =  2fo  =  vo ,  3/i  S/s  =  6/i  =  Vi , 

Vo  +  vi  =  1.) 

As  an  illustration  let  us  consider  the  a*"’  for  s  =  2,  s  =  3,  s  =  4:  We  first  have 


(51)  ai"*  =  (2/o)",  a{r*  =  1  -  (2/o)". 
Hence 

(52)  p'"*(A*)  =  (2/„)-p(A*)  -I-  [1  -  (2/o)"]p(A)* 


which  may  be  written 

(52^)  p*"*(A*)  =  p(A)*  +  (2/„)"[p(A*)  -  p(A)*] 

or  introducing 

(52")  p*"*Oi*s)  —  p(xi)p(xs)  =  g*"*(xixs) 

simply 

(52"0  g*"*(xia:s)  =  (2/o)"7(xiXi), 

Next  consider  «  =  3  with  the  recurrence  formula: 

(53)  asi  —  Voasi  -r  as  ai  Vi 

which  gives,  since  a}"*  =  1 : 

air’  =  V,  L  v„"-‘-'ai’*  =  V,  E  Vo"-*-'(vi'*)’ 


r-O 


=  Vl 


6/i 


{Xi  =  A,  a) 


/xi  =  A,  a\ 
\xs  =  A,  a)’ 


(vi*^"  -  Vo"  _ 

vi»  -  Vo  “  (2/,  -I-  2/0  -  2A) 


I(2/o  +  2/0"  -  2/o)"l. 
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Hence,  for  «  =  3 : 

a,‘"'  =  (2W" 

(530  air’  =  3[(2/„  +  2/0"  -  (2/,)"! 

am  —  1  —  a»  —  an  . 

Hence  the  simple  result: 

(54)  p‘-’(A*)  =  p(A*)  +  (2^,)-Ip(A*)  -  p(A)*] 

+  3l(2A,  +  2/0"  -  (2lor]piA)[piA*)  -  p(A)*] 

and: 

p‘"’(A*o)  =  p(A*)p(o)  +  (2/o)"[p(i4*a)  -  p(>l)*p(a)l 

(54 )  •  o 

+  [(%  +  2/0"  -  (2A,)"]{p(o)lp(^*)  -  piAfl  +  2[p{Aa)  -  p{A)p{a)\\ 

etc. 

For  random  chromatid  segregation  the  rate  of  approach  to  equilibrium  is  in 
this  case  (2/5)"  as  found  by  Haldane.  Our  formula  becomes  in  this  case 

(54")  p'"»(A*)  =  p{A)'  +  (iV)>(^*)  -  piAf] 

+  3[(f)"  -  (iV)"]p(A)[p(.l*)  -  piA)*] 

The  formulae  which  take  the  place  of  (540  in  Haldane’s  paper  are  complicated 
and,  as  far  as  I  can  see,  not  correct. 

For  «  =  4  we  need  the  coefficients  ai"’,  au  0  ait  \  ain  .  We  find,  with  the 
Va  and  /.  ,  that  correspond  to  s  =  4: 

«ir“  = 

«!.”  -  ■'I  -  »i  z  •’.■■‘■'(iw:")' 

P^ 

=  8/i  =  4I(2/o  +  2/0"  -  (2/o)"] 

From  this  derivation  we  conclude  that  we  have  for  any  s: 

(55)  '  a{".ii  =  s[(2/o  +  2/0"  -  i2lor\ 

so  that  ai"’  and  a{"ii  are  known  for  every  s- value. 

These  examples  should  suffice  to  illustrate  our  procedure.  The  computations 
and  results  become  lengthy  as  s  increases,  but  in  principle  there  is  no  difficulty. 
There  are  a  few  more  regularities  which  are  helpful  for  the  carrying  through  of 
the  computations.  It  seems  however  not  necessary  to  go  into  more  details 
unless  there  is  a  demand  for  explicit  expressions  for  higher  s-values.  At  any 
rate,  thanks  to  our  recurrence  formulae  for  the  marginal  distributions  we  possess 
a  straight-forward  and  systematic  chain-procedure  instead  of  the  original  com¬ 
plicated  quadratic  system  of  difference  equations. — It  will  depend  on  the  actual 
problem  to  decide  whether  it  is  preferable  to  work  out  for  a  given  s  this  explicit 
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solution  which  then  holds  for  any  n,  or  to  compute  the  for  a  few  successive 
generations  by  means  of  (19). 

In  case  of  non  homozygous  gametes  the  problem  remains  the  same.  In  fact 
the  same  appear.  But  each  is  multiplied  not  by  one  product  of 

p-values  but  by  several  such  products  with  easily  indicated  weights  (see  e.g. 
(540)  •  We  shall  consider  this  in  the  last  section  where  we  deal  with  multiple 
alleles. 

Let  us  now  determine  the  rate  of  approach  to  the  equilibrium  status  which  we 
considered  in  the  preceding  section.  Consider  (45)  and  (450  and  observe 
that  the  coefficient  “o”  in  these  formulae  is  given  in  turn  by  Vo ,  •  •  •  Vo*~'^ 

where  each  of  these  is  greater  than  the  preceding  one  (see  (32"0).  if  the  de¬ 
generate  case  fo  =  i  is  excluded.  We  see  that,  in  order  to  know  the  rate  of 
approach  we  have  to  know  (s  ^  2),  since  this  rate  is  of  order  (vo*~”)". 

For  uniform  s.d.  we  get  simply,  from  (32"0 : 


(56) 


/2s  -  2\ 

(.-«  ^  2  \  /  =  28(g  -  1)  ^  s  -  1 

“  ^28^  2«(2«  -  1)  2«  -  1 


Thence:  The  rate  of  approach  to  equilibrium  is  of  order 


uniform  s.d. 

am 


in  case  of  a 


In  general  the  rate  is  (2/o*  *0"  which  may  be  faster  or  slower  than 


We  can  easily  make  a  more  detailed  statement.  Always  using  8  =  6  as  a 
paradigms  the  setup  (46)  may  be  written  in  the  form: 

p‘->(A*)  =  p(A)*  +  ai"’[p(A*)  -  p(A)‘]  airV(A)[p(A‘)  -  p{A)'\ 

-h  air>Ip(ylOp(A*)  -  p(A)*]  +  air’[p(A*)*  -  p(A)*] 

+  •  •  •  +  a{ri\2p(A)*[p(^*)  -  p(^)*l 


In  this  formula  each  of  the  tends  towards  zero  as  n  — *  « ,  but  at  very 
different  rates.  We  can  indicate  these  rates  explicitly.  The  slowest  is  that 
of  aim-  since  it  depends  in  turn  on  aui* ,  •  •  •  a*"*  and  the  rate  of  approach  to 
zero  of  this  last  one  is  (5/11)"  as  just  proved.  On  the  other  hand  the  term 
p(A*)  —pi A)*  which  somehow  differs  most  from  the  equilibrium  status  is  the  one 

.  Briefly  we  have, 

always,  for  8  =  6  and  for  uniform  s.d.: 

Corresponding  to  the  a-coefficient  of: 


to  vanish  fastest,  since  a*"’  =  (r#)",  where  vq 


=  VC* 


p(A*)  —  p(A)*  a  rate  of  approach  to  zero  of: 
p(A‘)  -  piA)* . 


r  is  - 1)(8  -  2)  1"  ^  /^Y 
L(28  -  1)(28  -  2)J  \llj 
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V{A*)  -  v{A)* 


'  («  -  l)(g  -  2)(g  -  3)  T  /^Y 
_{2s  -  l)(2s  -  2)(2«  -  3)J  “  \33/ 


pU‘)  -  p{A)* 


[■/«]• -(i)- 


also  corresponding  to 

. 

pu‘)pu*)  -  p(/i)‘ . fr!’’-)(»r)"  -  (n-0 

Thus,  if  we  make  a  precise  assumptfon  regarding  the  s.d.  we  can  predict,  and 
therefore  check,  the  rate  of  approach  to  equilibrium. 


7.  Multiple  Alleles.  Definitions.  So  far  we  studied  the  most  frequently 
considered  and  perhaps  most  important  case  of  r  =  2  alleles.  We  shall  now 
deal  with  a  2s-ploid  with  r  aUelea,  the  number,  m,  of  factors  being  still  equal  to  one. 

Two  ways  of  notation  present  themselves.  We  either  take  as  starting  point 
the  r  alleles,  Ci ,  •  •  •  a,  and  indicate, — in  the  zygote  as  well  as  in  the  gamete, — 
the  power  of  each  Oj .  That  is  the  way  we  worked  so  far  for  r  =  2  and  arbitrary  «. 
E.g.  for  «  =  7  and  r  =  2  we  denote  a  certain  gamete  by  (AV),  where  A  =  ai , 
a  =  ot .  The  second  way  is  to  start  with  the  fact  that  a  gamete  is  given  by  « 
values, — a  zygote  by  2s  valups, — and  to  indicate  these  a  values.  This  was  the 
author’s  conception  for  arbitrary  r  and  m,  and  s  =  1  (see  [4c]).  We  shall  use 
whichever  notation  is  more  convenient  for  the  respective  purpose. 

Obviously,  (see  sec.  1)  there  are  primarily  N'  =  r**  zygotes  since  r  figures  can 
be  arranged  on  2s  places  in  r*'  ways.  But,  as  seen  before,  of  these  N'  types  many 
are  to  be  considered  equal  to  each  other.  As  an  illustration  consider  8  =  2, 
r  =  5  and  a  zygote  given  in  the  second  way:  (1,  2;  5, 1)  =  (oi ,  oj  ;  a* ,  aO.  In 
accordance  with  our  assumptions  for  r  =  2  the  following  equalities  must  hold: 

(1,  2;  5,  1)  =  (2,  1;  5,  1)  =  (1.  2;  1,  5)  =  (2,  1;  1,  5) 

=  (5,1;  1,2)  =  (5,1;  2,  1)  =  (1,  5;  1,  2)  =  (1,  5;  2,  1) 

Thus  we  see  that  for  a  =  2  a  genotype  is  given  by  two  interchangeable  pairs  of 
numbers  (xi ,  xj ;  pi ,  yt),  (xi  =  1,  •  •  •  r,  y,  =  1,  •  •  •  r).  There  are  '+  r  = 

^  —  R  such  pairs  of  numbers  from  which  we  derive  by  combining  two 

of  them  Ni  =  J/2(i?  +  1)  different  types.  For  8  =  2,  r  =  2  we  have  i2  =  3, 
=  6  and  indeed  the  six  t)rpes  (A*;  A*),  (A*;  Aa),  (A*;  a*),  (Aa;  Aa),  (Ao;  a*), 
(o*;  o*).  For  8  =  2,  r  =  5  we  have  R  =  15,  Ni  =  120. — In  the  other  conception, 
still  for  8  =  2,  a  type  would  be  given  by  {aVal*  •  •  •  a*';  Oi‘o»’  •  •  •  oj')  where 

Xi  =  0, 1, 2,  y<  =  0, 1, 2,  xi  +  •  •  •  Xr  =  2, 1/1  +  •  •  •  Pr  =  2.  Because  of  the  first 


>  +  1 
.  2 
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of  these  equalities  there  are  among  the  x<  either  (r  —  2)  zeros  and  two  “ones,” 
and  that  can  happen  in  ways,  or  (r  —  1)  zeros  and  one  “two”  and  that  can 

happen  in  r  ways;  hence  again  +  r  =  /2  wa5ns;  now  the  same  holds  for  the 

yi  and  the  expressions  before  and  after  the  semicolon  are  interchangeable  so 
that  we  find  again  the  Ni  types. 

If  s  =  3  a  genotype  is  given  by  two  interchangeable  triples  and  for  general  s 
the  genotype  is  given  by  two  interchangeable  s-tuples.  Putting  R  = 
we  obviously  have /or  arbitrary  r  and  s 

(57)  Ni  =  hRiR  +  1)  where  ^  ^  ~ 

types,  (xi ,  •  •  •  X,  ;  yi ,  •  •  •  y,),  where  x<  =  1,  •  •  •  r,  =  1,  •  •  •  r.  As  an 
example  consider,  r  =  8,  s  =  5.  Here  R  —  792,  Ni  =  396*793.  A  certain  type 
may  be  given,  for  instance,  by: 

(1,  2,  4,  5,  8;  3,  3,  3,  7,  7),  or  (oi ,  Oj ,  04 ,  o* ,  o#  ;  oj ,  o?) 

With  the  other  notation  a  type  would  be  denoted  by  (oj'ap  •  •  •  aj* ;  oi'o**  •  •  •  oS*) , 
where  x,  =  0, 1,  •  •  •  5,  j/,  =  0, 1,  •  •  •  5,  Xi  +  •  •  •  +  a:*  =  5,  yi  +  •  •  •  -f  j/s  =  5, 
and  we  have  in  the  particular  example 

Xi  =  Xi  =  X4  =  Xj  =  Xg  =  1 ,  Xg  =  Xg  =  X7  =  0, 

yi  =  J/I  =  J/4  =  J/i  =  !/•  =  ys  =  0,  yt=  3,  yj  =  2. 

If  we  thus  know  how  to  enumerate  all  genotypes  the  distribution  of  genotypes  is 
then  defined  accordingly. 

Our  concept  of  the  segregation  distribution,  introduced  in  sec.  1,  does  not 
change.  Still  X,  is  the  probability  that  a  specified  group  of  t  maternal  and  a 
specified  group  of  (s  —  t)  paternal  genes  be  transmitted  to  the  gamete,  and  the 
relations  (6),  (7),  (8)  hold. 

Let  us  consider  the  distribution  of  gametes,  more  closely  by  using  the  “first” 
notation.  It  is,  in  the  n***  generation,  given  as  a  function  of  s  variables 


(58)  p‘"’(2i ,  ,  •  •  •  2.),  (2<  =  ai ,  Oj  ,  •  •  •  Or) 

Among  the  r*  values  of  (58)  only  R  =  may  be  different  from  each 

other,  for  the  same  reasons  as  before.  If  e.g.  r  =  4,  s  =  8  the  probability 
8! 

p{a\a]oL^\)  appears  =  1680  times,  this  being  the  coefficient  in  the 

polynomial  expansion  of 

(oi  +  Oj  +  0|  +  O4)* 

Accordingly  we  have,  e.g.  for  «  =  3,  omitting  the  upperscript 
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t 


p(ai)  -T  3p(oJa*)  +  3p(ala,)  -f  3p(oio5)  +  3p(aiaJ) 

4*  3p(ojaj)  +  3p(a^)  +  6p(aiaiai)  +  p(as)  +  p(<*«)  +  •  •  •  =  1 
which  can  be  written  simply 

(59)  2  Z)  p(a<o,  o*)  =  1 

t-l  ;-l  t-1 

Considering  one  more  moment  the  case  s  =  3  we  derive  from  this  distribution 
the  marginal  distribuMons  of  order  two: 

«  =  3:  Pu(oi)  =  p(oi)  =  p(o?)  +  p(ojaj)  +  p(oJa,)  4-  •  •  •  etc. 

for  which 

p(o?)  4-  p(oj)  4-  p(o3)  4-  2p(oiaj)  4-  2p(oia»)  4-  •  •  •  =1 


and  the  marginal  distributions  of  order  one 

s  =  3:  pi(ai)  s  p(ai)  =  p(oJ)  4-  p(oi<4)  4-  p(aioj)  4-  2p(aJo*)  4-  •  •  •  etc. 
for  which 


p(oi)  4-  p(o*)  4-  •  •  •  4-  piflr)  =  1 
These  relations  may  be  denoted  simply  by 


(60) 


and 

(600 


Paioiai)  =  pioiOj)  =  piatafik) 
h-\ 


2  H  Piaidi)  =  1 


r  r 


p,(a<)  s  p(a<)  =  ZZ  Z]  p(a.<iyOt) 

j-i  t-i 


ip(ai)  =  1 


(»  =  1,2,  ...r) 


In  an  analogous  way  we  have /or  any  s  the  marginal  distribution  of  order  j: 


(61)  p(a.,  Oi,  •  •  •  a<,) 

with 


f  r 


z:  E  ••• 

</+i— I 


E  P(a.,  •  •  •  a<.), 


1,2, 

1,2, 


:) 


(62) 


E  E  '  E  p(a.,o<,  •  ••  Qif)  *  1. 
<1.1  <1-1  <1-1 


8.  Multiple  alleles:  Recurrence  Formulae.  Integration.  Limit  theorems. 

Let  us  study  the  recurrence  relations  for  the  distribution  of  gametes.  We  write 
again  p‘"’  =  p,  =  p'  and  in  the  same  way  for  the  w-distributions.  We 
use  the  notation  p(aJ‘aj*  •  •  •  a*/).  If  r  >  s  some  of  the  z<  will  necessarily  be 
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zero.  There  are  — ; — ; - ,  probabilities  with  these  arguments  and  we  first 

Zl!  Zj!  •  •  •  Zr! 

s  1 

want  to  express  — ; — ; - ,  p'(al'  aj’  •  •  •  aj')  in  terms  of  the  w'.  According 

Zl!  Zl!  •  •  •  Zr! 

to  the  meaning  of  the  three  distributions  the  right  side  must  consist  of  a  sum  of 
products  of  zygotic  probabilities  and  segregation  probabilities,  each  w'  being 
multiplied  by  certain  X.-values  or,  the  other  way  round,  each  Xa  being  multiplied 
by  certain  tr'- values,  and  we  want  to  find  the  coefficient  of  X*  (a  =  0, 1 ,  •  •  •  «) 
in  this  expansion.  Such  a  X«  is  multiplied  by  a  sum  of  tr'-values  each  of  which 
must  contain  a  “correct”  genes  (or  “values”)  before  and  («  —  a)  “correct” 
ones  after  the  semicolon.  By  “o  correct  values”  we  mean  o  of  the  values  which 
are  contained  in  (ol'o?  •  •  •  aj').  Hence  such  a  w'  will  be  of  the  form 

tc'(o?‘oJ*  •  •  •  o*’’  •  •  •  ;  tti'aV  •  ‘  •  a*'  •  •  •) 

where 


(63) 


Xi  +  Xi  +  •  •  •  4-  X,  =  a,  Pi  +  +  •  •  •  +  J/r  =  «  —  a 

p,  +  x<  =  z< ,  (t  =  1,  2,  •  •  •  r),  Zl  +  Zl  4-  •  •  •  4-  Zr  =  S 


In  such  a  to'  there  are  still  («  —  a)  “free”  (or  “empty”)  places  before,  and  a 
after  the  semicolon.  Consider  for  the  moment,  to  fix  the  ideas,  a  fixed  choice 
of  values  for  these  (s  —  a)  4*  a  “empty”  places  (put,  e.g.  Oi  on  each  of  them), 
and  let  us  count  the  to'- values  after  this  particular  choice  has  been  decided  upon: 


The  “correct”  letters  before  the  semicolon  can  be  arranged  in  ways  on  the 
s  places  before  the  semicolon,  and,  similarly,  the  (s  —  a)  correct  ones  after  the 
ways.  Moreover  the  group  of  a  letters  aj‘aj*  •  •  •  oj' 


semicolon  in 


can  be  arranged  in 


corresponding  group  in 


Xi!  Xi!  •  •  •  Xr! 

(s  -  a) ! 


'  ways  within  their  a  places,  and  similarly  the 


Pi!  P*!  •  •  •  Pr! 


a/  Xi !  Xi !  • 

Finally,  using  (13),  and  dividing  by 
of  X,  in  the  expansion  of  p'(of'  aj*  •  • 


ways.  Hence  such  a  to'  is  multiplied  by 

_  («-«)! 

•  Pf ! 


X, !  Pi !  Pi ! 

si 


we  see  that  the  coefficient 


Zl  !  Zl  !  •  •  •  Zr  ! 

•  a’')  will  consist  of  terms  like 


p(aVaV  --  aV  -  p(aVaV  ar'  ■•■) 


(>)' 

\a/  Xi  I  •  •  •  X, 


(s  —  g)!  Zl !  •  •  •  Zr ! 
Pil  •••  Pr!  s! 


So  far  we  have  assumed  that  the  (s  —  a)  4-  a  “free”  places  in  a  p-product 
are  all  occupied  by  Oi .  Now  we  abandon  this  assumption.  In  fact,  on  each 
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of  these  empty  places  we  have  to  write  the  letters  ai ,  at ,  •  •  •  a,  in  all  r*  possible 
ways.  This  amounts  to  an  s-tuple  sum  of  such  p-products.  But  this  «-tuple 
sum  of  products  obviously  resolves  in  the  product  of  the  two  respective  (s  -a) 
and  a-tuple  siuns,  the  first  being  extended  over  the  values  on  the  (a  —  a)  free 
places  in  the  first  p,  the  second  over  the  values  on  the  a  free  places  in  the  second  p. 
Now,  by  definition  of  the  marginal  distributions,  these  sums  are  just  the  marginal 
distributions,  of  order  a  and  («  —  a),  pial^al*  •  ■  •  a*')  and  p(oi‘o?*  •  •  •  a?') 
respectively.  The  coefficient  of  X«  thus  becomes  a  sum  of  terms  like: 


p(o?'  •  •  •  aV)  •  p(oi‘  •  •  •  o?') 


(a  -  a)  I 
Vil  Vr  I 


where  (61)  holds  for  the  x,  ,yi,Zi.  Moreover  we  see  easily,  that 


«! 


(«  —  a)!  Zi !  •••  z, ! 


o!(«  —  a) !  Xi !  • . .  X, !  yi !  •  •  •  y, ! 


«1 


zi! 


2r  ! 


X,  l(zi  -  X,) ! 

Hence  the  coefficient  of  »  X«  ^  is  simply 
and  we  get  the  elegant  general  recurrence  relation 


Xr  !(Zr  Xr) ! 


p'(oI'o,'*-.-  aV) 


(64) 


«»0  s, 


oJ')p(aJ‘-‘ 


Or 


•r— *r\ 


with 


(64')  Zi  +  •  •  z,  =  «,  Xi  +  •  •  •  +  *r  =  a,  0  ^  Xi  Zi,  (t  «  1,  •  •  •  r) 

Remark.  In  applications  we  may  write  in  (64)  p  instead  r  with  the  under¬ 
standing  that  p  ^  r  U  r  ^  a  and  p  ^  a  if  r  >  a.  This  rule  merely  means  that 
we  omit  in  each  p  these  o.  which  do  not  occur  (instead  of  writing  them  with 
power  aero.)  More  than  «  alleles  can  not  occur  in  p  and  we  may  assume  without 
loss  of  generality  that  these  are  "the  first"  a  alleles. 

I.et  us  now  consider  tux>  important  particular  caaea  of  (64).  Firatly,  put 
oi  »  i4, 0*  »  o,  Zi  *  z,  Zj  —  «  —  z,  we  thus  find  (18)  and,  for*  «  z,  (19).  Next 
assumes  r  «  «,  Zi  =  zj  =  •  •  •  »  z,  »  1.  We  obtain  the  very  useful  formula: 

§ 

(65)  p'(ai  •  •  •  o.)  =  22  f.lp(ajai  •  •  •  o.)p(o.+xO.+,  •  •  •  o.)  +  •  •  •] 

•-0 


In  each  bracket  there  are 


terms. 


If  however  a 


2p  the  factor  of  l^  in  the 
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bracket  contains  §  different  terms  only,  each  multiplied  by  two.  We 
have  e.g. 

«  “  2:  p'iaiOt)  =  kpiaiot)  4-  2/,p(ai)p(ai)  +  ftp(oiat) 

«  *  4:  p'ioiotagii)  =  f#p(oia,a,oO  +  fi[p(oi)p(aiOjO«)  -!-•  +  •  +  •] 

-f  2f»(p(aia,)p(oiO«)  +  p(oio,)p(flha4)  -|-  p(oi04)p(oiO,)I 
Since  h  “  it-.  (65)  may  be  written  for  «  ■*  2m  or  «  =  2m  4-  1,  respectively: 

(66)  p'(oi  •  •  •  o.)  “  i '  2i.[p(aiat  •  •  •  a.)p(o.+iO.+i  •  •  •  o,)  +  •  •  *1 

Here  the  dash  next  to  the  summation  sign  indicates  that  for  s  «  2m  the  factor 
of  contains  |  terms  only.  Examples  of  (66)  are 

«  =  3:  p'(oio*0|)  =  2{i.p(oiO,ai)  4-  ii[p(oi)p(oio,)  +-4--1} 
s  ■=  4:  p'iaionhih)  *  2{iop(ai0j0|04)  +  li[p{at)p(a,a^)  +-4-*4--l 

4-  Uipiato^piewU)  -h  •  +  • )} 

8  =  5:  p'(aia*aM»4a»)  “  2[kp{aiat(ha¥it)  +  iilp(oi)p(a»a*04ai)  4* •4- -4- •4--] 

•  4- i»(p(0i0,)p(0|040|)  4-  •••  p(o4a»)p(o,a,o,)l} 


By  putting  in  (66)  certain  Oi  equal  to  each  other  we  find  again  (64).  As  an  / 
example  we  obtain  from  the  last  formula  for  oi  =  04 ,  os  =  at ,  Oi :  * 

p'(a\(hfh)  “  2{iop(ajojaa)  +  ii[2p(oi)p(ai<4o,)  4-  2p(as)p(a?<HOi)  4--1 

+  k[pia\)pia*tai)  +  4p(oiO*)p(aiO,a,)  4-  p(oJ)p(oJai) 

4-  2p(aiO,)p(aioJ)  +  2p(ata*)p(a!ai)]} 

Thus  it  turns  out  that  we  may  consider  the  easily  remembered  formulae  (65) 
or  (66)  as  general  formulap  from  which  any  formula  (64)  follows  by  equating 
certain  at  to  each  other.  '(This  is  not  true  for  formulae  like  those  quoted  page  259 
where  “chromatid  segregation”  is  considered.  There  one  can  not  obtain  e.g. 
the  formula  for  p'(A*)  from  the  one  for  p'(Aa)  by  putting  A  =  o.) 

For  deriving  the  limit  theorem  we  need  recurrence  formulae  for  the  marginal 
distributions.  They  are  of  the  same  structure  as  (64)*  or  (65),  but  with  fi'* 
instead  of  la  •  Consider  a  marginal  distribution  of  order  («  —  r).  Put  ir  =  r 
if  r  ^  —  r,  and  <r  =  8  —  y  if  r>«  —  y.  We  then  have  the  formula 


p'ial^aV  •••  a‘/) 


a,"-*') 


(67) 
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where 

(660  >  O^Xi^Zi,  Xi  +  •  •  •  +  X,  =  o,  2i  +  •  •  •  +  2,  «  «  —  y 

and  the  are  the  same  as  in  (30)  and  (37).  The  analogon  to  (66)  becomes, 
with  8  —  y  =  2fi  or  2(1  1  respectively 

(68)  p'(oi  •  •  •  o._,)  *  2  [p(ai  •  •  •  a,)p(a.+i  •  •  •  o,_)+  •  •  •] 

t 

e.g.  for  «  “  6,  i»  “  2,  with  an  obvious  notation: 

p'(0i0,0,04)  «  2{fi*’puM  +  /i*‘(pip»4  +•  +  •  +  •]  +  li^[paPu  +•  +  •]} 

or  for  s  =  6,  v  =  3 

p'faiOtai)  «*  2 { /o*' Pm  +  Pm  H — !■•]} 

Again  we  may  consider  (68)  as  the  general  formula  from  which  (67)  may  be 
derived  by  equating  certain  o,  to  each  other.  For  y  *  0,  (67)  reduces  to  (64), 

(68)  to  (66)  and  for  r  =  2  (67)  becomes  the  last  formula  in  sec.  4. 

The  proof  of  the  limit  theorem  is  not  changed  in  any  essential  way  by  con¬ 
sidering  r  alleles  (see  sec.  5).  Our  result  is  expressed  by  the  simple  formula; 
which  holds  if  and  only  if  Iq  < 

(69)  lim  p'"\oI'ai*  •  •  •  a*/)  =  p(ai)*‘p(o,)**  •  •  •  p(o,)*’' 

If  lo  <  hi  *y  ^ 'mixed  gametes”  are  not  a  priori  excluded,  the  distribution  of 
gametes  converges  toxoards  a  limit  where  the  single  alleles  are  independently  dis- 
trihxtted.  If  however  U  ^  \  the  original  distribution  of  gametes  remains  unaltered 
under  random  mating  (see  also  introduction,  p.  261).  The  limit  behaviour  of 
the  distribution  of  genotypes  follows  from  (69)  by  means  of  (13). 

The  procedure  for  finding  an  explicit  solution  of  the  recurrence  equations  is 
analogous  to  that  applied  for  homozygotes.  If  we  write,  as  before,  pi ,  p,y , 
etc.  for  p(o,),  p(a<a,),  we  have  for  s  »  3  e.g. 

(70)  piM  =  pip*p»  +  (2W"[pm  -  PiPjP*] 

+  l(2Z*  +  2/i)"  -  (2fa)")-Ipi(pM  -  PiPt)  +  Pj(Pu  -  PiP*)  +  Ptipa  -  PiP»)J 

This  reduces  to  (64),  (or  (64'))  if  all  alleles  are  equal,  (or  if  Oi  =  Os  ,  Ot  ^  Oi). 
The  setup  in  the  general  case  is  analogous  to  the  previous  one  always  with  the 
same  a-values  as  for  homozygotes.  E.g. 

PiM4  “  O40^PiM4  +  iair’[pmP4  +  PimPi  +  PrnPi  +  PmPi]  +  om^'JIPuPm  +  •  +  •] 

+  oin  *i[pnPiP4  +  •  •  •  +  PmPiPi]  +  «uuPiP»PiP4 

with  the  a-values  (sec.  6) 

olo"’  »  (%)",  Wu  -  (21o  +  21,)-  -  (21o)-,  •  •  • 

Thus  we  state  that  in  the  integration  of  the  general  recurrence  formulae  (64)  the 
same  a-coefficients  appear  as  in  the  integration  problem  of  sec.  6,  for  homozygotes, 
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i.e.  as  in  the  case  when  all  a,  eqital  each  other.  The  only  difference  is  that  a  product 
like  p(A*)p{A^)’  •  •  is  now  to  be  replaced  by  the  sum  of  all  possible  combinations 
which  can  be  formed  in  analogy  to  this  product  by  means  of  several  alleles,  and 
it  is  to  be  divided  by  the  number  of  all  such  combinations  (see  the  above  exam¬ 
ples.)  As  a  further  example  consider  in  the  expression  for  the  term 

attip{A*)p(A*)p{A).  This  will  be  replaced  by: 

[pm(PttP(  +  PaPi  +  PtiP*)  +  *  •  •  +  PmijPuPi  +  PuP*  +  PitPi)] 

There  are  in  fact  60  terms  in  this  bracket.  Thus  we  may  obtain  any  desired 
explicit  solution. — Our  results  concerning  the  rate  of  approach  to  equilibrium 
remain,  of  course,  unchanged  in  case  of  multiple  alleles. 
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NUMERICAL  SOLUTION  OF  COMPLEX  ROOTS 
OF  QUARTIC  EQUATIONS 

Bt  Shih-Noe  Lin 


Reference  1  (Shih-Nge  Lin,  A  Method  for  Finding  Roots  of  Algebraic  Equa¬ 
tions.  Journal  of  Mathematics  and  Physics,  23,  60-77,  1943)  described  a 
method  for  finding  roots  of  algebraic  equations.  The  following  description 
offers  an  improvement  on  the  solution  of  complex  roots  of  quartic  equations 
having  double  or  nearly  double  quadratic  factors. 

Consider  the  quartic  equation: 

X*  -j-  A|X*  -j-  AfX*  A'  A ix  A"  At  =  0, 


which  can  be  factored  into  (x*  -1-  6ix  -f  6#)(x*  -f-  Oix  -|-  Oo)  =  0. 
We  have. 


Ai  »  —  6i  (1), 

Ai  —  Oifej  —  Oobi  ■=  0  (3), 

Eliminating^Oi  and  Oo  by  (1),  (3)  and  (4), 


aii»i  =  Aj  —  (oo  +  6#) 
doho  ~  At 


Ai 


2(A,  -  60 


r  ' 

*  Ao6i 

L2(A,  -  6i)J 

(A,  -  6i) 

(2), 

(4). 

(A). 


Eliminating  ai  and  ot  by  (1),  (2)  and  (4), 

_  A,  -MA,--  6.)  ^  ^^A,-HA,-^J  (g) 

It  is  seen  that  the  necessary  conditions  for  the  constant  terms  Oo  and  6^  of 
the  quadratic  factors  to  be  equal  are  that  the  second  terms  of  (A)  and  (B) 
should  be  zero,  namely 

6i  -  A,6,  -f  A?/4A,  -  0  (A)' 


and 

•6i  -  A,6i  -1-  (A,  -  2vTo)  =  0  (BY. 

Equations  (A)'  and  (B)'  offer  relations  in  which  values  of  Oi  and  6i  may  be  ap¬ 
proximated  when  do  and  6d  are  of  values  close  to  each  other.  To  illustrate  this 
possibility,  let  o  »  Ai/2V^ ,  /8  =  Aj  —  2y/At  >  T  =  A|/2,  then,  we  shall 
have  following  cases: 

Case  ^  ^  a  ^  Y*.  The  given  quartic  equation  is  seen  to  have  identical  pairs 
of  quadratic  factors,  and  do  =  6#  =  -f-v^A^ ,  di  =  6i  =  A|/2. 

Case  ill)  <  a  ^  y*.  In  this  case,  the  constant  terms,  do  and  bt  of  the  quadratic 
factors  of  the  given  equations  are  seen  to  be  equal  and  the  quartic  can  be  exactly 
factored  by  determining  di  and  6i  as  real  roots  of  (B)\  giving 


(C). 
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(Note  that  if  a*  =  7*,  it  can  be  shown  that  Oo  ■«  6#  *  as  follows:  Eliminat* 
ing  ht  in  (3)  and  (4),  we  get 

But  by  (C),  ai6i  ■=  /3,  thus, 

“  7 — .  -  ^  V«*  —  /3)  —  VX  )• 

(7  ±  V7*  -  /5) 

Consider  the  following  numerical  example: 

X*  -f  4.45i*  +  15.1x*  +  24.9x  +  31.36  -  0. 

We  have: 

o  =  2^^%  “  ^  ”  2>/3T:^  =  3.90,  7  »  4.46/2  »  2.225. 

Thus,  by  (C), 

fli ,  61  -=  2.225  =fc  V(2.225)*  -  3.90  »  3.25, 1.20, 

and 

(h,b,  =  VST^  =  5.60. 

The  given  quartic  is  then  factored  into 

(x*  +  3.26x  +  5.60) (x*  +  1.20x  +  5.60)  *  0. 

Cose  (III)  0  <  a  \  7*.  In  this  case,  the  given  equation  can  be  conveniently 
solved  by  the  following  iteration  procedure: 

Step  (1),  determine  the  first  approximations  for  Oi ,  bi  by  (C). 

Step  (2),  determine  the  first  approximations  for  a«  ,  b«  by 

“  (\/^4o/oi)(«  ±  v^o*  —  0),  (D) 

which  is  obtained  by  eliminating  Oo  from  (3)  and  (4).  And  by  (4),  we  have 

oo  -  A,/6,  (E). 

It  is  seen  that  the  first  approximations  shall  satisfy  (1),  (3)  and  (4),  but  in 
general  not  (2). 

Step  (3),  Calculate  0'  such  that 

^  -  .4,  -  (o,  -  6,)  (F). 

If  /3'  is  equal  to  0,  then  (2)  is  also  satisfied,  and  the  first  approximations  are  exact 
solutions.  If  not,  calculate  the  second  approximations  for  oi ,  61 ,  do  and  5» 
from  (C),  (D)  and  (E)  by  using  0'  instead  of  0.  The  process  is  thus  repeated 
to  the  nth  number  of  times  until 
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fin  *  -4*  ~  (oo  -h  6»)»  ■*  /3»  =  (flibt)n  (G). 

In  general,  convergency  of  the  process  is  so  rapid  that  engineering  accuracy 
can  be  reached  within  four  or  five  repetitions.  When  (G)  is  satisfied,  (2)  is  also 
satisfied  so  that  the  quartic  equation  is  exactly  factored. 

Cate  {IV) .  When  0  is  greater  than  either  one  or  both  of  a  and  7*,  the  quadratic 
factors  of  the  given  equation  can  be  considered  to  be  “separated”  so  that  method 
described  in  reference  (1)  can  be  advantageously  applied  with  good  convergence. 

Numerical  iUustrationt: 

Exam-pie  (1) 

x*‘  -  bx*  +  12.5x*  -  16.5x  +  10.6  =  0 
The  characteristic  parameters  are  found  to  be 

a  -  -2.545,  a*  =  6.48, /3  -  6.02,  7  -  -2.50,7*  =  6.25. 

Thus,  we  have  case  (III).  For  first  approximations,  from  (C),  we  get 
Oi  =  -2.5  4-  ^6.25  -  6.02  =  -2.02 

and 

hi  =  -2.5  -  V6.25  -  6.02  =  -2.98. 

From  (D)  and  (E),  we  have 

bo  =  (-2.545  +  V&AS  -  6.02)  =  2.99,  o,  =  10.5/2.99  =  3.51. 

It  is  seen  that 

0^  =  12.5  -  (3.51  +  2.99)  =  6.00, 

which  is  very  close  to  6.02.  For  second  approximations,  substitute  6.00  instead 
of  6.02  into  (C)  and  (D),  we  get 

Oi  =  -2.50  +  V6.25  -  6.00  =  -2.00;  bi  =  -2.5  -  \/6.25  -  6.00  =  -3.00 
bo  =  (-2.545  +  (\/6.48  -  6.00)  =  3.00;  oo  =  10.5/3.00  =  3.50. 

It  is  seen  that 

0'  =  12.5  -  (3.50  +  3.00)  =  6.00  =  (-  2.00) (-  3.00)  -  0. 

Thus,  the  given  equation  can  be  considered  to  be  factored  into 
(x*  -  2.00X  +  3.50)(x*  -  3.00X  +  3.00)  =  0. 

Example  (2) 


X  -  2.075X*  +  0.69x*  -  0.095x  +  2.287  =  0. 
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The  test  parameters  are 

a  =  -.0314, a*  »  0.000986;^  =  -2.355,7  =  -1.0375, 
and  7*  =  1.075.  Thus,  we  have  also  case  (III).  Hence,  for  first  approximation, 
Oi  ,6i  =  -1.0375  ±  Vl.075  +  2.355  =  -2.8925, 0.8175;  6,  =  (1.515/ -2.8925) 
X  (-.0314  -  V.00098()  +  2.355)  =  0.822.  oo  =  2.287/0.822  =  2.78. 
The  first  approximation  gives 

0'  =  0.67  -  (0.822  +  2.78)  =  -2.932. 

By  repeating  the  process,  we  get  the  following: 


APPROXIMATIONS 

ai 

b, 

bt 

O* 

-2.355 

-2.8925 

0.8175 

0.822 

2.78 

-2.932 

-3.0375 

0.9625 

0.870 

2.63 

-2.830 

-3.0135 

0.9385 

0.863 

2.65 

-2.843 

-3.0155 

0.9405 

0.863 

2.65 

-2.843 

Thus,  the  given  equation  is  factored  into 

(x*  -  3.0155X  -1-  2.65)(x*  +  0.9405x  +  0.863)  =  0. 

Example  (3) 

X*  +  5.31x*  +  6.52i*  +  0.71X  +  0.24  =  0. 

The  test  parameters  are 

0  =  5.54,  o*  =  0.527, 7*  =  7.06. 

Thus,  we  have  case  (IV),  and  the  quartic  equation  is  found  to  be  easily  factored 
by  the  method  of  reference  (1),  giving 

(x*  +  0.08485X  M-  0.03975)  (x*  +  5.22515x  +  6.037)  =  0. 

Example  (4) 

X*  -  6x*  +  47x*  -  18x  +  290  »  0. 

The  test  parameters  are 

-  12.94,  o*  =  0.279, 7*  “  9  0. 

Thus,  we  have  also  case  (IV)  and  the  equation  has  been  easily  solved  in  refer¬ 
ence  (1). 

Conchicion.  The  improvement  here  in  combination  with  the  method  of  refer¬ 
ence  1  offers  a  convenient  method  for  the  solution  of  quartic  equations  with  two 


NiniERICAL  SOLUTION  OF  COMPLEX  ROOTS  QUABTIC  EQUATIONS  283 

pairs  of  complex  roots.  The  coefficients  At  and  Ao  of  the  quartic  equation  having 
all  roots  complex  are  always  positive  so  that  the  method  is  applicable.  When 
either  one  of  the  coefficients  At  and  At  is  not  positive,  it  is  readily  known  that 
real  roots  are  present  and  the  equation  can  usually  be  solved  by  Newton’s 
method. 
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ON  THE  STRESSES  IN  A  NOTCHED  PLATE  UNDER  TENSION 

Chih->Bino  Lino 


The  problem  of  a  notched  plate  under  tension,  when  the  plate  is  of  semi¬ 
infinite  size  and  the  notch  is  in  semicircular  form,  was  solved  by  Maunsell  [1]. 
It  belongs  to  a  class  of  plate  problems  in  which  the  boimdary  consists  of  inter¬ 
secting  parts  of  different  nature.  By  the  use  of  bipolar  coordinates,  it  appears 
that  the  solution  can  be  extended  to  cover  any  circular  notch  in  general  (or 
mound,  as  a  negative  notch)  without  being  restricted  to  semicircular.  Such  a 
solution  will  be  presented  in  this  paper. 

The  biharmonic  equation  is  first  solved  by  means  of  infinite  integrals.  A 
suitable  even  solution  is  then  used  to  construct  the  required  stress  function. 
The  parametric  functions  involved  in  the  solution  are  subsequently  adjusted 
to  satisfy  the  boundary  conditions  of  the  notched  plate. 

It  may  be  mentioned  that,  besides  the  problem  of  notched  plate,  the  integral 
solution  in  general  can  be  used  to  sdve  two  additional  plate  problems,  namely: 

(1)  a  crescent,  or  a  plate  bounded  by  two  circular  arcs,  and  (2)  an  infinite  plate 
containing  a  crescent-shaped  hole.  It  is  thus  interesting  to  compare  the  integral 
solution  with  the  series  solution  obtained  by  Jeffery,  which  is  also  in  bipolar 
coordinates  [2].  Jeffery’s  solution  can  be  used  to  solve  three  analogous  plate 
problems,  namely:  (1)  an  infinite  plate  containing  two  circular  holes  of  any  radii, 

(2)  a  semi-infinite  plate  bounded  by  a  straight  edge  and  containing  a  circular 
hole  and  (3)  a  circular  disc  containing  an  eccentric  circular  hole. 

The  bipolar  coordinates  ({,  ri)  will  be  defined  by 

X  iy  =  —a  coth  -{-  tij)  (1) 

such  that  the  two  poles  of  the  coordinates  are  on  the  x-axis  at  the  points  (dba,  0), 
and 


X  =  J  sinh  Ji,  y  *  7  sin  { 


where 


a/J  =  cosh  —  cos  i  (2) 

The  biharmonic  equation  V*x  *  0  which  must  be  satisfied  by  the  stress 
function  x  then  transforms  to 


\d{«  ^  dW  dn*  /  7 


(3) 


Consider  a  solution  even  in  of  the  type  x/7  *=  cos  nij.  The  transformed 
equation  reduces  on  substitution  to 

{d*/dt  -  2(n*  -  1)  d*/d(*  -f  (n*  +  1)*}  Fn{^)  -  0  (4) 


The  solution  of  this  equation  is  readily  found  to  be 

=  ifnsin^  +  hn cos {)  sinh nf  +  (y, sin {  -f  fc, cos  {)  cosh  nf  (5) 
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where  fn,  K,  are  parametric  functions  of  n.  Provided  that  the  integral 
converges,  a  more  general  solution  even  in  i;  is  therefore 

Xx/j  =  FniO  cos  ni>  dn  (6) 

A  similar  solution  but  odd  in  i;  is  as  follows: 

Xi/J  =  Pl(f)  sin  nil  dn  (7) 

where 

=»  (/I  sin  {  +  cos  {)  sinh  n{  +  (gj  sin  {  fc*  cos  {)  cosh  n{ 

A  general  solution  may  therefore  be  obtained  by  combining  (6)  and  (7)  to¬ 
gether  with  some  function  relating  to  some  particular  stress  system.  The  para, 
metric  functions  involved  are  then  adjusted  to  satisfy  the  boundary  conditions 


Fio.  1.  A  Notched  Plate  Undeb  Tension 


ofj[the  problem.  For  the  notched  plate  here  under  consideration,  the  boundary 
conditions  are  as  follows  (see  Fig.  1):  (1)  at  infinity  x  •=  ±:co  or  y  =  oo;or 
-  0 

XX  *  T,  say,  yy  =  0,  gx  =  0  (8) 

(2)  along  the  edge  y  *  0,  save  the  part  — o  <  x  <  o;  or  f  *  0 

«  -  0,  •  (9) 

and  (3)  along  the  rim  of  the  notch  (a  <  r)  or  mound  (r  <  a)  {  a, 

«  -  0,  ^  -  0  (10) 

Now,  in  an  unnotched  plate  a  uniform  longitudinal  tension  T  would  be  given 
by  the  stress  function 

X»  =  hTy*,  or  Xt/J  »  ioT  sin*  {/(cosh  if  —  cos  f)  (11) 

The  method  of  solution  when  the  notch  is  present  is  to  construct  the  required 
stress  function  x  (which  must  be  even  in  ij  by  symmetry)  in  the  form: 

.  X  *  Xo  +  O^Xx 


(12) 
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where  xi  is  the  biharmonic  solution  even  in  n  as  shown  in  (6);  the  factor  aT 
being  introduced  to  render  the  parametric  functions  inv<dved  nondimenaional. 

The  stresses  in  bipolar  coordinates  derived  from  a  stress  function  x  sre  equal 
to  [3] 

o^  =  {(cosh  i>  —  cos  ^)d*/dii*  —  sinh  i>  d/3i>  —  sin  {  d/d^  +  cos  i]ix/J) 

=  {(cosh  If  —  cos  ^3* /3{*  —  sinh  if  3/9if  —  sin  ^  3/9{  +  cosh  if}(x/«^ 
o{if  »=  —(cosh  If  —  cos  {)3*(x//)/9t9if  (13) 

The  boimdary  conditions  at  infinity  thus  require  that 


j[*  FM 


dn  «  0 


Those  at  the  edge  {  0  require  that 

—(cosh  If  —  1)  j[  [n'FM  cos  nif  dn  +  sinh  ifj^  nF,(0)  sin  nif  dn 

+  F,(0)  cos  nif  dn  =  0,  “  (15) 

(cosh  wFJ,(0)  sin  nif  dn  *  0, 

where  the  prime  sign  has  the  usual  meaning  of  differentiation.  An  obvious 
sdution  of  (15)  is 

F,(0)  =  0,  F;(0)  -  0  -  (16) 

Here  Fn{0)  =  0  is  only  a  particular  solution  of  the  first  equation,  but  it  also 
satisfies  the  condition  at  infinity.  The  solution  thus  gives 

kn  *  0,  tf,  -  —nhn  (17) 

Again,  the  boimdary  conditions  at  the  rim  i  ^  a  require  that 

sin*a  sinh*  if/(cosh  if  —  cos  aj)*  —  (cosh  if  —  cos  a)  /  n*Fn(a)  cos  nif  dn 
+  sinh  If  nFn(a)  sin  nif  dn  +  cos  a  F,(a)  cos  nif  dn 

\  j  ‘  ft  r  (18) 

—  sin  o  /  r,(o)  cos  nif  dn  =  0,  • 

—  sin  o  sinh  if(l  —  cos  a  cosh  if) /(cosh  if  —  cos  o)* 

+  (cosh  If  —  cos  a)  nFnia)  sin  nif  dn  =  0 
Here  the  second  equation  is  satisfied  if 

nFn(a)  sin  nif  dn  =  sin  o  sinh  if(l  —  cos  o  cosh  if)/(cosh  if  —  cos  a)*  (19) 
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Fourier  sine  transform  gives 
2  sin  a 


/  X  2  sm  a  f 
nF.(a)  -  — — 


(1  —  cos  a  cosh  ij)  sinh  i;  sin  m;  di; 


(20) 


(cosh  ij  —  cos  a)* 

By  Cauchy’s  theorem  of  residues,  we  obtain  without  difficulty. 

Fi(o)  sinh  nx  =  n  cosh  n(x  —  a)  sin  a  —  sinh  n(x  —  o)  cos  a  (21) 

To  determine  F«(a),  we  first  differentiate  the  first  equation  with  respect  to  i>. 
Then  with  the  aid  of  the  second  equation,  we  find 


3  sin*  a  sinh  (1  —  cos  a  cosh  if) 
(cosh  tf  —  cos  a)* 

Integration  with  respect  to  r/  yields 

3  sin*  a  cos  a  sin^  a 


I 


n(n*  +  1)F„(«)  sin  nridn  ^  — 
ef 

(n*  +  l)F,(a)  cos  nt!  dn 


(22) 


(23) 


2  (cosh  If  —  cos  a)*  (cosh  ij  —  cos  <*)• 

Here  the  constant  of  integration  is  zero  as  indicated,  since  the  integral  vanishes 
when  ij  =  «o .  Fourier’s  cosine  transform  then  gives 

2  f*  f  3  sin*  a  cos  a  sin* 


F,(a) 


n 


cosnifdif 


(n*  +  !)*•  \2  (cosh  ij  —  cos  a)*  (cosh  —  cos  a) 

*  —sinh  n(T  —  a)  sin  a/sinh  nx. 

Combining  with  the  result  in  (21)  we  thus  find 

/«  *  coth  nx  —  §(siDh  2na  —  n  sin  2a)/(sinh*  na  —  n*  sin*  a) 
h,  =  —  n  sin*  a/(sinh*  no  —  n*  sin*  o) 

To  summarize,  the  required  stress  function  x  is  given  by 

xIaTJ  —  §  sin*  {/(cosh  ij  —  cos  {)  +  F,({)  cos  nij  dn 

where,  with  and  hn  in  (25), 

F,({)  =  fn  sinh  n{  sin  {  —  h„(n  cosh  n{  sin  {  —  sinh  n{  cos  {) 


(24) 


(26) 


(26) 


(27) 


It  is  now  a  simple  matter  to  find  the  stress  at  any  point  in  the  plate.  In 
particular,  it  is  found  that  the  stress  at  the  rim  {  »  o  is  given  by 

o/  u  \  f*  wfncoshnosino  —  gdnhnocoso) 


«■  2  (cosh  ij  —  cos  o) 


■mh*  no  —  n*  sin*  o 


cos  nif  dn  (28) 


It  possesses  a  stationary  value  when  if  =  0,  i.e.  at  the  ‘crown’,  which  is  a  maxi¬ 
mum  in  a  notch  and  a  minimum  in  a  mound.  By  putting 

c  *  sin  a/a,  6  *  o  cot  o  (29) 


6  ■=  no, 

the  ‘crown  stress’  is  expressed  by 

Iwle  2(1  —  cos  o)  sin  o 


r 


cosh  6  —  b  sinh  tf)  dtf 
sinh*  tf  —  c*tf* 


(30) 
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This  form  is  more  suitable  for  numerical  integration.  The  value  thus  expressed 
is  usually  called  ‘stress  concentration  factor’.  In  the  limiting  case  a  =  0  it 
becomes 

[wle  _  r*  cosh  —  sinh  tf)  . 

r  ”  i  8inh*tf  -  ^  ^  ^ 

This  limiting  case  refers  in  fact  to  a  plate  pierced  by  a  circular  hole  tangential 
to  the  edge.  The  numerical  values  of  the  factor  are  shown  in  the  following  table 


Fio.  2.  Stbiss  Conckntbation  Factor 


and  also  shown  graphically  in  Fig.  2;  Z>  being  the  distance  from  the  crown  to  the 
edge.* 


*  I  am  indebted  to  s  referee  for  drawing  my  attention  to  some  earlier  works  on  the  prob* 
lem  by  Weinel  [4]  and  by  Isibasi  [f].  The  present  analysis  was  carried  out  before  Weinel’s 
paper  became  known  in  this  country.  Isabasi’s  work  was  mentioned  in  a  footnote  by 
Weinel  and  was  unfortunately  not  available  to  me. 

Weinel’s  paper  is  so  concise  that  only  the  final  results  were  given.  His  treatment  was 
slightly  different  from  the  present  one.  However,  identical  expressions  were  found  for  the 
maximum  stress.  A  comparison  of  the  numerical  values  may  be  made  as  follows : 


Weinel  did  not  discuss  the  problem  of  the  mound. 
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D/o 

S.  C.  FACTOR 

0 

00 

3.999 

Tangential  hole 

!  30“ 

3.732 

3.882 

60“ 

1.732 

3.668 

1  90“ 

1.000 

3.065 

Semicircular  notch 

120“ 

0.677 

2.424 

1  150“ 

0.268 

1.707 

180“ 

0.000 

1.000 

Unnotched  plate 

210“ 

-0.268 

0.411 

240“ 

-0.577 

0.039 

o 

O 

-1.000 

-0.096 

Semicircular  mound 

1  300“ 

-1.732 

-0.076 

330“ 

-3.732 

-0.021 

1  360“ 

—  00 

-0.000 

Tangential  mound 
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NOTE  ON  THE  MEMBRANE  THEORY  OF  SHELLS  OF  REVOLUTION 

Bt  Eric  Rkissnkr 


1.  Introduction  and  Formulation  of  the  Problem.  The  treatment  of  problems 
without  axial  symmetry  in  the  linear  membrane  theory  of  shells,  which  starts  with 
the  work  of  H.  Reissner  [1]  who  initiated  this  theory  and  gave  the  solution  for 
the  spherical  shell,  has  recently  been  advanced  by  the  introduction  of  stress 
functions.  In  terms  of  such  a  stress  fimction  the  problem  can  be  reduced  to  one 
second  order  linear  partial  differential  equation.  Two  such  stress  functions  have 
been  proposed,  one  by  A.  Pucher  [2],  [3],  [4]  and  one  by  P.  Nemenyi  [5],  [6].  The 
connection  between  these  two  kinds  of  stress  functions  has  as  yet  not  been  dis¬ 
cussed  in  the  literature.  The  present  note  has  as  its  purpose  to  establish 
this  connection  and  to  offer  a  slight  generalization  of  Nemenyi’s  stress  function. 

Omitting,  as  is  often  appropriate  in  membrane  theory,  consideration  of  dis¬ 
placements,  the  problem  consists  in  the  integration  of  three  stress  resultant 
equilibrium  equations.  For  a  shell  of  revolution  these  equations  may  be  written 
in  the  form 

driNTf/Sf  -|-  T'dN^/dO  —  aN$  rctpf  *  0  (1) 

drNft/d^  a  dNt/dO  -1-  -f-  ropt  ■■  0  (2) 

drtan  0  -h  z'  dNf,/dB  -1-  rap,  =  0.  (3) 

In  equations  (1)  to  (3)  Nr  =  N^  cos^,  and  ,  N#  and  N|#  are  the  stress  result- 
~  ants.  The  meridian  curve  of  the  shell  is  taken  in  the  form  r  *=  r({),  z  —  z({), 
the  angle  ^  is  defined  by  tan  ^  =  dz/dr,  and  a  =  [(/)*  -f  (z')*l*^*-  Primes  indicate 
differentiation  with  respect  to 


2.  Pucker’s  stress  function.  It  may  be  noted  that  by  writing  d/d(  «  r'  d/dr 
equations  (1)  and  (2)  for  Nr ,  Nfn  and  (a/r')N$  assume  the  same  form  as  the  equa¬ 
tions  of  plane  stress  for  Cr ,  r,«  and  a«.  Consequently,  (1)  and  (2)  are  satisfied 
in  terms  of  a  stress  function  F  as  follows 


(a/F)N,  =  3*F/dr*  -f  A 

Nr  =  r“*  dF/dr  +  r"*  d'F/dO^  B 
Ni0  =  -d{r~'  dF/dO)/ dr. 

The  terms  A  and  B  are  given  in  terms  of  the  external  loads  in  the  form 
FA  =  — ra  j  p$dd,  rB  ^  j  \A  —  rapr/F\  dr. 


Substitution  of  (4)  into  (3)  gives  as  differential  equation  for  F, 


dzd^F  c^z/dF  I  d'F\  ra  drz'B 

dr  dr*  dr*  Vdr  r  /  '*'  r'  dr 
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(4a) 

(4b) 

(4c) 

(5) 


NOTS  ON  MEMBRANE  THEORT  ON  SHEIXS  OF  REVOLUTION 


291 


For  the  purpose  of  comparison  with  Nemenyi’s  results  we  note  that  equation 
(6),  without  the  external  load  terms,  may  be  written  in  the  form 

d*F/dz'  -  z{S''indFldz  -  =  o  (7) 

where  now  the  meridian  curve  is  given  by  an  equation  r  =  /(z).  If  we  further 
introduce  a  fimction  F*  defined  by 

F  =  S'F*  (8) 

we  have  an  equation  containing  no  first  derivatives  of  F*  of  the  form 

a*F*/az*  +  [(/''V/O  -  2(/'/n’]F*  -  (/''//)  a*F*/atf*  =  o.  (9) 

3.  Nemenyi’s  stress  function.  A  consideration  of  Nemen}ri’s  results  suggests 
to  write,  in  terms  of  a  stress  function  (/*,  for  the  solution  of  the  equations  without 
the  surface  load  terms, 

Nr^gidU*/de,  N,^g,dU*/d0,  Nf,  =  g,dU*/d^.  (10) 

In  (10)  the  factors  gi ,  gt  and  gi  are  functions  of  {  which  must  be  determined 
suitably.  Introducing  (10)  into  (1)  to  (3)  there  follows: 

l(»Vi)'  -  agi]dU*/dB  +  [rgi  +  T'gt]i?U*/d^d0  =  0  (11) 

[(rpi)'  +  r>,]dC;*/a{  +  rg,d*U*/d^  +  ag^  d*U*/de'  =  0  (12) 

[(r  tan^  g^'\dU*/d6  +  [r  tan^  gi  +  zf  g^tfU*  /  d^dB  =  0.  (13) 

Noting  that  the  second  bracket  in  (13)  equals  the  second  bracket  in  (11)  multi¬ 
plied  by  the  factor  tan  ^  =  zf/r',  the  crucial  fact  is  observed  that  (11)  and  (13) 
can  both  be  satisfied  identically  by  a  proper  choice  of  the  functions  We  get 

(n/i)’  -  =  0,  rgi  -H  r'gt  =  0,  {n'gxIF)'  =  0  (14) 

and  obtain 

gi  =  r'/rz’,  gt  *  {/It!)' I  a,  gt  =  (15) 

Substituting  these  functions  g^  into  the  remaining  equation  (12)  there  follows 
as  equation  for  U*, 


Combining  (10)  and  (15)  we  have  for  the  stress  resultants  in  terms  of  U* 


To  obtain  Nemenyi’s  result  we  identify  the  parameter  {  with  the  coordinate 
z,  so  that  z'  =*  1,  and  write  r  =  /(z).  Writing  further 

U  ^fU* 

in  order  to  eliminate  first  derivative  terms  we  obtain 


(18) 
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(19) 

When  U  =  Un{z)  cos  nfl  equation  (19)  reduces  to  Nemenyi’s  equation  for  11%. 

With  (7*  from  (18)  and  with  (  —  z  equations  (10)  and  (15)  lead  to  the  following 
expressions  for  the  stress  resultants 

(20) 

In  comparing  (19)  and  (20)  with  the  corresponding  results  (7)  or  (9)  and  (4) 
it  appears  that  the  use  of  the  stress  function  U  is  preferable  to  the  use  of  F, 
because  the  differential  equation  for  U  is  simpler  than  that  for  F  or  F*  and  be¬ 
cause  first  derivatives  only  of  U  are  needed  for  the  determination  of  the  stresses 
while  second  derivatives  are  needed  of  F  for  the  same  purpose. 

It  is  interesting  to  note  that  with  the  use  of  F  the  conditions  of  radial  and 
circumferential  equilibrium  are  satisfied  identically  and  the  condition  of  axial 
equilibrium  is  employed  to  determine  F,  while  with  the  use  of  U  the  conditions 
of  radial  and  axial  equilibrium  are  satisfied  identically  while  the  condition  of 
circumferential  equilibrium  is  employed  to  determine  U. 

We  may  remark  that  equation  (19)  includes  the  solution  for  the  case  of  an 
axially  symmetric  stress  distribution,  in  the  form  U  —  c$f{z).  To  the  stresses 
corresponding  to  this  solution  must  be  added  the  particular  integrals  of  (1)  to 
(3)  which  take  account  of  surface  loads.* 

4.  Relation  between  V  and  F.  It  suggests  itself  to  derive  a  relation  showing 
the  connection  between  the  two  stress  functions  U  and  F,  jiarticulaiiy  in  view 
of  a  remark  made  by  Truesdell  (7,  p.  128]. 

If  we  compare  the  last  of  equations  (20),  with  the  last  of  equations  (4)  we  see 
that 

d{Ulf)ldz  =  {\/r)d{r^dF/de)/dz.  (21) 

It  is  sufficient  to  compare  1/'=  t/,  cos  n  0  with  F  =  Fn  sin  n  6.  Then 

iUn/f)'  =  (n//0(F,//)'  (22) 

and  thus 

(23) 

*  To  take  care  of  surface  loads  one  adds  in  (20)  the  particular  integrals 

Nr.p  -  -r*(,dr/(U)  j  rap,d(,  Nf0.,  -  0,  N$.p  -  rp,  +  a~'d(rN„p)/di 

where  upon  the  righthand  sides  of  the  differential  equations  for  U*  and  for  U  assume  value* 
different  from  zero  [6]. 
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This  then  is  the  relation  between  the  function  F.  obtained  by  Pucher  and  the 
function  Un  obtained  by  Nemenyi.  It  may  readily  be  shown  that  equation  (23) 
which  holds  whether  or  not  surface  loads  are  present  is  also  in  agreement  with 
the  two  sets  of  expressions  for  the  remaining  stress  resultants  AT,  and  AT*. 

One  might  think  that  cases  may  occur  for  which  the  function  is  an  ele¬ 
mentary  or  tabulated  function  while  F,  is  not.  That  this  cannot  be  so  may  be 
shown  as  follows.  Integrate  (23)  by  parts  and  use  equation  (19)  as  reduced  for 
I/,.  There  follows,  except  for  the  cases  n  =  0  and  n  =*  1  which  are  readily 
treated  separately,  and  assuming  for  simplicity  sake  the  absence  of  surface  loads, 

F.  =  (/7n)l7»  -I-  [//n(n’  -  I)]!/;.  (24) 

We  should  add  that  Nemenyi  and  Truesdell  have  given  explicit  solutions  for  many 
interesting  special  cases,  whereas  Pucher’s  applications  depend  mainly  on  the 
possibility  of  obtaining  power-series  solutions  for  his  function  F*. 

REFERENCES 

1.  H.  Reissnbb,  Spannungen  in  KugeUchaUn  (Kuppeln),  Festschrift  H.  Mueller-Breslau, 

pp.  181-193,  1912 

2.  A.  PvcHBB,  [feber  den  Spannungtzusland  in  gekruemmten  Flaechen  (Abstract  from  Dis- 

sertion  Gras,  1931).  Beton  und  Eisen  83,  pp.  298-304,  1934 

3.  - Ueber  die  Spannungafunetion  beliebig  gekruemmter  duenner  Sckalen.  Proc.  Vth 

Int.  Congr.  Appl.  Mech.  pp.  134-139,  Cambridge  1938 

4.  - Die  Berechnung  der  Dehnungeepannungen  von  RoUUionaaehalen  mil  HUfe  von 

Spannung^funktionen.  Publ.  Int.  Assoc.  Bridge  and  Structural  Eng.  I,  pp. 
27A-299,  1938 

5.  P.  Nbiibnti,  Beitraege  zur  Berechnung  der  Schalen  unter  uneymmetriaeher  und  unetetiger 

Belaatung.  Bygningsfttatiske  Meddelelser,  1936 

6.  P.  Nemxnti  and  C.  Tbubsdbll,  A  Streee  Function  for  the  Membrcme  Theory  of  SheUe  of 

Revolution.  Proc.  Nat.  Acad.  Sc.  89,  pp.  186-162,  1943 

7.  C.  Tbubsdbll,  The  Membrane  Theory  of  SheUe  of  Revolution.  Trans.  American  Math. 

Soc.  88,  pp.  96-166,  1945 
Massacbusbtts  lN8TiTi”rB  OF  Tbchnoloot. 

(Received  September  4,  1947) 


TABLES  OF  COEFFICIENTS  FOR  INTERPOLATING  IN  FUNCTIONS 
OF  TWO  VARIABLES 

Bt  Herbebt  E.  Salcbr 


In  a  previous  note*,  a  theorem  was  established  concerning  the  multiple  Gregory- 
Newtcm  interpolation  formula  (see  Appendix  I  (!'))>  which  is  applicable  to  tabu¬ 
lated  functions  of  any  number  of  variables.  That  theorem  showed  how  to 
rearrange  (!')  so  as  to  avoid  the  computaticm  of  any  of  the  partial  differences. 
Because  of  its  general  interest,  another  alternative  proof  of  that  theorem  is 
provided  in  Appendix  1.  (Tliis  alternative  proof  is  the  author’s  original  one, 
whereas  the  previously  published  proof  was  essentially  due  to  Professor  W. 
E.  Milne.) 

The  most  important  case  is  where  the  interpolation  is  in  a  function-table  of  two 
variables.  Then  (!')  becomes 

(1)  fix  +phi,y  +  qhi)  - 

where  hi ,  ht  denote  the  tabular  intervals, 

with  *  1,  and  f(x,  y)  denotes  the  mixed  partial  advancing  difference 

of  fix,  y)  of  order  t  with  respect  to  x  and  order  j  with  respect  to  y,  and  the  sum- 
mati(m  is  for  all  sets  of  values  of  i,j  such  that  i  +  j  goes  from  0  to  n.  By  that 
general  theorem  given  below,  (1)  can  be  written  as 


^  pip  -  1)  •  •  ’  (p  -  t  +  1) 


(2) 


fix  +  phi,  y  qhi) 


«-M-0 


where  s  and  t  assume  all  values  such  that  s  t  ranges  from  0  to  n. 

The  double  Gregory-Newtcm  formula  is  useful  in  a  wide  variety  of  cases 
where  the  range  of  interpolation  permits  /(x,  p)  to  be  approximated  by  a  binary 
n-ic.  An  important  applicaticm  is  whenever  Taylor’s  theorem  for  two  vari¬ 
ables  holds  in  a  suitable  neighborhood  of  the  point /(xo ,  ye)>  up  to  the  same  total 
degree  n.  To  see  how  close  an  approximation  may  be  had  by  Taylor’s  expansion, 
one  must  usually  know  the  values  of  the  various  mLxed  partial  derivatives  of 
order  n  +  1,  or  some  other  means  of  estimating  the  error.  Of  course,  the  error 
in  approximating /(x,  y)  by  a  Taylor  expansion  around /(xo  ,  yo)  merely  indicates 
the  order  n  of  the  interpolation  formula  to  be  employed ;  and  the  user  must  care¬ 
fully  distinguish  between  that  error  which  serves  as  a  guide  in  choosing  the  n, 
and  the  actual  error  incurred  in  the  use  of  the  nth  order  double  Gregory-Newton 
interpolation  formula,  namely. 


*U.  E.  Salzer,  “Note  on  Interpolation  for  a  Function  of  Several  Variables", 'Bull.  Am. 
Math.  Soc.,  61.  1945,  pp.  27»-280. 
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where  in  the  summation  i  +  j  ranges  over  all  values  ^  0  whose  sum  is  n  +  1, 
and  T)  are  certain  mean  values  of  x,  y  in  the  given  right-triangle  region.  Since 


Cvbic  Interpolation 
q  -  .1 


0625 

.6 

0465  I  .7 
.8 

0165  I  .9 


Bm 

Bm 

Bit 

-.0120 
-.0240 
.27601  -. 
.3520' 


-.10801  -.07651  -.OIS)  .0166  .9 


is  approximately  the  sum  of  all  the  (n  -1-  l)th  order  terms  in  the  double 
Gregory-Newton  formula, .in  actual  practise  an  estimate  of  the  error  in  using  the 
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4053375 

3744000 

2734375 

1904000 

1233375 

0704000 

0298375 


q 

-  .1 

Cm 

Cm 

Cm 

Cu 

Cu 

.3192000 

.1063000 

-.0206625 

.3192000 

.0532000 

-.2247750 

.1054500 

-.0206625 

.5661000 

.0999000 

.2496000 

-.2106000 

.1026000 

-.0206625 

.7488000 

.1404000 

.2187500 

-.1968750 

.0997500 

-.0206625 

.8750000 

.1750000 

.1904000 

-.1836000 

.0969000 

-.0206625 

.9520000 

.2040000 

.1644500 

-.1707750 

.0940500 

-.0206625 

.9867000 

.2277000 

.1408000 

-.1584000 

.0912000 

-.0206625 

.9856000 

.2464000 

.1193500 

-.1464750 

.0883500 

-.0206625 

.9548000 

.2604000 

.1000000 

-.1350000 

.0855000 

-.0206625 

.9000000 

.2700000 

nth  order  formula  can  be  had  by  using  the  (n  +  l)th  order  formula  and  noting 
the  difference.  A  few  random  tests  furnish  an  adequate  basis  for  estimating 
the  error  for  a  large  number  o(  examples  in  a  region. 

Another  widespread  application  of  the  double  Gregory-Newton  formula  is  in 
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the  separate  interpolation  for  the  real  or  imaginary  part  of  an  anal}rtic  function 
of  total  degree  n.  In  such  cases,  where  n  is  often  determinable  from  the  Taylor 

Quarlie  Interpolation 

_ q  -  -1 _ _ _ 

I  Cn  I  Cii  I  Cu  I  Cn  i  Cm  I  Cm  I  Cn  I  Cm  I  p  I 


3iV:wi.i' 


0480000 


.0114000 
0760000  .0142000 
0891000  .0171000 
1008000  .0199000 
1116000 

12100001  .02060001  -.13000001 -.0130000 


Cn 

Cu  Cm 

.0048000  -.2247700 

1076000 

.0096000  -.3744000 

.0144000  -.4093700 

— , 

1088000 

.0192000  -.4896000 

— , 

1320000 

.0240000  -.4743700 

— . 

1036000 

.0288000  -.4224000 

-. 

1736000 

.0336000  -.3417700 

series  around  /(zo)  ■  /(xo  +  iyo),  one  has  exactly  a  binary  form  of  degree  n,  to 
which  the  double  Gregory-Newton  formula  is  applicable,  and  for  which  it  would 


Cm 


Cm 


Ctt 


.1904000 

.1233375 

.0704000 

.0298375 

.0000000 

.0206625 

.0336000 

.0401625 

.0416000 


Cm 

Cm 

KilijjjjM 

-.0206625 

.4959000 

IHkO.iiiI 

-  .0401625 
-.0416000 
-.0390625 

.3213000 

.2496000 

.1875000 

.4554000 
.4224000 
.3906000 
.3600000 
.3306000 
.3024000 
.2754000 
.2496000 
.2250000  i 


.1848000 

.1792000 

.1736000 

.1680000 

.1624000 

.1568000 

.1512000 

.1456000 

.1400000 


.0336000 

.0336000 

.0336000 

.0336000 

.0336000 

.0336000 


.4000000 

.4132500 

.4032000 

.3748500 

.3328000 

.2812500 


Cm 

Cm 

.0704000 
.0298375 
.0000000 
-.0206625 
-.0336000 
-  .0401625 
-.0416000 
-.0390625 
-.0336000 

.9856000 

.8354500 

.7000000 

.5785600 

.4704000 

.3748500 

.2912000 

.2187500 

.1568000 

.0298375 

.0000000 

.0206625 

.0336000 

.0401625 

.0416000 

.0390625 

.0336000 

.0261625 


.9548000 
.8000000 
.6612000  ! 
.5376000  I 
.4284000' 
.3328000 
.2500000 
.1792000 
.1196000 


.2604000 
.2400000  j 
.2204000  I 
.2016000 
.1836000 
.1664000 
.1500000 
.1344000  > 
.1196000  ' 


.0992000 

.0960000 

.0928000 

.0896000 

.0864000 

.0832000 

.0800000 

.0768000  ! 

.0736000  i 


.0176000 
.0176000 
.0176000 
.0176000 
.0176000  I 
.0176000  ' 
.0176000  I 
.0176000  ! 
.0176000  I 


.1193500 

.2000000 

.2479500 

.2688000 

.2677500 

.2496000 

.2187500 

.1792000 

.1345500 


.6612000 

.8064000 

.9180000 

.9984000 

1.0500000 

1.0752000 

1.0764000 


Cm  " 

-  Cm 

Cm 

Cm 

Cm 

Cit 

Cii 

.1 

.0000000 

.9000000 

-.1350000 

.0495000 

-.0086626 

.1000000 

.2700000 

.2 

-.0206625 

..7438600 

-.1239750 

.0478500 

-.0086625 

.1653000 

.4959000 

.3 

-.0336000 

.6048000 

-.1134000 

.0462000 

-.0086625 

.2016000 

.6804000 

.4 

-.0401626 

.4819500 

-.1032750 

.0445500 

-.0086626 

.2142000 

.8262000 

.5 

-.0416000 

.3744000 

-.0936000 

.0429000 

-.0086625 

.2080000 

.9360000 

.6 

-.0390625 

.2812500 

-.0843750 

.0412500 

-.0086625 

.1875000 

1.0125000 

.7 

-.0336000 

.2016000 

-.0756000 

.0396000 

-.0086625 

.1568000 

1.0584000 

.8 

-  .0261626 

.1345500 

-  .0672750 

.0379500 

-.0086625 

.1196000 

1.0764000 

.9 

-  .0176000 

.0792000 

-.0694000 

.0363000 

—.0086625 

.0792000 

1.0692000 
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.05625001 

.1836000 

.3036000 

.3606000 

.3906000 

.3750000 

.3306000 

2646000 

1836000 

0036000 


.0765000 
.1320000 
.1680000 
.1860000 
.1875000 
.1740000 
. 1470000 
.1080000 
.0585000 


.0066000 
0768000  .0112000 
1116000  .0168000 
1440000  .0224000 
1740000  .0280000 
2016000  .0336000 
.0392000 
.0448000 
.0504000 


.1707760 

.2816000 

.3417750 

.3600000 

.3443750 

.3024000 

.2400750 

.1664000 

.0843750 


.0891000 

.1536000 

.1953000 

.2160000 

.2175000 

.2016000 

.1701000 

.1248000 

.0675000 


.0054000 

.0096000 

.0126000 

.0144000 

.0150000 

.0144000 

.0126000 

.0096000 

.0054000 


.0940600 

.1536000 

.1844500 

.1920000 

.1812500 

.1568000 

.1228500 

.0832000 

.0412600 


.0357000 

.0384000 

.0375000 


.0373000' 

.0192000 
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be  wasteful  to  employ  another  expression  (such  as  the  double- Lagrangian 
formula). 

The  present  tables  will  facilitate  double  interpolation  according  to  (2)  by  pro¬ 
viding  the  exact  numerical  values  of  the  coefficients  of  f,,i  *  /(x, ,  yt),  namely 

C,,»  s  ^  ^  ^  0(00)  values  of  «,  t  arising  when  n  =  2,  3,  or  4,  i.e. 

in  quadratic,  cubic,  or  quartic  interpolation.  Here  n  refers  to  the  total  degree 
of  the  approximating  polynomial  in  p  and  q.  These  coefficients  C,,t  (understood 
to  be  functions  of  n,  p,  and  q)  are  denoted  by  ,  B,t ,  and  C,t  in  the  respective 
quadratic,  cubic,  and  quartic  cases.  They  are  given  here,  for  all  values  of  s 
and  t  where  «  -|-  /  ranges  from  0  to  n,  for  both  p  and  q  each  ranging  from  0.1  to 
0.9  at  intervals  of  0.1. 

The  actual  points  x, ,  y,  involved  in/,.«  *  /(x, ,  yt)  form  a  lattice  in  the  pattern 
of  a  right-triangle,  with  the  desired  point  x,  y  in  the  comer  square.  Thus  for 
interpolation  of  total  degree  2,  3,  or  4,  the  values  of  /,.i  correspond  to  x,,i  at  the 
following  points:  (fn  instead  of  ft.o  ,  etc.  for  convenience) 


quabbatk  (6  poiats) 
fn 

JP9 

/oo  fit  /» 


CUBIC  (10  points) 

/o* 

K  /•*  /l* 

/oi  fn  fn 

ftt 

/oo  /lo  fn  /so 


quABTK  (15  points) 


/oi  fn  fn  fn 

ftt 

/oo  /to  /so  /so  /hi 


With  the  understanding  that  the  coefficients  of  /,.< ,  i.e.  A,t ,  B,i ,  or  C,i ,  are 
functions  of  p  and  q,  the  interpolation  formulas  assume  the  following  very  simple 
and  direct  forms: 

(4)  fix  A-  phi,  y  +  qhi)  *  /p, 

“  Aotfoo  +  Aoifn  +  •  •  •  +  Aufn  -f-  Atifto  (Quadratic), 

(5)  fix  -}-  phi  ,y  -1-  qht)  *  Bo^oo  Bnfti  +  •  •  •  +  Bitjn  -f  i9s(/so (Cubic), 

(6)  fix  -|-  phi ,  y  ^r^r  qht)  *  /p*  =  Cotfot  +  Coi/oi  +•••■♦■  Ctifu  i"  Cttfto  (Quartic). 

It  is  apparent  that  these  formulas,  i.e.  (4)  -  (6),  are  adapted  to  rapid  and  large- 
scale  machine  in^rpolation.  The  advantage  of  this  method  over  the  use  of 
double  differences  is  apparent  from  any  example.  The  saving  in  labor  over  using 
double- Lagrangian  interpolation,  (i.e.  first  interpolating  for/<,  ,  t  —  0,  1,  •  •  •  ,  a' 
and  then  from  the  values  of  to  obtain  /p«  ,  by  using  Lagrangian  interpolation 
coefficients  for  a  single  variable  in  each  case),  is  obvious  when  the  amounts  of 
multiplication  ^  compared.  Thus  the  double- Ijagrangian  methcxi,  apart  from 
the  separate  additions  involved,  requires  9  points  with  12  multiplicati<«s  for 
quadratic  interpolation,  16  points  with  20  multiplications  for  cubic  interpolation, 
and  25  points  with  30  multiplications  for  quartic  interpolation.  Of  course,  in  all 
fairness  to  the  double- Ijagrangian  method,  it  must  be  noted  that  it  holds  in  the 
more  extended  ca.se  w'here/(x,  y)  behaves  as  an  n-ic  in  each  variable. 

The  double  Gregory-Newton  formula  is  not  alw’a5r8  the  most  accurate  formula 
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to  use,  especially  when  can  be  located  in  a  more  central  position  relative  to 
the  Yet  it  was  chosen  for  adaptation  according  to  (2)  because  it  involves 

the  fewest  number  of  points/,,* ,  and  even  more  important,  it  is  the  only  formula 
based  upon  differences  that  can  be  used  everywhere  in  the  plane,  near  the  begin¬ 
ning  or  end  <rf  the  table  as  a  function  of  p  or  q,  and  also  near  any  “comer”;  i.e. 
a  combined  beginning,  or  beginning  and  end,  etc.  for  both  p  and  q.  Near  a 
“comer,”  suitable  orientation  will  always  enable  the  /p,  to  appear  in  a  left-hand 
comer  square  of  a  right-triangle  lattice. 

It  sometimes  happens  that  either  q  0  or  p  =  0,  and  then  the  interpolation 
reduces  to  that  for  a  single  variable  in  either  the  x  ox  y  direction.  For  the  sake 
of  convenience,  the  coeflScients  for  9  ■*  0  or  p  —  0,  although  included  in  published 
tables  of  Lagrangian  coefficients,  are  here  tabulated  separately  in  Appendix  II. 
The  coefficients  of  the  entries/*  where  i  refers  to  either  the  x  or  y  direction,  were 
obtained  from  the  rearrangement  of  the  ordinary  Gregory-Newton  formula. 
The  coefficients  are  denoted  by  A, ,  B* ,  and  C*  for  quadratic,  cubic,  and  quartic 
interpolation  respectively.  Although  their  use  does  not  afford  accuracy  as  great 
as  that  from  coefficients  based  on  a  central  location  for  In  >  they  have  the 
advantage  of  being  applicable  everywhere,  including  the  beginning  or  end  of  a 
table. 


APPENDIX  I:  Alternative  Proof  that 


The  multiple  Gregory-Newton  formula  of  degree  n,  for  a  functicm  of  w  vari¬ 
ables,  is 

J{x  +  phi,  y  ->r  qht,  ,z  +  rhj) 

n 

The  right  member  can  be  expressed  as  ^  C,. where  it  will 

•+»+•• -+•-0 

be  shown  that 


(2')  C,.*,.... 

From  (1'),  and  the  fact  that 

-i*/.  -g(-i)’*’ (”)/<. 


(3') 


<+y+- 


CXO-C) 


Notice  that  the  i  -f  /+•••  +  A-  cannot  be  less  than  s  +  f  +  •  •  •  +  u  since 
i  ^  z,  j  i,  ‘ k  u,  which  is  imposed  by  the  condition  that  the  mixed 
partial  difference  of  order  i  +  /  +  •  •  •  +  A-  involves /,,*,...,«  . 
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The  proof  of  (2')  is  by  induction.  For  one  variable,  (3')  becomes 

B„t  rince  ^(-.)-(:)  -  (-!)-{(„  ^  ,)  +  (:)}  -  +  ;). 

the  last  sum  in  (4')  is  equal  to 

or  (  — 1)"“*^^  ^  ^  ^  But  »  Oif  thedefiniti(Mi 

of  is  extended  to  negative  values  of  i  by  means  of  the  gamma  function. 

Since(-l)-('’  "1^  ‘)  -  (n  ‘  (“  I 

(2')  for  one  variable. 

Now  assuming  (2')  true  for  a  certain  number  (rf  variables  x,y,  •  •  •  ,  it  is  proven 
for  one  more  variable  z  as  follows,  (using  r,  k,  and  u  to  denote  the  tabular  frac¬ 
tion,  order  of  difference,  and  subscript  function,  pertaining  to  the  variable  z): 
From  (3'),  by  rewriting  the  right  member, 

r 


C», !.••••,« 


(50 


<-»‘-'-(?X:X% 


which,  by  the  hypothesis  of  the  induction,  is  equal  to 
(60 

which  is 


Noting  that  (~l)*~"^)j.  _  ^  setting  k  —  u  ^  m, 

/m-f-M— r  —  l\/«  —  p  —  q  —  •  •  •  — »n  —  l\ 

\  m  /\  n  —  8  —  t  —  u— m  f 

By  Newttm’s  backward-difference  interpolation  formula,  when  /(a)  is  a  poly¬ 
nomial  (A  the  Ath  degree  in  a. 


(90 


/(«)  -  !)• 
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Now  when 


/a  +  /«  +  /«  +  /8\ 

/(.).(  ^  ),  »  that  A-/(.)  -  _  J. 


Thus  from  (90  it  follows  that 


Identifying  h  with  n  —  8  —  t—  —  u,  a  with  u  —  r  —  1,  and  0  with 
n  —  p  —  q  —  •••  — M+l,so  that  a  +  0^n  —  p  —  q  —  •••  —  r,  the  sum- 


(n  —  p— q—  •••  —  r\ 

1.  Thus 

n  —  8  —  t  —  '  —  uj 

(n-p-q-...-r\/p\/q\  /r\ 

1 1  )  (  I  •  •  •  I  I  for  another  variable, 

n-8-t - -w/V/V/  \u/ 


variable, 


which  proves  it  for  any  number  of  variables. 


APPENDIX  II:  TABLES  OF  COEFFICIENTS  FOR  9  -  0  or  p  -  0. 
Quadratic  Cubic 


A9 

i4i 

.855 

.190 

.720 

.360 

.505 

.510 

.480 

.640 

.375 

.750 

#(OCf) 

Bt 

Bt 

Bt 

B, 

.1 

.8265 

.2755 

-.1305 

mm 

B 

.6720 

.5040 

-.2240 

.0480 

.5355 

.6885 

-.2835 

B9 

.4160 

.8320 

-.3120 

.0640 

.5 

.3125 

.9375 

-.3125 

.0625 

.6 

.2240 

1.0080 

-.2880 

.0560 

.7 

.1495 

1.0465 

-.2415 

.0455 

.8 

.0880 

1.0560 

-.1760 

.0320 

.9 

.0385 

1.0395 

-.0945 

.0165 

Ct 

Cl 

Cl 

C, 

Ct 

.8058375 

.3581500 

-.2544750 

.1111500 

-.0206625 

.6384000 

.6384000 

-.4256000 

.1824000 

.4953375 

.8491500 

-.5244750 

.2201500 

-.0401625 

.3744000 

.9984000 

-.5616000 

.2304000 

-.0416000 

.2734375 

1.0937500 

-.5468750 

.2187500 

-.0390625 

.1904000 

1.1424000 

-.4896000 

.1904000 

-.0336000 

.1233375 

1.1511500 

-.3984750 

.1501500 

-.0261625 

.0704000 

1.1264000 

-.2816000 

.1024000 

-.0176000 

.0298375 

1.0741500 

- .  1464750 

.0511500 

-.0086625 
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